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Preface

This book is a manifestation of my desire to tegedearchers in biology a bit
more about statistics than an ordinary introductepurse covers and to
introduce the utilization of R as a tool for anahg their data. My goal is to

reach those with little or no training in highevé¢ statistics so that they can do
more of their own data analysis, communicate morth statisticians, and

appreciate the great potential statistics hasfer af a tool to answer biological
qguestions. This is necessary in light of the iasieg use of higher level

statistics in biomedical research. | hope it acdishps this mission and

encourage its free distribution and use as a cdars@r supplement.

| thank all the teachers, professors, and reseaidagues who guided my own
learning — especially those in the statistics almibbical research departments
at the University of Michigan, Michigan State Unisity, Dartmouth Medical
School, and the University of New Hampshire. | théme Churchill group at the
Jackson labs to invite me to Bar Harbor while | wasting the original
manuscript of this book. | especially thank Erhgider for reviewing and
working with me on this manuscript, NHCTC for beiaggreat place to teach,
and my current colleagues at Tufts-NEMC.

| dedicate this work to all my students — pastspre and future — both those
that | teach in the classroom and the ones | aachimg” through my writings.

I wish you success in your endeavors and encouyagenever to quit your
guest for answers to the research questions tteaest you most.

K Seefeld, May 2007
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1

Overview

The coverage in this book is very different fromtraditional introductory
statistics book or course (of which both authorgehtaught numerous times).
The goal of this book is to serve as a primer tghér level statistics for
researchers in biological fields. We chose topios cover from current
bioinformatics literature and from available sylildtom the small but growing
number of courses titled something like “Statistios Bioinformatics”. Many
of the topics we have chosen (Markov Chains, maltate analysis) are
considered advanced level topics, typically taughty to graduate level
students in statistics. We felt the need to bdown the level that these topics
are taught to accommodate interested people withstatistical background. In
doing so we, as much as possible, eliminated usimyplicated equations and
mathematical language. As a cautionary note, wenat hoping to replace a
graduate level background in statistics, but wendpe to convey a conceptual
understanding and ability to perform some basica datalysis using these
concepts as well as better understand the vocabalat concepts frequently
appearing in bioinfomatic literature. We anticgdhat this will inspire further
interest in statistical study as well as make taer a more educated consumer
of the bioinformatics literature, able to understaand analyze the statistical
techniques being used. This should also help og@mmunication lines
between statisticians and researchers.

We (the authors) are both teachers who believeeanning by doing and feel
there would be little use in presenting statisticahcepts without providing
examples using these concepts. In order to preapplied examples, the
complexity of data analysis needed for bioinforcatiequires a sophisticated
computer data analysis system. It is not true,ofien misperceived by
researchers, that computer programming languagesh (as Java or Perl) or
office applications (such as spreadsheets or dseadyaplications) can replace a
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statistical applications package. The majoritjusictionality needed to perform

sophisticated data analysis is found only in spieeid statistical software. We

feel very fortunate to be able to obtain the sofeaapplication R for use in this
book. R has been in active, progressive developtgra team of top-notch

statisticians for several years. It has maturéal éme of the best, if not the best,
sophisticated data analysis programs available.t\ghaost amazing about R is
that it completely free, making it wonderfully asséble to students and
researchers.

The structure of the R software is a base proggoyiding basic program
functionality, which can be added onto with smallgrecialized program
modules called packages. One of the biggest groavdas in contributed
packages in recent years has come from bioinfoomadsearchers, who have
contributed packages for QTL and microarray analysamong other
applications. Another big advantage is that becaBsés so flexible and
extensible, R can unify most (if not all) bioinfoatics data analysis tasks in one
program with add-on packages. Rather than leartipieutools, students and
researchers can use one consistent environmendoy tasks. It is because of
the price of R, extensibility, and the growing wgeR in bioinformatics that R
was chosen as the software for this book.

The “disadvantage” of R is that there is a learningve required to master its
use (however, this is the case with all statisteaftware). R is primarily a
command line environment and requires some minpnagramming skills to
use. In the beginning of the book we cover enogigtund to get one up and
running with R.. We are assuming the primary ieseof the reader is to be an
applied user of this software and focus on intranlyaelevant packages and
how to use the available existing functionalityeetively. However, R is a fully
extensible system and as an open source projers ase welcome to contribute
code. In addition, R is designed to interface weith other technologies,
including other programming languages and databgstems. Therefore R will
appeal to computer scientists interested in apglifieir skills to statistical data
analysis applications.

Now, let’s present a conceptual overview of theaoigation of the book.

The Basics of R (Ch 2 - 5)

This section presents an orientation to using Fhap@er 2 introduces the R
system and provides guidelines for downloading B altaining and installing

packages. Chapter 3 introduces how to work witla d&a R, including how to

manipulate data, how to save and import/exportsésa and how to get help.
Chapter 4 covers the rudimentary programming skdtguired to successfully
work with R and understand the code examples gimecoming chapters.

Chapter 5 covers basic exploratory data analysissammary functionality and
outliners the features of R’s graphics system.
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Probability Theory and Modeling (Ch 6-9)

These chapters are probably the most “theoretinatie book. They cover a lot
of basic background information on probability theand modeling. Chapters
6-8 cover probability theory, univariate, and muadftiate probability
distributions respectively.  Although this maténmay seem more academic
than applied, this material is important backgrodod understanding Markov
chains, which are a key application of statistecbibinformatics as well as for a
lot of other sequence analysis applications. Ghadtintroduces Bayesian data
analysis, which is a different theoretical persjpecon probability that has vast
applications in bioinformatics.

Markov Chains (Ch 10-12)

Chapter 10 introduces the theory of Markov chaivtsch are a popular method
of modeling probability processes, and often usedbiological sequence
analysis. Chapter 11 explains some popular algost— the Gibbs sampler and
the Metropolis Hastings algorithm — that use Markolvains and appear
extensively in bioinformatics literature. BRugs introduced in Chapter 12
using applied genetics examples.

Inferential Statistics (Ch 13-15)

The topics in these chapters are the topics covierachditional introductory

statistics courses and should be familiar to moistiofical researchers.
Therefore the theory presented for these topiagliively brief. Chapter 13
covers the basics of statistical sampling theony saimpling distributions, but
added to these basics is some coverage of bogisttapa popular inference
technique in bioinformatics. Chapter 14 coversdilgpsis testing and includes
instructions on how to do most popular test usingRegression and ANOVA
are covered in Chapter 15 along with a brief inticigbn to general linear
models.

Advanced Topics (Ch 16-17)

Chapter 16 introduces techniques for working witlultimariate datasets,

including clustering techniques. It is hoped thas thook serves as a bridge to
enable biological researchers to understand thistgtal techniques used in

these packages.
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2

The R Environment

This chapter provides an introduction to the R mmnent, including an
overview of the environment, how to obtain andalisR, and how to work with
packages.

About R

R is three things: a project, a language, and &waoé environment. As a
project, R is part of the GNU free software projgetww.gnu.org), an

international effort to share software on a fresidgawithout license restrictions.
Therefore, R does not cost the user anything to Tke development and
licensing of R are done under the philosophy tlodiware should be free and
not proprietary. This is good for the user, altjouthere are some
disadvantages. Mainly, that “R is free softward aomes with ABSOLUTELY

NO WARRANTY.” This statement comes up on the screeery time you start
R. There is no quality control team of a softwacenpany regulating R as a
product.

The R project is largely an academic endeavor,raost of the contributors are
statisticians. The R project started in 1995 byraug of statisticians at

University of Auckland and has continued to growresince. Because statistics
is a cross-disciplinary science, the use of R hppealed to academic
researchers in various fields of applied statistiddhere are a lot of niches in
terms of R users, including: environmental statssteconometrics, medical and
public health applications, and bioinformatics, agoothers. This book is

mainly concerned with the base R environment, bakitistical applications,

and the growing number of R packages that are iboéd by people in

biomedical research.
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The URL for the R project is http://www.r-projeatgd. Rather than repeat its
contents here, we encourage the reader to go amebspend some time reading
the contents of this site to get familiar with fReroject.

As a language R is a dialect of the S languageolgact-oriented statistical
programming language developed in the late 1980'AT&T's Bell labs. The

next chapter briefly discusses this language at@ddoces how to work with
data objects using the S language.

The remainder of this chapter is concerned withkimy with R as a data
analysis environment. R is an interactive softwangplication designed
specifically to perform calculations (a giant cddtar of sorts), manipulate data
(including importing data from other sources, d&smd in Chapter 3), and
produce graphical displays of data and resultsthobdigh it is a command line
environment, it is not exclusively designed for gnammers. It is not at all
difficulty to use, but it does take a little getjimsed to, and this and the three
subsequent chapters are geared mainly toward gettan user acquainted with
working in R.

Obtaining and Installing R

The first thing to do in order to use R is to geopy of it. This can be done on
the Comprehensive R Archive Network, or CRAN, sitastrated in Figure 2-1.

Figure 2-1
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The URL for this site isvww.cran.r-project.org This site will be referred to
many times (and links to theww.r-project.orgsite directly through the R
homepage link on the left menu screen) and theissatvised to make a note of
these URLs. The archive site is where you can dmach R and related
packages, and the project site is source of infdomaand links that provide
help (including links to user groups).

On the top of the right side of the page shownigufe 2-1 is a section entitled
“Precompiled Binary Distributions”, this means Rrsiens you can download
which are already compiled into a program packager the technologically
savvy you can also download R in a non-compiledsiear and compile it
yourself (something we will not discuss here) bydiwading source code.

In this sections are links to download R for vasi@perating systems, if you
click on the Windows link for example; you get tereen depicted in Figure 2-
2.

Figure 2-2

If you click on “base” (for base package, somethiligcussed in the Packages
section later in this chapter) you get the screerrigure 2-3. The current
version of R is available for download as the filith filename ending in *.exe
(executable file, otherwise known as a programijs Ronstantly being updated
and new versions are constantly released, althquigr versions remain
available for download.
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Figure 2-3

After downloading, the program needs to be instiallastallation is initiated by

clicking on the “*.exe” icon (* is the filename a@he current version) created
and following the series of instructions preserntedialog boxes, which include
accepting the user license and whether you wanirdentation installed. After

installation the R program will be accessible friva Windows Start-Programs
menu system, as well as an installed program igraro Files.

Installation for Mac and Linux systems follows damisteps. Although this
book uses Windows in examples, the operating sysiggd should not make a
difference when using R and all examples shouldkworder other operating
systems.

Exploring the Environment

When you start up R the screen will look like Fig@-4. The environment is
actually quite plain and simple. There is a maiplization window and within
it a console window. The main application contansienu bar with six menus
and toolbar with eight icons for basic tasks.
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Figure 2-4

Let’s explore some of the features of the R envirent.

The Command Line

The command line is where you interact with R. sTisi designated in red and
has a “>” symbol. At the command line you typecade telling R what to do.
You can use R as calculator to perform basic magiieal operations. Try
typing some basic arithmetic tasks at the commared | Hit enter and R will
compute the requested result:

>2+9

[1]11

>7*8

[1]56
More than one line of code can be entered at tmentand line. Subsequent
lines after the first line are designated by a &yimbol. For example if you use
an opening parenthesis and then hit enter you geila “+” symbol and can
continue writing code on the next line:
> 2%(
+ 4+6)
[1] 20

If you enter something incorrect, or that R doesuraerstand, you will get an
error message rather than a result:

>what
Error: Object "what" not found

Copyright May 2007, K Seefeld 10

Permission granted to reproduce for nonprofit, atiooal use.



The Menu Bar

The menu bar in R is very similar to that in mosiniws based programs. It
contains six pull down menus, which are briefly @ésed below. Much of the
functionality provided by the menus is redundanthwthose available using
standard windows commands (CTRL+C to copy, for epajnand with
commands you can enter at the command line. Neleds, it is handy to have
the menu system for quick access to functionality.

File

The file menu contains options for opening, savimyl printing R documents,
as well as the option for exiting the program (whaan also be done using the
close button in the upper right hand corner ofrtie@n program window). The
options that begin with “load” (“Load Workspace afidoad History”) are
options to open previously saved work. The nexiptér discusses the different
save options available in some detail as well agtwehworkspace and a history
are in terms of R files. The option to print isrslard and will print the
information selected.

Edit

The edit menu contains the standard functionalftgwd, copy and paste, and
select all. In addition there is an option to “@leonsole” which creates a blank
workspace with only a command prompt (although ciisjare still in working
memory), which can essentially clean a messy d&3le “Data editor” option
allows you to access the data editor, a spreaddikeeinterface for manually
editing data discussed in depth in the next chapidre last option on the edit
menu is “GUI preferences” which pops up the Rgunfiguration editor,
allowing you to set options controlling the GUI, chuas font size and
background colors.

Misc

The Misc menu contains some functionality not catzgd elsewhere. The
most notable feature of this menu is the firstaptt which can also be accessed
with the ESC key on your keyboard. This is younipdutton should you have
this misfortune of coding R to do something whetregets stuck, such as
programming it in a loop which has no end or enteting some other
unforeseeable snag. Selecting this option (or ES@uld get the situation
under control and return the console to a new comdniime. Always try this
before doing something more drastic as it will ofteork.

The other functionality provided by Misc is listirand removing objects. We
will discuss working with objects in the next chapt
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Packages

The packages menu is very important, as it is #stest way to load and install
packages to the R system. Therefore the entit@adollowing this is devoted
to demonstrating how to use this menu.

Windows

The Windows menu provides options for cascadingl @limg windows. If
there is more than one window open (for example, ¢bnsole and a help
window) you can use the open Windows list on thé&dmo of this menu to
access the different open windows.

Help

The Help menu directs you to various sources op taid warrants some
exploration. The first option, called “Console” opp a dialog box listing a
cheat sheet of “Information” listing various shait&eystrokes to perform tasks
for scrolling and editing in the main console windo

The next two options provide the FAQ (Frequenthkéd Questions) HTML
documents for R and R for the operating system ar@uusing. These should
work whether or not you are connected to the Imtiesince they are part of the
program installation. The FAQ documents providesvaars to technical
guestions and are worth browsing through.

The next section on the help menu contains th@ogtiR language (standard)”,
“R language (HTML)”, and “Manuals”. “R languagetgsdard) pops up the
help dialog box in Figure 2-5. This will popup thelp screen for the specified
term, provided you enter a correct term (which barhard if you don’t know
ahead of time what you're looking for). This cdeoabe accomplished using
the help () command, as we will see in the nexptdra

Figure 2-5

The menu option “R language (HTML)” will produce se HTML based
documents containing information and links to ma@cumentation. This
should be available off-line as part of the R ilatmn. The next option
“Manuals” provides a secondary menu with severéfifgs of R documents.
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The remaining options on the Help menu are “Aprdopasd “About”.
“Apropos” pops up a dialog box similar to the héipx depicted in Figure 2-5
but that you only need to enter a partial searcim t® search R documents.
“About” pops up a little dialog box about R and thexsion you are using.

One of the most difficult tasks in R is finding dmeentation to help you. R is
actually very extensively documented and only atfoa of this documentation
is available directly using the help menu. Howeweuch of the documentation
is technical rather than tutorial, and geared noward the programmer and
developer rather than the applied user. More afgetiing help is discussed in
the next chapter.

The Toolbar

Below the menu bar is the toolbar, depicted in F@g+5. This provides quick
access icons to the main features of the menu ligrou scroll over the icons
with your mouse slowly you will get rollover mesgagabout the feature of each
icon. The stop icon can be useful as a panic bupimviding the same
functionality as the Misc menu’s “Stop current cartgtion” option.

Figure 2-5

Packages

The basic R installation contains the package baskseveral other packages
considered essential enough to include in the reaftware installation. Exact
packages included may vary with different versiohf. Installing and loading
contributed packages adds additional specializadtionality. R is essentially a
modular environment and you install and load theluhes (packages) you need.
You only need to install the packages once to yysiesn, as they are saved
locally, ready to be loaded whenever you want sthem. However

The easiest way to install and load packages iss® the Packages menu,

although there are equivalent commands to use dk ifwgou prefer the
command line approach.

Installing Packages
In order to use an R package, it must be installegour system. That is you

must have a local copy of the package. Most paekage available from the
CRAN site as contributed packages, and can betljirdownloaded in R. In
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order to do this, select “Install package from CRAMM the Packages menu.
You must be connected to tine Internet to use dptton, and when you do so
the connection will return a list of packages idi@og box like that in Figure 2-
6 listing available packages:

Figure 2-6

Select the package of interest and OK, and R wilbmatically download the
package to your computer and put it in the appeadpriirectory to be loaded on
command.

Some packages are not available directly from tAR site. For these
packages download them to an appropriate foldeyoam computer from their
source site. To install them select the “Instalckage from local zip file”
option on the packages menu and R will put thethénappropriate directory.

Loading Packages

Whenever you want to use an R package you mustbonlgt have installed
locally you must also load the package during #esi®n you are using it. This
makes R more efficient and uses less overheadittadinnstalled packages are
loaded every time you use R, but makes the uselittieanore work.

To load an installed package, select the “Load pgek option from the

packages menu. This produces another dialog boxsimilar to Figure 2-7,
only this time the list of packages includes onypge packages which are
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installed locally. Select the package to load wma should be all set to use the
features of that package during the current worgsise. Load packages
become unloaded when you quit R and are NOT savezhwou save your

workspace or history (discussed in the next chaptEven if you open previous

work in R you will still need to reload packagesiyare using the features of.

R vs. S-Plus

The other major implementation of the S languad@ckvis a popular statistical
application, is a commercial package called S-Pluikis is a full commercial
product, and is supported by the company that makesalled Insightful
(www.insightful.comm  There is a demo version of S-Plus available for
evaluation purposes.

R and S-Plus are almost identical in their impletaton of the S language.
Most code written with R can be used with S-Plud @ice versa. Where R and
S-Plus differ is in the environment. S-Plus is &lGbased application
environment that has many features that allow &ta é&nalysis to be more menu
and pop-up dialog box assisted, requiring lessnmpliy the user. On the other
hand, the S-Plus environment has a heavier overlaegdmany times code will
run more efficiently in R as a consequence.

R and Other Technologies

Although not a topic that will be covered in thisdk, it is of interest to note that
R is not an isolated technology, and a signifigaant of the R project involves
implementing methods of using R in conjunction wather technologies. There
are many packages available that contain functilgri@ R users in conjunction
with other technologies available from the CRANesit For example, the
package ROracle provides functionality to interf&ewith Oracle databases,
and package XML contains tools for parsing XML asthted files. Interested
users should explore these options on the R website
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Basics of Working with R

This chapter introduces the foundational skills ymed to work in R. These
include the ability to create and work with datajeals, controlling the
workspace, importing and saving files, and how aridre to get additional
help.

Using the S Language

R is based on a programming language known as S.is Both an
implementation of the S language that can be censia language on its own,
and a software system. There are some differeincégnguage that are not
noticeable by the applied user and are not disdussee.

The S language (and R language, if you considen ttistinct languages, which
is a debatable issue) was specifically designedthistical programming. It is
considered a high level object-oriented statistpralgramming language, but is
not very similar to object-oriented languages saslC++ and Java. There is no
need to know anything about object-oriented prognamg, other than the
general idea of working with objects, in order ®dn effective applied user of
R.
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The abstract concepts used in object-oriented kgegi can be confusing.
However for our purposes, the concept of an obgeery easy. Everything is
an object in R and using R is all about creatind avanipulating objects. We
are concerned with two types of objects: functibieots and data objects. Data
objects are variable-named objects that you créathold data in specified
forms, which are described in detail in this chapt&unction objects are the
objects that perform tasks on data objects, andlsgned as part of the R base
system, part of an imported package, or can betemrifrom scratch. We
immediately start working with function objects this chapter, but the next
chapter covers them in more depth, including soasécB of writing your own
functions. Function objects perform tasks that imalate data objects, usually
some type of calculation, graphical presentation,other data analysis. In
essence, R is all about creating data objects amdpulating these data objects
using function objects.

Structuring Data With Objects

In R the way that you work with data is to entetad@ither directly or indirectly
by importing a file) and in doing so, you are ciegia data object. The form of
the data object you create depends on your datgsésmaeeds, but R has a set
of standard data objects for your use. They acelass, vectors, factors,
matrices and arrays, lists, and data frames. Tifereht types of data objects
handle different modes of data (character, numarid, logical T/F) and format
it differently. The first part of this sectioniefly explains what these different
types of data objects are and when to use whiclcbbjThe second part of this
section deals with some general tasks of workintdy wata objects that are of
general use.

All data objects generally have three propertiegst they have a type (scalar,
vector, etc). Second, they have values (your dita) have a data mode.
Finally, they generally are assigned a variable endinat you supply, using the
assignment operator). Sometimes you will work otrgnsiently with data

objects, in which case you do not need to name thBot you should always

provide a descriptive variable name of a data dbjet are going to perform

further manipulations on. With few exceptions Rlwllow you to name your

variables using any name you like.

Types of Data Objects in R

Scalars

The simplest type of object is a scalar. A scean object with one value. To
create a scalar data object, simply assign a vedua variable using the

assignment operator “<-". Note the equals sigmoisthe assignment operator in
R and serves other functionality.
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For example to create scalar data objects x and y:

> #create scalar data object x with value 5
> x<-5
> #create scalar data object y with value 2
>y<-2

With scalar data objects of numeric mode, R is @ dalculator. You can
manipulate scalar objects in R and perform allssoftalgebraic calculations.

> #some manipulations on scalar objects x and y
> Z<—X+y

>z

(7

> X-y

[1]3

> X*y+2

[1]12

Of course data can also be logical or characteremotogical data can be
entered simply as T or F (no quotes).

> correctLogic<-T

> correctLogic

[1] TRUE

> incorrectLogic<-"T"
> incorrectLogic
[T

Character data should always be enclosed with tjonta (either single or
double quotes will do).

> single<-'singleQuiote’

> double<-"doubleQuote"

> single

[1] "singleQuote"

> double

[1] "doubleQuote™

#You will get an error if you enter character data with no quotes at all
> tryThis<-HAHA

Error: Object "HAHA" not found

The function “mode (variable name)” will tell yolngd mode of a variable.

> mode(X)

[1] "numeric"

> mode(correctLogic)
[1] "logical"

> mode(incorrectLogic)
[1] “character*

Vectors

Of course the power of R lies not in its abilitywmrk with simple scalar data
but in its ability to work with large datasets. dfers are the data objects
probably most used in R and in this book are ugerhlly everywhere. A vector
can be defined as a set of scalars arranged in eadiomensional array.
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Essentially a scalar is a one-dimensional vecidata values in a vector are all
the same mode, but a vector can hold data of amemo

Vectors may be entered using the c () functior‘¢ombine values” in a vector)
and the assignment operator like this:

> newVector<-c(2,5,5,3,3,6,2,3,5,6,3)
> newVector
[1]125533623563

Vectors may also be entered using the scan ()titmand the assignment
operator. This is a good way to enter data easlyou can past in unformatted
data values from other documents.

> scannedVector<-scan()
1.2
2:3
31
4:3
5:53

To stop the scan simply leave an entry blank aedgenter.

6:

Read 5 items

Another way to make a vector is to make it out tt¥eo vectors:

>vl<-c(1,2,3)
>Vv2<-c(4,5,6)

You can perform all kinds of operations on vectarsery powerful and useful
feature of R, which will be used throughout thi®ko
> z<v1H2

>Z
[1]579

Note that if you perform operations on vectors witlfferent lengths (not
recommended) then the vector with the shorter keiggtecycled to the length of
the longer vector so that the first element ofgherter vector is appended to the
end of that vector (a way of faking that it is gfual length to the longer vector)
and so forth. You will get a warning message, ibdbes let you perform the
requested operation:
>x1<-c(1,2,3)
> x2<-c(3,4)
> x3<-x1+x2
Warning message:
longer object length

is not a multiple of shorter object length in: x1 +x2
>x3
[1]466

You can also create a vector by joining existingtees with the ¢ () function:

> g<-c(vl,v2)
>q
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[1]123456

Vectors that have entries that are all the sameeeaily be created using the
“rep” (repeat) function:

> x<-rep(3,7)

>X

[113333333

> charvec<-rep("haha"4)

> charvec
[1] "haha" "haha" "haha" "haha"

Factors

A factor is a special type of character vector. nost cases character data is
used to describe the other data, and is not usedlgulations. However, for
some computations qualitative variables are usé&d. store character data as
qualitative variables, a factor data type is usétthough most coverage in this
book is quantitative, we will use qualitative ortegorical variables in some
chapters in this book, notably in experimental giesi

You may create a factor by first creating a chamacector, and then converting
it to a factor type using the factor () function:

> settings<-c("High","Medium","Low")
> settings<-factor(settings)

Notice that this creates “levels” based on thediaetlues (these are the values
of categorical variables).
> settings

[1] High Medium Low
Levels: High Low Medium

Matrices and Arrays

Matrices are collections of data values in two disiens. In mathematics
matrices have many applications, and a good conrgeear algebra is required
to fully appreciate the usefulness of matrices. alray is a matrix with more
than two dimensions. Formatting data as matriced arrays provides an
efficient data structure to perform calculationsaincomputationally fast and
efficient manner.

To declare a matrix in R, use the matrix () functizvhich takes as arguments a
data vector and specification parameters for thmbar of rows and columns.
Let's declare a simple 2 by 2 matrix.

> mat<-matrix(c(2,3,1,5),nrow=2,ncol=2)

> mat

[1[2]
] 2 1
2] 3 5
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This book makes no assumption of knowledge of matathematics, and when
matrices and arrays are used in applied examplgsiopriate background
information will be provided. Typically the data ian array or matrix is
numerical.

Specially structured matrices can also be easdgted. For example, creating a
2 by 3 matrix consisting of all ones can be donfobews:

> onemat<-matrix(1,nrow=2,ncol=3)

>onemat

[ [2][3]
] 111
2] 111

If you create a matrix with a set of numbers, fearaple 7 numbers, and you
specify it to have a set number of columns, fomapie 3 columns, R will cycle

through the numbers until it fills all the spacegfied in the matrix, giving a

warning about unequal replacement lengths:

> matrix(c(1,2,3,4,5,6,7),ncol=3)
[11[21[3]
L] 1 4 7
2] 2 51
[B] 3 6 2
Warning message:
Replacement length not a multiple of the elements t o replace in matrix(...)

Lists

Lists are the “everything” data objects. A lishlike a vector, can contain data
with different modes under the same variable nant encompass other data
objects. Lists are useful for organizing informaticCreating a list is very

simple; just use the list () function to assigrateariable the list values. Note
that list values are indexed with double brackés seich as [[1]] rather than

single bracket sets used by other data objects.

> myList<-list(5,6,"seven", mat)

> myList

(2]
[1]5

21
(116

(30

[1] "seven"

(40
i

1,
2,

[,2

W N =

]
] 21
] 35

—
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Data Frames

Data frames are versatile data objects you camnuRe You can think of a data

frame object as a being somewhat like a spreadshemth column of the data
frame is a vector. Within each vector, all dataments must be of the same
mode. However, different vectors can be of diff¢rmodes. All vectors in a

data frame must be of the same length. We willdeta frames frequently in

this book.

To create a data frame object, let’s first crehgevectors that make up the data
frame (genome size data framvw.ornl.goy.:

> organism<-c("Human","Mouse","Fruit Fly", "Roundwo m","Yeast")
> genomeSizeBP<-¢(3000000000,3000000000,135600000,9 7000000,12100000)
> estGeneCount<-¢(30000,30000,13061,19099,6034)

Now, with three vectors of equal length we can jihiese in a data frame using
the function data.frame () with the vectors we wastthe arguments of this
function. Note that the format here is “column mé8nivector to add” and the

equals (not assignment) operator is used. We aréng columns not creating
new variables here. Here, the variable names sed as column names, but
you could rename the columns with names other tharvariable names if you

like.

> comparativeGenomeSize<-
data.frame(organism=organism,genomeSizeBP=genomeSiz eBP,
+ estGeneCount=estGeneCount)

> comparativeGenomeSize

organism genomeSizeBP estGeneCount
1 Human 3.000e+09 30000
2 Mouse 3.000e+09 30000
3FruitFly 1.356e+08 13061
4 Roundworm 9.700e+07 19099
5 Yeast 1.210e+07 6034

Working with Data Objects

Once you have created a data object, you will oftemt to perform various
tasks. This section discusses some common taglecess and modify existing
data objects. Mainly our focus here is on vectord data frames, since these
will be the data objects heavily utilized in thisdk, but similar techniques can
be applied to other data objects.

Working with Vectors

In order to be able to work with a specific elemenf data object, first you
need to be able to identify that specific elemamith vectors this is fairly easy.
Every element in a vector is assigned an indexevatuthe order in which
elements were entered. This index starts withol zaro. To address a specific
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element in a vector, enter the name of the veatdrthe element of interest in
brackets:

>y<-c(9,2,4)

>y2]
[1]2

If you are not certain exactly where your valuentérest is but have an idea of
the range of indexes it may be in, you can lookeddcted index values of your
vector using as set of numbers written in the fistart: finish]
>7<-¢(1,2,3,4,12,31,2,51,23,1,23,2341,23,512,32,31 2,123,21,3)

>7[3:7]
[1] 3412312

You can overwrite a value by re-assigning a neweadb that place in the
vector:

> 7[3]<-7

>7[3:7]

[1] 7 41231 2

To organize your data, function sort will sort yalata from smallest to largest
(additional functional parameters possible to dbeptordering) and function
order will tell you which elements correspond toiethorder in your vector.

> sort(z)

M 11223 3 41221 23 23 23 31 32
51

[16] 123 312 5122341

> order(z)

[1] 1102 7319451891113 615 81 7161412

You may want to extract only certain data valuesnfia vector. You can extract
subsets of data from vectors in two ways. On&as you can directly identify

specific elements and assign them to a new varidlle second way is that you
can create a logical criterion to select certaiements for extraction.

lllustrating both of these:

> #extracting specific elements
>73<-7[c(2,3)]

>Zz3

127

> #logical extraction, note syntax
>7100<-Z[z>100]

>7100

[1] 2341 512 312 123

Sometimes, if you are coding a loop for examplay yeay need to know the
exact length of your vector. This is simple in §tng the length () function:

> length(z)
[1]119
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Working with Data Frames

Because a data frame is a set of vectors, you sarnvector tricks mentioned
above to work with specific elements of each vegtithin the data frame. To
address a specific vector (column) in a data frame,the “$” operator with the
specified column of the data frame after the “$”".

>x<-c(1,3,2,1)
>y<-c(2,3,4,1)
> xy<-data.frame(x.y)
> Xy
Xy
112
233
324
411
> #use q to create new vector extracting x column o f dataframe xy
> g<-xy$x
>q
111321

To address a specific element of a data frame,eaddthat vector with the
appropriate index:

> xy$x[2]
(113

Commonly you will want to add a row or column te thhata frame. Functions
rbind, for rows, and cbind, for columns, easilyfpem these tasks. Note these
functions work for matrices as well.

> #create and bind column z to
>7<-c(2,1,4,7)
> xyz<-chind(xy,z)
> XyZ
Xyz
1122
2331
3244
4117
> #create and bind new row w
>w<-c(34,7)
> xyz<-rbind(xyz,w)
> XyZ
Xyz
1122
2331
3244
4117
5347

There are many ways to work with data in data frgnuly the basics have
been touched on here. The best way to learn tieetmiques is to use them,
and many examples of the use of data objects assilge manipulations will be
presented in this book in the examples presented.

Copyright May 2007, K Seefeld 24

Permission granted to reproduce for nonprofit, atiooal use.




Checking and Changing Types

Sometimes you may forget or not know what type athdyou are dealing with,

so R provides functionality for you to check thi§here is a set of “is.what”

functions, which provide identification of data ebj types and modes. For
example:

>x<-¢(1,2,3,4)

> #checking data object type
> is.vector(x)

[1] TRUE

> is.data.frame(x)

[1] FALSE

> #ichecking data mode
> is.character(x)

[1] FALSE

> is.numeric(x)

[1] TRUE

Sometimes you may want to change the data objpetdy mode. To do this R
provides a series of “as.what” functions where gouavert your existing data
object into a different type or mode. Don't forgetassign the new data object
to a variable (either overwriting the existing edulie or creating a new one)
because otherwise the data object conversion niyl be transient.

To change data object types, you may want to comveector into a matrix:

> y<-as.matrix(x)

>y
(1]
(L] 1
2] 2
B] 3
[4] 4

You can also use the “as.what” functionality to g the mode of your data.
For example, you may want to change a numericalovdo a character mode
vector.

> z<-as.character(x)
>z
[1] lllll 112|| |l3l| ll4ll

R is smart enough to try catching you if you trydim an illogical conversion,
such as convert character data to numeric mod#ods do the conversion but
the data is converted to NA values.

> words<-c("Hello", "Hi")

> words

[1] "Hello" "Hi"

> as.numeric(words)

[1] NA NA

Warning message:

NAs introduced by coercion
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Missing Data

Anyone working with empirical data sooner or ladeals with a data set that has
missing values. R treats missing values by usirgpecial NA value. You
should encode missing data in R as NA and convayt data imports with
missing data in other forms to NA as well, assumyay are not using a
numerical convention (such as entering Q's).

> missingData<-c(1,3,1,NA,2,1)

> missingData

1 131NA21

If computations are performed on data objects Wighvalues the NA value is
carried through to the result.

> missingData2<-missingData*2

> missingData2

[1]126 2NA 42

If you have a computation problem with an elemdrd data object and are not
sure whether that is a missing value, the fundsama can be used to determine
if the element in question is a NA value.

> is.na(missingData[1])
[1] FALSE

> is.na(missingData[4])
[1] TRUE

Controlling the Workspace

This section describes some basic housekeeping t#sksting, deleting, and
editing existing objects. Then there is discussibthe different ways of saving
your workspace.

Listing and Deleting Objects in Memory

When working in R and using many data objects, ymy lose track of the
names of the objects you have already created. different functions Is() and
objects() have redundant functionality in R to tis¢ current objects in current
workspace memory.

>1s()

[1] "q" "v1' V2" 1 2" X3 "

> objects()

[1]"g" "vi" 2" "x1" "x2" "x3" 2"

Sometimes you will want to remove specific objdotsn the workspace. This
is easily accomplished with the remove function(albect) with the object
name as the argument.

| >rm(q)
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>Is()

[1] w2 2" X1 X2 "x3" "z
>rm(vl, z)

>1s()

[1] "v2" "x1" "x2" "x3"

Editing data objects

R has a built in data editor which you can usedib existing data objects. This
can be particularly helpful to edit imported fileasily to correct entries or if you
have multiple data entries to edit beyond just $nggliting of a particular entry.

The data editor has a spreadsheet like interfadepisted in Figure 3-1, but has
no spreadsheet functionality.

Figure 3-1

To use the data editor, use the data.entry funetitinthe variable being edited
as the argument:

>x<-c(3,1,3,5,12,3,12,1,2,3,5,7,3,1,3)
> data.entry(x)

All changes made using the data editor are autealbtisaved when you close
the data editor. Using the Edit menu option “Daditce”, which brings up a
dialog box asking which object to edit, is an altgive way to access the data
editor.
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Saving your work

R has a few different options for saving your wasve to file, savehistory, and
save workspace. Save to file saves everything hésteey saves commands and
objects and save image just saves the objecteimvthikspace. Let's explain a
little more about these and how to use them.

Save to file

Save to file is an option available under the fileenu. This option saves
everything — commands and output — to a file anthésmost comprehensive
method of saving your work. This option producesae as dialog box, making
saving the file in a specific directory easy. loguces a text file format
viewable in a text editor or word processor or eusispecified file type using
the all files option and typed in file type. Thgethod of saving is most familiar
and simplest, but sometimes you may not want te gaerything, particularly
when you have large amounts of output and only vwargave commands or
objects.

Savehistory

This history of what you did in a session can be=dan a *.Rhistory file using
the savehistory function. This will save everythigped into the command line
prior to the savehistory() function call in the sies without R formatting or
specific output (versus Save to file which includésutput and formatting).

>x<-c(1,2,3,4,5)

>X

[1]12345

> savehistory(file="shortSession.Rhistory")

This creates a *.Rhistory file in the main R dimgt (C:\Program Files\R\*
where * is the current version of R) unless otheengpecified. This file should
be readable by a text editor, such as notepad, Eigiure 3-2.

Figure 3-2
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Saving workspace image

The option to save the workspace saves only thectdbjyou have created, not
any output you have produced using them. The pptiosave the workspace
can be performed at any time using the save.impgenimand (also available
as “Save Workspace” under the file menu) or atehe of a session, when R
will ask you if you want to save the workspace.

>x<-¢(1,2,3,4,5)

>X

[1]112345

> save.image()

This creates an R workspace file. It defaults awithg no specific name (and
will be overwritten the next time you save a worksp with no specific name),
but you can do save.image(filename) if you wansdwe different workspaces
and name them.

Note that R will automatically restore the lateavesd workspace when you
restart R with the following message

| [Previously saved workspace restored]

To intentionally load a previously saved workspase the load command (also
available under the file menu as “Load Workspace”).

> |oad("C:/Program Files/R/rw1062/.RData")
> X
[1]12345

Importing Files

We have seen that entering data can be done frahinwR by using the scan
function, by directly entering data when creatindada object, and by using the
data editor. What about when you have a datalféé you want to import into

R, which was made in another program? This se¢tiaohes on the basics of
answering these questions.

It is of note here that there is a manual availédree on the R site and on the
R help menu (if manuals were installed as parhefihstallation) called “R Data
Import/Export” which covers in detail the functidila R has to import and
export data. Reading this is highly recommendedthie user working
extensively with importing or exporting data files.This manual covers
importing data from spreadsheets, data, and neswork

The first thing to do before importing any filettstell R what directory your file
is in. Do this by going under the File menu andading the “Change dir”

option”, which produces the dialog box illustratedFigure 3-3. Type in or
browse to the directory of your data file and priaesOK button.
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Figure 3-3
Importing using the function read. *()

The most convenient form to import data into Rdsuse the read functions,
notably read.table(). This function will read irflat file data file, created in
ASCII text format. In Notepad you can simply saueh a file as a regular text
file (extension *.txt). Many spreadsheet prograrae save data in this format.
Figure 3-4 gives an example of what this formatusthdook like in Notepad:

Figure 3-4

Using read.table with arguments of file name anaidee=T (to capture column
headings), such a file can easily be read in Rdetaframe object:

> sizeTime<-read.table("sizeTime.txt",header=T)
> sizeTime

Size Time.min.

145 289

2 32 907

3 23 891

4 21 379

549 901

There are some additional read function variaiNstably read.csv() which will
read comma delineated spreadsheet file data, whast spreadsheets can save
files as.
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Importing with scan ()

The scan function can be used with an argumentfitd aame to import files of
different types, notably text files (extension ¥)ter comma separated data files
(extension *.csv). Data from most spreadsheetrarang can be saved in one or
both of these file types. Note that scan() termdprbduce formatting problems
when reading files much more often than read andoisrecommended for
importing files.

Package foreign

Also of note is an R package called foreign. Haskage contains functionality
for importing data into R that is formatted by madher statistical software
packages, including SAS, SPSS, STRATA and othePackage foreign is
available for download and installation from the AMRsite.

Troubleshooting Importing

Finally, sometimes you may have data in a formawik not understand.
Sometimes for trouble imports with formatting tiRatannot read, using scan ()
or the data editor to enter your data may be alsigpd easy solution. Another
trick is to try importing the data into another gram, such as a spreadsheet
program, and saving it as a different file typ&. phrticular saving spreadsheet
data in a text (comma or tab delineated) formatinsple and useful. Caution
should be used as some spreadsheet programs nidgt tbe number of data
values to be stored.

Getting Help

Virtually everything in R has some type of acceleshelp documentation. The
challenge is finding the documentation that answers question. This section
gives some suggestions for where to look for help.

Program Help Files

The quickest and most accessible source of helmwbing R is to use the on-
line help system that is part of R. This includesline documentation for the R
base packages, as well as on-line documentaticemfpfoaded packages.

Finding help when you know the name of what it éailyasking for help on is
easy, just use the help function with the topiéndérest as the argument of the
help function. For example to get help on functom:

| > help(sum)

This produces a help file as depicted in Figure 3-5
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Figure 3-5
As an alternative to calling the help function yean just put a question mark in

front of the topic of interest:

| >?sum
If you don’t know the exact name of what you're kow for, the apropos()
function can help. To use this function type inaatf the word you are looking
for using quotes as the function argument. Thalre$ calling apropos is that
you will get a list of everything that matches tlthte, as in Figure 3-6 for
apropos(“su”), and you can then do a help seancyoar term of interest.
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Figure 3-6

Note that on-line help is especially useful for a@ésng function parameters,
which this book will not discuss in great detailchese many functions in R
have lots of optional parameters (read.table famgle has about 12 different
optional parameters). The reader should be coaiftat with looking up
functions using help to get detailed parameterrmédion to use R functions to
suit their needs.

Documents

The R system and most packages are fairly well ohected, although the
documentation tends to be technical rather thaoritit The R system itself
comes with several documents that are installedpag of the system
(recommended option). These are under the “Mahwgd8on on the “Help”

menu.

In addition to manuals that cover R in general, tnp@kages have their own
documents. R has a system where package conwsbuateate pdf files in
standard formats with explain the technical detaflthe package, including a
description of the package and its functionalithese documents also generally
list the name and contact information for the ar(tjoof the package. These
documents are available from the “Package Soursestion of the CRAN site
(cran.r-project.org) where the relevant packagesied and are always listed as
Reference Manual, although they save with a film@acorresponding to the
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package name. They can be downloaded and saveidweed on-line using a
web browser that reads pdf files.

Books

There are several books written that are aboutilizauR. In addition, there are
several books that cover the related topics of & &4Plus. These are included
in the resource section at the end of the book.

On-line Discussion Forums

One of the best sources of help if you have a fipeguestion is the on-line
discussion forums where people talk about R. THmsens serve as “technical
support” since R is open source and has no forogpat system. There are
usually many well-informed users who regularly rehdese discussion lists. A
guide to such lists is found atww.r-project.orgas depicted in Figure 3-7. In
addition many other forums exist on the web wharestjons about R may be
posted.

Figure 3-7
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Programming with R

The goal of this chapter is for the reader to bezagguainted with the basics of
programming in R — using correct syntax, usingdagstatements, and writing
function. This should empower the reader with aimal set of programming
skills required to effectively use R. No prior gramming knowledge is
assumed, however this would be helpful as many ha&f programming
techniques R are similar to those of other higlellgrogramming languages.

Variables and Assignment

The foundation of programming is using variabled assigning values to those
variables. We have already seen in the previoagteh numerous examples of
using the assignment operator “<-“to assign a védue variable. Most of what

we did in the previous chapter involved creatintadzbjects and assigning the
values and type of data object to a variable. Thapter will assign the results
of function calls to variables as well.

Syntax

R is not incredibly fussy as far as syntax goesomparison to other high-level

languages. There are almost no restrictions orahar names, although you
should use descriptive hames whenever possible. faAsas punctuation is

concerned, semicolons are required to separaengats if they are typed on a
single line, but are not required if statementsveiiten on separate lines.

>x <-5;y<-7 # Same as the following two lines
>x<-5
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|>y<-7

In R there is a great deal of room for persondesty terms of how you write
your code. In particular you may insert spacesred®r you please. This is
useful for making code look nice and easy to amalyz

>x<-y"2/5 # Same as the following
>x<-y2/5

For most tasks there are many correct ways to aehie goal

One standard however is comments, which are alwaijten starting with “#”

| # This is a comment

Many comments are written throughout the text.

Another important thing to note is that R is alwagse sensitive. This means
that lower case letters have a different meanioghfupper case letters. The
word MyVariable is not the same as myvariable, #redtwo would be treated

separately if used to hold variables as illustrdteldw:

> MyVariable<-5

> MyVariable

[1]5

> myvariable

Error: Object "myvariable” not found

If you get the error object not found message (@w/@) and you are sure you
created a variable of that name, check the casdgo(an Is() to check all current
objects in the workspace).

Arithmetic Operators

The basic arithmetic operators are listed in Tdble The usual algebraic rules
of precedence apply (multiplication and divisiokegrecedence over addition
and subtraction). Use parenthesis “( )" to segaogerations of priority out. Do
not use bracket sets “[ ]” or “{}" as these are fother purposes in R. Using
arithmetic operators is very simple, and operatizans be performed directly on
numbers or on variables. Some trivial exampledisted below:

>2+4
(116
>y<-0
> x<-4
> XtyN2
(1]0
>xM
[1] 256
>7<-5
> (x+y)*z/x
[1]5
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Table 4-1: Arithmetic Operators

Operator Functionality

+ Addition

- Subtraction

* Multiplication

/ Division

n Raised to a power

Logical and Relational Operators

Logical and relational operators are used whenwant to selectively execute
code based on certain conditions. Table 4-3 llgsscommonly used logical and
relational operators. Using logical and relatiooperators is a form of flow
control to determine the action the program wiketa Essentially flow control
of a program can be thought of as being in thrgerka— order (sequence of
code written), selection (use of logical and reladl operators), and repetition
(or looping). Order is self-explanatory, selectismliscussed in this section, and
repetition is covered in the next section.

Table 4-3: Logical and Relational Operators

Operator Functionality

& And

| Or

! Not

== Equal to

I= Not equal to

< Less than

> Greater than

<= Less than or equal tg

>= Greater than or equal
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Usually logical and relational operators are usétth wonditional programming
statements if and else. The if statement can led asone or with the else
statement. The form of the if statement is:

if (condition is true)
then do this

The condition in parenthesis usually will use atiehal operator to determine if
the condition is true. When the if statement isdualne, and the condition in
parenthesis is not true then nothing happens.ekample:

> X<-6

>y<-2

> #if X is less than or equal to y then add them to getz
> if(x<=y)z<-x+y

> #condition is not true so nothing happens

>z

Error: Object "z" not found

> #if the reverse relational operator is used

> #then the condition is true and z is assigned x+y
> if(x>=y)z<-x+y

>z

(18

To get something to happen if the condition in p#resis is not true, use if in
conjunction with else to specify an alternativeot&lthat there is not a condition
in parenthesis after the else statement. In thée ¢he code following else will
execute as long as the if condition is not true.

if (condition is true)

then do this
else
do this
For example:
>0g<-3
>t<-5
> # if else conditional statement written on one i ne
> if(g<tfw<-g+} else w<-g-t
>w
[1]8

Note the use of {} brackets around some of the co@lbese curly bracket sets
are frequently used to block sections of code, witidindicate code continues
on the next line. This code can also be written:

> if(g<tf

+w<-q+t

+Jelse

+w<-g-t

This separates the code onto different lines, whiamnecessary for this simple
case but with longer code it becomes unwieldy tibevall the code on one line.
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The logical operators, &, |, and ! can be useddid additional selection criteria
to a selection statement.

For example if you want to simultaneously selecdaaon two criteria you can
use the and (&) operator or the or (|) operator:

> a<-2
>ph<-3
>c<-4

> #Using and to test two conditions, both true
> if(a<b & b<c) x<-a+b+c

>X

(119

>#Using and to test two conditions, one is false
> if(a>b & b<c) y<-a-b-c

>y

Error: Object "y" not found

> #Using or to test two conditions, both false
> if(la==b | a>c) z<-a*b*c

>z

Error: Object "Z" not found

> #Using or to test two conditions, one true
> if(a<b | a>c) z<-a*b*c

>z

[1]24

The not operator (!) is used for many purposesuitioy selecting based on
inequality (“not equal to”):

> wW<-2

>#

> if(w!=3)v<-w
>v

[1]2

>H#

> if(wi=2)u<-w

>u

Error: Object "u" not found

Looping
Control by repetition, or looping, allows you tdieiently repeat code without
having to write the same code over and over. ItwB common looping

expressions are while and for.

The while loop repeats a condition while the expi@sin parenthesis holds true
and takes the form
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while (condition controlling flow is true)
perform task

For example suppose we want to execute addingHeteariable x while x<=5:

>x<-0

> while(x<=5)}{x<-x+1}
>X

[1]6

Note that x=6 at the end because the loop istai# at the beginning of the loop
when x=5.

For loops are used to iterate through a procegeeified number of times. A
counter variable (usually designated by a lowerdetter "i") is used to count
how many times the loop is executed:

for (i in start:finish)
execute task

As an example, if you want to initialize a vectoithwvalues you can loop
through it to assign the values:

> y<-vector(mode="numeric")
> for(i in 1:104

+ ylil<-i}

>

y
[1]12345678910

For loops can also be nested (one inside the otbemitialize matrices or
perform similar tasks:

> z<-matrix(nrow=2,ncol=4)

> for(i in 1:2){
+ for(j in 1:4) z[ij]<-i+j}
>z

[ L2 [3][4]
2345
3456

—

1]
2]

—

Subsetting with Logical Operators

Although they are handy for doing simple repetitiasks, for loops are not used
as often in R as they are in other languages amdhatr recommended because
they tend to be memory intensive, which can causblpms. Looping through
10,000 matrix data objects, for example, may nod lgood idea. Fortunately R
provides powerful alternatives to looping in thenfioof subsetting with logical
operators. Subsetting is available for vectorstrices, data frames and arrays
using the [,] brackets.
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Subsetting with logical operators is based on tilwing simple fact: Every
logical statement produces one of the outcomes TBUEALSE. For example:

>x<-7;y<-3
>X>y

[1] TRUE
>X<y

[1] FALSE

Logical operators applied to vectors, matrices wftlt.result in an object of the
same dimension consisting of entries TRUE or FAld&pending on whether
the statement is true for the particular elemeot.éxample:

>x<-1:6

>y <-rep(4,6)

>x>y

[1] FALSE FALSE FALSE FALSE TRUE TRUE
>x<=y

[1] TRUE TRUE TRUE TRUE FALSE FALSE
>X==y

[1] FALSE FALSE FALSE TRUE FALSE FALSE

If we use the outcomes of a logical vector statarf@msubsetting a vector, only
the elements where the outcomes are equals TRUBenvdelected.

> # Select the elements of the vector (11:16) where X<=y
> (11:16)[x <=y]

[1]11121314

> # Select the elements of the vector (11:16) where X=y
> (11:16)[x ==Y]

[1]14

Similar statements apply to matrices, data framesaarays such as:

> A <- matrix(1:6,nrow=2)

>A>3

(1] [21[3]
[1,] FALSE FALSE TRUE
[2] FALSE TRUE TRUE

An interesting way of “grabbing” elements out ofratrix is by subsetting as
follows. Note that the result is a vector of elense

>AA>3]
[11456

Functions

A function is a module of code that performs a #jetask. Functions are
called by another line of code that sends a requedhe function to do
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something or return a variable. The function acalhy or may not pass
arguments to the function. A function takes theeggal form

functionName<-function(argl, arg2...{
do this }

Note that the assignment operator assigns theifumtti the function name. An
alternative to this is to user an underline “fuantiame_function()” which you

will see as well, although this may be deprecatethe most recent version.
The functionName is a variable and creates an bbj@te word function is

always explicitly used to define the variable darection object.

The "do this” task is performed and/or the valueeirned to the calling code.
You should write functions when you have a repstitask to do. This sections
looks at using existing functions, and then at htwv write functions.
Throughout this book functions are used extensively

Using Existing Functions

Even in the base package (with no additional paekdgstalled) R supplies a
large number of pre-written functions for you tceug\dditional packages are
filled with additional functions, usually with rdé&d functions for related tasks
packaged together. The simplest functions are iumetthat perform basic
mathematical tasks. Some selected mathematicadtifms for common
operations are listed in Table 4-2. R has funddiby pre-written for virtually
any standard mathematical taskable 4-2

Function Operation Performed

sqrt(x) Square root of x

abs(x) Absolute value

sin(x), tan(x), cos(x) Trigonometric functions

exp(x) Exponential

log(x) Natural logarithm

log10(x) Base 10 logarithm

ceiling(x) Closest integer not less than x

floor(x) Closest integer not greater x

round(x) Closest integer to the element
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To use base package functions, simply call the tfonc(these are always
installed when you run R):

>z<-¢(1,2,3,4,5,6)
> sum(z)
[1]21

If you plan on using the results of the functiotl éar other calculations, you
should assign the result to a variable:

> y<-sum(z)

>y
[1]21

To use functions from packages, always remember lyave to have the
package installed and loaded in order to use itstfons!

Writing Functions

With R, you should always do some research beforgingg a complex
statistical procedure function. Chances are,’$ & standard procedure, the
functionality has already been written. Use thelioa resources and mailing
list of the R community to search for what you nedfl you do write novel
functionality that may be of use to others, considentributing it to the R
community as a small package.

However, there will be many times you will want verite a task-oriented
function to do some simple routine manipulationst'd return to the data frame
from the last chapter with data on gene counts gemtbme sizes for selected
organisms:

comparativeGenomeSize

organism genomeSizeBP estGeneCount
1 Human 3.000e+09 30000

2 Mouse 3.000e+09 30000
3FruitFly 1.356e+08 13061

4 Roundworm  9.700e+07 19099

5 Yeast 1.210e+07 6034

Let's add a column to this data frame calculatige pairs per gene. To do
this, let's write function that takes as argumehts genome size and estimated
gene count information, and calculates from thésehtimated bp per gene:

> #function geneDensity simply calculates bp per ge ne
> geneDensity<-function(bp,genes){
+ bp/genes}

> #pass data frame columns to function geneDensity

> ##storing results in variable bpPerGene

> bpPerGene<-geneDensity(comparativeGenomeSize$geno meSizeBP,
+ comparativeGenomeSize$estGeneCount)

> #result of function computation

> bpPerGene

[1] 100000.000 100000.000 10382.053 5078.800 2 005.303
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To round the numbers to the nearest integer weeathmound, one of the simple
math functions from Table 4-2:

> bpPerGene<-round(bpPerGene)
> bpPerGene
[1] 100000 100000 10382 5079 2005

Next, to create a new data frame with all the imfation we can use techniques
of data frame manipulation from the previous chapte

> comparativeGenomes<-chind(comparativeGenomeSize,b pPerGene)
> comparativeGenomes
organism genomeSizeBP estGeneCount bpPerGene
1 Human 3.000e+09 30000 100000
2 Mouse 3.000e+09 30000 100000
3FriitFly 1.356e+08 13061 10382
4 Roundworm  9.700e+07 19099 5079
5 Yeast 1.210e+07 6034 2005

This book is filled with additional examples of kagriented functions and you
should readily become fluent in their use.

Package Creation

One of the most important features of R is thaalibws the user to create
packages and contribute these to the R communityofbers to use. The
discussion of how to create packages is beyondcovwerage here. However,
the document “Writing R Extensions” covers the msxof creating a package
(which is not technically difficult). This documiers available as part of the
(optional installation) help files with the prograar by download from the

CRAN site.
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5

Exploratory Data Analysis and
Graphics

This chapter presents some rudimentary ways to labldata using basic
statistical summaries and graphs. This is an déeernchapter that presents
basics for topics that will be built on throughohis book.

Exploratory Data Analysis

This section covers ways to quickly look at and sarize a data set using R.
Much of this material should be familiar to anyombo studied introductory
statistics.

Data Summary Functions in R

Table 5-1 lists many of the basic functions in Rtthre used to summarize data.
Notice that usually, the function name is what yeauld expect to be in most
cases, as R is designed to be rather intuitiver. ekample, the function to find
the mean (or average value) of a data vector ixriplg mean(x).

For functions not listed in table 5-1, try help &hd expected name or using the
apropos() function with part of the expected naméind the exact function call.
It will probably be what you expect it to be. Masdtthe functions in table 5-1 do
not have additional parameters, and will work fadlada vector, matrix or data
frame.
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Table 5-1: Some Data Summary Functions

Function name Task performed

sum(x) Sums the elements in x

prod(x) Product of the elements in x

max(x) Maximum element in x

min(x) Minimum element in x

range(x) Range (min to max) of elements in

length(x) Number of elements in x

mean(x) Mean (average value) of elements i

median(x) Median (middle value) of elements
X

var(x) Variance of elements in x

sd(x) Standard deviation of element in x

cor(x,y) Correlation between x and y

guantile(x,p) The ﬁh guantile of x

cov(x,y) Covariance between x and y

Let’s apply some of these functions using an examp

>x<-c(0.5,0.2,0.24,0.12,0.3,0.12,0.2,0.13,0.12,0.1 2,0.32,0.19)
> sum(x)

[1]2.56

> prod(x)

[1] 2.360122e-09
> max(x)

[1]0.5

> min(x)

[1]0.12

> range(X)
[1]0.120.50

> length(x)

[1]12

> mean(x)

[1] 0.2133333

> median(x)
[1]0.195

> var(x)
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[1]0.01313333
> sd(x)
[1]0.1146008

Often, you will use these basic descriptive funuii@s part formulas for other
calculations. For example, the standard devigsmpposing we didn’t know it

had its own function) is the square root of thearare and can be calculated as:
> sd<-var(x)"0.5

>sd
[1] 0.1146008

The summary() Function

Suppose we have an enzyme that breaks up proteinschwhich we’ll call

ChopAse. Suppose we have three varieties of thiyree, made by three
companies (producing the same enzyme chemicallypbepared differently).
We do some assays on the same 200 amino acid rprcitein and get the
following results for digestion time based on varie

> ChopAse

varietyA timeA varietyB timeB varietyC timeC
a0l12 bo012 ¢013

a0l3 b014 <c012

a013 b013 cO011

a0l2 bo015 013

a013 b013 <cO012

a0l12 b013 ¢013

OO WN P

Based on this data and the way it is presentesl difficult to determine any

useful information about the three varieties of @dse and how they differ in
activity. Here is a case where using the summanmgtfon can be very useful as
a screening tool to look for interesting trendshie data.

The summary function simultaneously calls manytaf tescriptive functions
listed in Table 5-1, and can be very useful whemnkwg with large datasets in
data frames to present quickly some basic deseeipstatistics, as in the
ChopAse example:

> summary(ChopAse)

varietyA timeA  varietyB timeB varietyC  timeC

a6 Min. :0120 b6 Min. :0.1200 c6 Min. :0.1100
1st Qu.:0.120 1st Qu.:0.1300 1st Qu.:0.1200
Median :0.125 Median :0.1300 Median :0.1250
Mean :0.125 Mean :0.1333 Mean :0.1233
3rd Qu.:0.130 3rd Qu.:0.1375 3rd Qu.:0.1300
Max. :0.130 Max. :0.1500 Max. :0.1300

This gives some quick quantitative information atihhe dataset without having
to break up the data frame or do multiple functiafis. For example the mean
for variety B appears higher then the mean timevésieties A or C. This may
be statistically significant, and this observaticem be utilized for statistical
testing of differences (such as those covered epGin 13).
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Working with Graphics

Of course, it is often most interesting to presdata being explored in a
graphical format. R supports a variety of graphioemats in the base package,
and numerous other packages provide additionalhggapfunctionality. This
section focuses on understanding the graphics @mvient in R and how to
control features of the graphics environment. Sdrasic graph types are
introduced, however many more examples of grapesiraroduced in various
chapters in a more specialized context.

Graphics Technology in R

At startup, R initiates a graphics device drivehisTdriver controls a special
graphics window for the display of graphics. Toepnpthis window without
calling graphics, use the function call windows{r(Windows operating
systems, it is x11() on Unix, and macintosh() orcNS).

Commands for using graphics in R can be categorizedthree types: high-
level plotting functions, low-level plotting funcims, and graphical parameter
functions. Let’s look at each of these types oftplg commands.

High-Level Plotting Functions

High-level plotting functions create a new plot te graphics device. The
simplest high level plotting function is plot(), #lsistrated below
>x<-c(1,2,3/4,5,6,7,8)
>y<-(1,2,3,4,5,6,7,8)
> plot(x,y)

This produces the simple graph in Figure 5-1. Rleb works with only one
argument, ex: plot(x), except in this case the plould be of the values of
vector x on the y-axis and the indices of valuenxtlee x- axis (which would
appear identical to Figure 5-1 in this case, iy iPlot is a generic function and
has a diverse set of optional arguments. For ebarifp/ou type in help (plot)
you get the help screen shown in Figure 5-2. Utldemusage section is the list
of the function and most of the parameters, whiehdescribed in more detail in
the arguments section of help below. Note theeeparameters for labeling the
x and y axises, main for a main title, and paramseter controlling the axis
lengths (for example, we could have included a ngeafrom 0 to 20 if we
wanted). These parameter arguments are prettgasthrior most of the high
level plotting functions in R. Unless specified #fle arguments are set to
defaults, such as those utilized in Figure 5-1.
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Figure 5-1

Figure 5-2

For example, suppose we want to make a little &nplot than the one in
Figure 5-1 and use some of the parameters available
| > plot(x,y,xlim=range(0:10),ylim=range(0:10),type=' b’ main="X vs Y")

This changes the x and y ranges on the graph fram8l, to 0 to 10. It also
changes the type of plot from the default of pgitdsboth points and lines. In
addition it adds the main title to the graph “X¥5s
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Figure 5-3

Table 5-2 lists other selected high-level plottingctions:

Table 5-2: Selected High-Level Plotting Functions

Function name

Plot produced

boxplot(x) “Box and whiskers” plot

pie(x) Circular pie chart

hist(x) Histogram of the frequencies of x

barplot(x) Histogram of the values of x

stripchart(x) Plots values of x along a line

dotchart(x) Cleveland dot plot

pairs(x) For a matrix x, plots all bivariate pairs

plot.ts(x) Plot of x with respect to time (indexlwes of the

vector unless specified)

contour(x,y,z)

Contour plot of vectors x and y, mshbe a matrix o
dimension rows=x and columns=y

image(x,y,z)

Same as contour plot but uses colmtead of lines

persp(x,y,z)

3-d contour plot
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Rather than illustrate further examples here, alhjuall of the high-level
plotting functions in Table 5-2 are utilized in cim@ chapters of this book.

Low-Level Plotting Functions

Low-level plotting functions add additional infortian to an existing plot, such
as adding lines to an existing graph. Note thatetliee some redundancy of low-
level plotting functions with arguments of high4gwlotting functions. For
example, adding titles can be done as argumenta tfgh-level function
(main="", etc) or as a low-level plotting functidtitle(main=""), etc).

For example, let's return to Figure 5-1. We coaltl to this plot in several
ways using low-level plotting functions. Let’'s additle, some text indicating
the slope of the line and a line connecting thesoi

> text(4,6,label="Slope=1")

> title("X vs Y")

> lines(x,y)

This embellishes the plot in Figure 5-1 to becohgeflot in Figure 5-4.

Figure 5-4

Table 5-3 lists additional low-level plotting fummts. Note that most of these
work not just with plot () but with the other hidével plotting functions as well.
If you are working with multiple plots (as we shation see how to do) on one
graphics window, the low-level plotting functioneas will apply to the most
recently added plot only so you should write yoode in the appropriate order.

Copyright May 2007, K Seefeld 51

Permission granted to reproduce for nonprofit, atiooal use.



Table 5-3: Selected Low-Level Plotting Functions

Function name

Effect on plot

points(X,y)

Adds points

lines(x,y)

Adds lines

text(x, y, label="")

Adds text (label="text”) at aodinates
(xy)

segments(x0,y0,x1,y1)

Draws a line from point (X),yo point
(x1,y1)

abline(a,b)

Draws a line of slope a and intercept b

=

also abline(y=) and abline(x=) will dra
horizontal and vertical lines respectively.

title(*”)

Adds a main title to the plot; also cawulc
additional arguments to add subtitles

rug(x)

Draws the data on the x-axis with small

vertical lines

rect(x0,y0,x1,y1)

Draws a rectangle with specifibihits
(note —good for pointing out a certain
region of the plot)

legend(x,y,legend=,...)

Adds a legend at coordinatg; see
help(legend) for further details

axis()

Adds additional axis to the current plot

Graphical Parameter Functions

Graphical parameter functions can be categorizédl two types: those that
control the graphics window and those that finesttime appearance of graphics
with colors, text, fonts, etc. Most of these candontrolled with a function in
the base package called par(), which can be usaeddmess and modify settings

of the graphics device.

par() is a very important graphics function, ant itvell worth the time to read
the help document for par, pictured in Figure 53he settings changed by par
remain in effect in the current workspace untiitiaee explicitly changed.
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Figure 5-5: Par() function help

One of the most common tasks you will want to dehwar is to split the

graphics screen to display more than one plot ergthphic device at one time.
You can do this with either the mfrow or mfcol paeters of the par function.
Both mfrow and mfcol takes arguments (rows, colunfosthe number of rows

and columns respectively. Mfrow draws the plotsow order (row 1 column 1,

row 1 column 2, etc) whereas mfcol draws plotsdlumn order (row 1 column

1, row 2 column 1).

Graphics parameters also control the fine-tuninpaf graphics appear in the
graphics window. Table 5-4 lists some of the bgsaphical parameters. Most
of these parameters can be implemented as paranoéfear, in which case they
are implemented in all graphs in a graphics windomas parameters of high or
low level plotting functions, in which case they lpraffect the function
specified.

Let's look at an example that utilizes some of pdunctionality using data from
NCBI on numbers of base pairs and sequences by year

> NCBldata

Year BasePairs Sequences
11982 680338 606
2 1983 2274029 2427
3 1984 3368765 4175
4 1985 5204420 5700
51986 9615371 9978

202001 15849921438 14976310
21 2002 28507990166 22318883
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Table 5-4: Selected Graphical Parameters

Parameter Specification
bg Specifies (graphics window) background colof
col Controls the color of symbols, axis, title, etc

(col.axis, col.lab, col.title, etc)

font Controls text style (O=normal, 1-=italics, 2,
3=bold italics)

Ity Specifies line type (1:solid, 2:dashed, 3: ddit
etc)

lwd Controls the width of lines

cex Controls the sizing of text and symbols

(cex.axis,cex.lab,etc)

pch Controls the type of symbols, etiher a number
from 1 to 25, or any character within

Using the NCBI data, let's plot base pairs by yplat and sequences by year
plot on the same graphics window:

> #Convert Base Pair Data to Millions
> MBP<-NCBldata$BasePairs/1000000

> #Convert Sequence Data to Thousands
> ThousSeq<-NCBldata$Sequences/1000

> #Set par to have a 2-column (2 graph) setup
> #Use cex to set label sizes
> par(mfcol=c(1,2),cex.axis=0.7,cex.lab=1)

> #Plot base pair data by year
> plot(NCBIdata$Year,MBP xlab="Year",ylab="BP in Mi llions",
+ main="Base Pairs by Year")

>#Add line to plot, color blue
> lines(NCBIdata$Year,MBP,col="Blue")

> #Similarily, plot sequence data and line

> plot(NCBIdata$Year, ThousSeq,xlab="Year" ylab="Seq .in Thousands",
+ main="Sequences by Year")

> lines(NCBlIdata$Year, ThousSeq,col="red")

The resulting plot is shown in Figure 5-6.
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Figure 5-6

Another way to represent this data might be to heplots, as illustrated in
Figure 5-7.

> #Code for Figure 5-7
> par(mfcol=c(2,1),cex.axis=0.6,cex.lab=0.8)

> barplot(NCBIdata$BasePairs,names.arg=NCBIldata$Yea r,
+ col=grey,xlab="Years" ylab="Base Pairs",main="Bas e Pairs by Year")
> barplot(NCBIdata$Sequences,names.arg=NCBIdata$Yea r,
+ col=grey xlab="Years" ylab="Sequences",main="Sequ ences by Year")
Figure 5-7
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As illustrated with the plots in Figures 5-6 and 5even relatively simple plots
in R can require quite a few lines of code andva®us parameters. Most of
the graphical examples in this book — and therenaary of them - will use the
simplest plotting code possible to illustrate ex&sp since our focus is on
understanding techniques of data analysis. Howeklrergraphic code in R can
be as complicated as you wish, and only a snapshdR’s full graphic
capabilities have been presented here. R allowsh# user to code virtually
every detail of a graph. This may seem complicgdtetlit is a useful capability.
With a little practice, you can code R to producstom, publication quality
graphics to effectively illustrate almost any datelysis result.

Saving Graphics

Notice that when the graphics window is active ti&in menu is different, as
illustrated in Figure 5-8. On the File menu thare many options for saving a
graphic, including different graphical formats (ptanp, jpg) and other formats
(metafile, postscript,pdf). You could also use amend line functionality to
save, but using the options under the File meraagier and pops up a save as
dialog box allowing you to choose the directory yave saving the graphic file
to.

Figure 5-8
Another option to save a graphic is to simply rigituse click on the graphic,

which will produce a pop up menu with options tgpgmr save the graphic in
various formats as well as to directly print theaghic. In a Windows
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environment the copy options are as a bitmap oefilet and the save options
are as metafile or postscript.

Additional Graphics Packages

R has available many packages that add graphigasdbd#ies, enhancing
graphic capabilities available in the base packag@hkis section presents some
selected graphics packages that may be of intealspf which should be
available from the CRAN site.

mimR

mimR is a package that provides an R interfacepgmgram called MIM. MIM

is a software package, which is useful for creatingphical models, including
directed and chain graphs. Although MIM is a conuiz package, there is a
free student edition available with limited functadity. We will see in coming
chapters that these types of models, which are lpppamong computer
scientists, are useful in advanced statistical fiwoglesuch as Bayesian statistics
and Markov Chain Monte Carlo modeling.

scatterplot3d

scatterplot3d is a valuable package that addsifuradity that the base package
lacks, that of producing effective 3d plots. Italso relatively simple for the
beginner to use and contains one function scatte&g{) with many flexible
parameter options which create many different &dspkuch as the demo plot in
Figure 5-9.
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Figure 5-9
grid

Grid is a sophisticated and very useful R packaggch provides a “rewrite of
the graphics layout capabilities” (from packagecdipsion on CRAN site). It
works with base package functionality and adds somiter capabilities for
graphics in R. Some added functionality availabith this package includes:
allowing interactive editing of graphs, improvingislabeling capabilities, and
primitive drawing capabilities.

lattice

The package lattice is quite sophisticated andaiesitextensive functionality
for advanced graphics based on what are referragftém as Trellis graphics
(the specific type used in other versions of ShisType of graphics is very
useful for applications in multivariate statistias they allow for presenting
many graphs together using common x- and y-axitesoahich is a visually
effective way for doing comparisons between groopsubgroups. Cleveland
(1993) presents the original foundation for thipeayof graphic. Figure 5-10
presents one of the demonstrations of a type of @lailable in the lattice
package.
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Figure 5-10
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6

Foundations of Probabillity
Theory

Aristotle The probable is what usually happens.
Cicero Probability is the very guide of life

Democritus Everything existing in the universe is the tfrefi chance.

Probability is a mathematical language and framé&vtbat allows us to make
statistical statements and analyze data. Probalfdicuses on the description
and quantification of chance or random events. ddstdnding probability is
key to being able to analyze data to yield meaninghd scientifically valid

conclusions.

This chapter introduces some fundamentals of pibtyaltheory, beginning
with an overview of the two schools of thought cemming how to think about
probability. After this, some concepts of prob#piare introduced and finally,
we begin the study of probability distributions. €Tkontents of this chapter
serve as an important foundation for subsequerteha

Two Schools of Thought

Most people who have formally studied probabilitg &amiliar with the more
traditional way of thinking about probability. Hewer it is important to note
early on that there are two major approaches tenmstanding probability and
statistics. The second, and less familiar (rametprporated into high school
and college introductory courses), approach is mufeéasing importance in
biological applications.
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The most familiar way of thinking about probability within a framework of
repeatable random experiments. In this view thebgbility of an event is
defined as the limiting proportion of times the ewveould occur given many
repetitions. A good example of this frequentistinigbn of probability is
defining the probability of a coin landing on hedxysmeasuring the proportion
of times a fair coin lands on its head out of tlalt times it is tossed.
Application of the frequentist approach is limitewl scenarios where frequent
repetitions of the same random experiment are plessiwithin the frequentist
paradigm, applying probability theory to a novelesario, with no clear
sampling frame for repetitions of the same expenitmie virtually impossible.

The second way of thinking about probability alloth® incorporation of an
investigator’s intuitive reasoning. Instead of lesovely relying on knowledge
of the proportion of times an event occurs in répgaampling, this approach
allows the incorporation of subjective knowledgagts as historical information
from similar experiments as the one under studgyrination from experiments
related to the one under study, an educated gussst ®utcomes, or even,
subjective beliefs of the investigator relatedte problem under study. These
so-called prior probabilities are then updated imaional way after data are
collected. The common name for this approaclBagesian statisticsnamed
after Sir Thomas Bayes, a honconformist Englishisten who lived from 1702-
1761. Bayes never published his work in his lifetj but other mathematicians
followed up on his work, resulting in the publicatiand promotion of his ideas.

Bayesian statistics has experienced explosive fgrawtecent years, with many
applications in areas of science, economics, erdimg and other fields. Until
recently Bayesian statistics was largely theorbticd mathematically complex.
However, powerful computers and software packagesh sas R are now
common and Bayesian statistics theory is now contynapplied in the
development of powerful algorithms and models firacess data in new ways.
Many of these algorithms and models have applinatio bioinformatics, and
some of these will be introduced in this book.

The two approaches are based on the same basis dileprobability.
Understanding both, classical (or frequentist) &ayesian statistics requires
knowledge of the theory and methods of probabgihd probability models.
Bayesian statistics essentially expands frequeastaistics by combining the
interpretations of probability, thus increasing liggbility of statistics to
scenarios either not accessible by frequentisisita or better served by the
more complex analysis Bayesian statistics hasfay.of

This chapter reviews the essentials of probabdityl serves as a conceptual
foundation for much of the material in the subseduehapters of this section
and for various other chapters in this book. Ceiaptcovers specific univariate
(one-variable) probability models commonly used ahdpter 8 covers some
more advanced probability topics and multivariai@bability models. Chapter 9
specifically introduces Bayesian theory and appneado modeling. For a more
in-depth coverage of frequentist probability thetrg reader is referred to read
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a text on probability such as Sheldon Ross’s “Ast=Course in Probability” or
other recommended references listed in the appendix

Essentials of Probability Theory

Probability theory is based on the idea of studyergdom, or chance, outcomes
of an experiment. A keyword herersmdom Random means the outcomes of
the event are not fixed in advanced, and hence wihersame experiment is
repeated the results will likely be somewhat ddéfdr resulting in some
variability in the response. Randomness is anngisseconcept in most of
statistics. The wor@xperimentis used broadly, and is not limited to planned
scientific experiments.

To analyze an experiment in terms of probabilitsstfthe set of outcomes of a
random experiment must be defined. Then, proliegsilican be assigned to
outcomes of the experiment. This is best explamedn example. Suppose the
experiment is one roll of a standard, six-sided di€he set of all possible
outcomes is defined by the set of numbers thaesgmt the number of dots on
the face of the die that turns up as a result efdle roll. In the case of a
standard 6-sided die the set is {1,2,3,4,5,6}. sTéet, containing all possible
outcomes of the experiment, is known as the sarmspéeEe. A subset of the
sample space is defined to be arent. It is to events that probabilities are
assigned.

For the sample space {1,2,3,4,5,6} different evereta be defined. An event
may be a single outcome, or a subset containingiptelloutcomes. For

example, the event could be that the die lands wovih dot up. Because in this
example all possible outcomes are equally likelg Hrere are six possibilities,
the probability for this event is 1/6. Another aveould be the event that the
die lands on an even number, which correspondeestibset {2,4,6}. In this

case the probability of the event is Y.

Set Operations

Since the sample space is defined by the set afiljesoutcomes, it should be
clear that probability relies on basic operatiorisset theory. These basic
operations provide a logical framework for undamdtag how events relate in
the sample space. It is helpful to review these her

Set theory makes use of Venn diagrams, as depictetjure 6-1. The entire

diagram represents the sample space, and any eab-anch as a circle
represents a particular event.
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Circle

represents an
event

Entire
sample space

Figure 6-1: Basic Venn Diagram

Set Operation 1: Union

The union of two events, A and B, in the same samsphce, is the event that
either A or B occurs or both occur. In casual vimgdhe union can be referred
to as “A or B occurs” or “at least one of the ewemt and B occurs”.
Mathematically the statement for a union i€£A. The union of A and B is
depicted in Figure 6-2.

AEB

Figure 6-2: Union of Two Events

Set Operation 2: Intersection

The intersection of two events in the same sampéees A and B, is the event
that contains all outcomes that are common to Bo#imd B. In casual wording
an intersection can be referred to as “both eveltsand B occur”.
Mathematically the statement for an intersectiodi§ B. Later in chapter 8
we will discuss joint probabilities and joint diftions where the concept of
intersection plays a key role. The intersectiod@nd B is depicted in the Venn
diagram in Figure 6-3.
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ACB

Figure 6 -3: Venn Diagram of the Intersection ofdlEvents

Set Operation 3: Complement

The complement of event A, depicted below and isgreed mathematically as
A°, is the event that A does not occur. The complienoé A consists of all
outcomes in the sample space that are not in Mluatated in Figure 6-4. Itis
a favorite statistical trick that if the probahjlibf event A is complicated to
calculate, it is sometimes easier to calculateeadtthe probability of the
complement of A (which equals 1 minus the probabdf event A).

AC

Figure 6-4: Venn Diagram of the Complement of aeriv

Disjoint Events

Two events, A and B, in the same sample spacdligja@nt if their intersection
contains no elements. In other words, the int¢imeof A and B is the empty
(or null) set, denoted bsE, as depicted in Figure 6-5. To put the definition
plain English, disjoint events are events that hasthing in common with each
other. Disjoint events are said to be mutually esisle, and the terms disjoint
and mutually exclusive are interchangeable. Aauwtionary note, although the
terms disjoint and mutually exclusive mean the s#immgy, these terms should
not be interchanged with the term independenceclwliias a completely
different meaning, to be discussed in chapter 8.
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ACB=A&

Figure 6-5: Intersection of Disjoint Events is tNell Set

The Fundamental Rules of Probability

Some simple rules (axioms) are used in probabitityyuarantee a consistent
notion of how probability represents the chanceewénts related to random
experiments. Axioms are statements of assumed, tevtich do not require

proof, and serve as the foundation for proving tbets.

Rule 1: Probability is always positive

Probability is always positive and the concept efative probability does not
exist. The values of probability of an event Anded P (A), must range from
zero to one, reflecting the concept of probabiisy a measure of proportion.
For an event to have probability equal to zeroéians the event is impossible.
For an event to have probability equal one, it sg¢he event is certain.

Rule 2: For a given sample space, the sum of
probabilities is 1

For a simple example, consider the sample spateeaéxperiment of picking a

nucleotide at random from the four possible nudtkxst For this experiment

the sample space is {A, T, C, G}, as depicted guFe 6-6, and, assuming equal
frequencies of all four nucleotides, P (A)=P (T)€RP (G)=1/4. Thus, the

sum of all probabilities for this sample spaceris.o

OO0

Sample Space = 4 Nucleotides

Figure 6-6: Sample Space for 4 Nucleotides
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For each event in a sample space where the outchavesequal probability of
occurring, the probability of an event equalsftieguency of the event over the
total events in the sample space. If the samp@eespontains 6 nucleotides {G,
C, A, T, A, C} as depicted in Figure 6-7, then P£R (C) = 1/3 and P (T)=P
(G)=1/6. But the sum of events in the sample sp@stll 1; the probabilities of
individual nucleotides are changed to reflect thenposition of events in the

© © @
®»© ®

Sample Space = 6 Nucleotides

Figure 6-7:Sample Space for 6 Nucleotides

This axiom is also what allows the calculation lné tomplement of an event.
Suppose in the 4-nucleotide example that only PigA&nown and we want to
calculate the probability of any other nucleotidehich is the event of the
complement of A). Using the formula P A= 1-P (A) this is a trivial task, for
example if P (A) is 0.25, then P {A=1-0.25 or 0.75. Figure 6-8 depicts the
complement of A in the shaded out area.

A°=1-P(A)

Figure 6-8:The Complement of A is everything in$aenple
Space Except the Event A

Rule 3: For disjoint (mutually exclusive) events, P
(AEB)=P (A) + P (B)

In the case of disjoint events, there is no inigisa of events, so the probability
of their unions is simply the sum of their probdalgs. For a sample space

consisting of two disjoint events, the calculatioihtotal probability is trivial
(P(A)+P(B)=1). However, many sample spaces congfisimany possible
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outcomes (theoretically up to infinity, but denoteelow as n). In this case, if
the outcomes are disjoint events, then the proibahiff all events can be
represented by

P (E1)E P(E2) E P(E3)...E P(ENn) =P (E1) + P (E2) + P (E3) +. ...+P (E
n)

Or, in shorthand notation

n n
P UEi = P(Ei)
i=1 i=1

For events that are not disjoint, the calculatidnPA U B) must take into
account the area of intersection for the events,isucalculated as P (A U B)=P
(A)+P (B)-P (A B), subtracting the area of intersection (whicheotvise would
be double counted). For more than 2 events tleahat disjoint this calculation
becomes more complicated as it is hecessary ta @myrregions of intersection
only once.

Counting

It is also helpful to review here the methods afmting, and how R can be used
as a tool for helping out with count calculations.Many times in probability
you will need to be able to quantify things befassigning probabilities and
applying counting methods is essential to doing.thhe mathematical theory of
counting is called combinatorial analysis.

The Fundamental Principle of Counting

The fundamental principle of counting (alternatwelknown as the

multiplication principle), applied to two experintenis that if the number of
outcomes of experiment 1 is m, and then numbeutifamnes of experiment 2 is
n, then the total number of outcomes for the twoeeknents is m * n.

For example, suppose the number of alleles pos$dylegene A is 3. In

probability terms this can be considered as the bmsmof outcomes of
experiment 1 where the experiment is the choicallefes for gene A. And

suppose the number of alleles for gene B is 5 ¢oaés of experiment 2). The
total number of outcomes for these two experime&nt5 or 15, which is the

number of possible combined outcomes of gene Agame B.

The fundamental principle of counting can be agptie multiple experiments
by extension of the two-experiment scenario. Hxperiments have outcomes
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nl, n2, n3...nk, then together the k experiments laategal of n1*n2*n3*...*nk
possible outcomes.

For example, suppose a protein complex consists pfoteins encoded by 5
different genes. Suppose for protein 1 there agerktic alleles, for protein 2
there are 2 genetic alleles, for protein 3 theee%genetic alleles, for protein 4
there are 11 alleles, and for protein 5 there aa#ledes. How many different
genetic alleles are involved in this protein comfle The answer is a
straightforward multiplication of the number ofedéls involved in all 5 proteins,
which equals 4*2*9*11*6 for a total of 4752 possbtombinations of alleles
involved in this 5 protein complex.

Permutations (Order is Important)

When picking distinct objects and arranging themre¢hare two scenarios to
consider: order important and order unimportanbor &ample, let's pick the
letters a, b, and c. We can pick three letters @neht the number of unique
ways we can arrange them (order important). I ¢hise order is important and
the results is the six combinations: abc, acb, baa, cab, and cba. There are a
total of 3!=3*2*1=6 possible permutations of arramgthree distinct letters in
groups of 3. Note the use of the factorial notatimd recall that in general n!
=n*(n-1)*...*1

A permutation of objects occurs when objects aramnged so that order is
important. Mathematically the formula for a permiigia or an arrangement of r
out of n distinct objects (order is important) is:

n!

Pnr =
(n-r)!

Combinations (Order is Not Important)

What about the case where order is not importdft? example, in the case of
the letters a, b, ¢ what if all we want to knowh@av many ways we can select 2
out of 3 letters, regardless of order? In thisech®e answer is 3 because it
doesn’t matter whether the order of the letterakisor ba or any of the other
combinations of two letters.

A combination of objects occurs when objects arkecsed and order of
arrangements is not important. Mathematicallyférenula for a combination of
selecting r out of n distinct objects (order unimtpat) is:

n!
Cnr=———
r'(n-r)!
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Note that the number of permutations is relatethéonumber of combinations
of objects by the following relationship:

Pnr=r'Cn,r

Using permutations and combinatorial calculatiomsbabilities in a sample
space where all outcomes are equally likely carfdamd as the number of
outcomes that define a particular event over thel taumber of possible
outcomes in a sample space.

Counting in R

In R, combinations can be calculated using the sbdd function. The choose
function calculates the combinatorial of the parerit is given. Choose (n, r),
with parameter n and r, calculates Cn,r. For examp

> #calculate number of combinations of
> #choosing 3 nucleotides from 4

> choose(4,3)

(1] 4

Introducing the Gamma function

The ! operator is the logical sign for negationRrand is not used for factorial
calculations. This makes factorial calculationsRnnot so simple as coding
“n!”. Something else to use when calculating coeggtied counting tasks in R is
the gamma function. The gamma function is a madtieal relationship
defined by the following formula:

G(x) = éétx'le'tdt (x>0)

The Greek letter capital gamma is usedG{x). Of course, in the formula

written above this seems mathematically complexexwatic, and unless you're
a big calculus fan you probably have no interesteimluating it per se.

However, the gamma function has a nice identitycWluan be evaluated for any
a positive number n:

CG(n)=(n- 1!

In other words, gamma of n is equal to (n-1) faetor This can be handy in
calculating permutations and combinations in R whayu can use the function
gamma (x) where x is the value of the factorial yeant to calculate plus 1. For
example, to calculate 4! which is equal to 4*3*2%§bu can use gamma (5) in R,
as below:
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> #gamma of n+1 calculates n!
> #to calculate 4! use gamma(5)
>gamma(5)

[1]24

Gamma functions can be used together to perform peymutation or
combinatorial counting procedure. For examplecatculate the numbers of
unique 8-mer peptide arrangements taken from thariho acids (order is
important here so it is a permutation), simply tise formula translating the
permutation into an equation of gamma functionfolisws:

n! 20 20 _ G(2))

Pnr= =
(n-r)! (20-8)! 12 G113

In R this can simply be calculated as:

> gamma(21)/gamma(13)
[1] 5079110400

Thus there are 5,079,110,400 possible permutatib8sinique amino acids.

Although the gamma function may seem strange at and is not typically

taught in lower-end mathematics courses), it isdgmobecome familiar with the
gamma function. The gamma function is involved several continuous
probability distributions (discussed later in tluisapter) including the gamma
distribution, the beta distribution and the Chi-8cau distribution. Bayesian
statistics makes use of these distributions and/ the heavily used in

bioinformatics applications.

Modeling Probability

Statistics in its mathematical formulation makeseasive use of models to
represent relationships between variables. Modelsvaitten out in the form of
equations. Perhaps the most familiar simple magiiead model is the linear
relationship between a independent variable x Aaddependent variable, y. In
this case the model is:

y=mx + b

where m is the slope of the line and b is the gitdpt of the line. Another way
to represent this is to consider y as a functiog, efritten f(x) so that:

f(x)=mx + b

The outcomes of an experiment are also modeled emmttically in a
probability model. Probability models provide aywa structure and organize
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the distribution of data that are the outcomesroeaperiment. The next two
chapters cover standard probability models commasigd in bioinformatics
applications. The remainder of this chapter isofled to several concepts
important in understanding probability models: ramd variables, discrete
versus continuous variables, probability distribod and densities, parameters,
and univariate versus multivariate statistics.

Random Variables

Probability is based on observing random outconfiesm@xperiment. To model
these outcomes using mathematical functions, wevasables called “random
variables”. Random variables assign a numerichlevéo each outcome of an
experiment.

For example, consider the RNA sequence below:
AUGCUUCGAAUGCUGUAUGAUGUC

In this sequence there are 5 A’s, 9 U’s, 6 G’s, dn@’s with a total of 24
residues. To model this sequence, the randomblark can be used where X
represents the nucleotide residues. Because #reradvantages to working
with quantitative information, when the data isaésed qualitatively a random
variable is used to assign a number to the non-rinaieoutcomes. For this
experiment let's assign the random variable vahegsesenting A as 0, C as 1,
G as 2 and U as 3. A small letter represents tieome of the random variable,
so little x can be used here. So, in probabilityne the model represented using
the random variable X for this experiment is give able 6-1.

Table 6-1: Using Random Variable X to Quantitatyiglodel
Residues in a Particular RNA Sequence

Residue Value of X (=x)| P (X=x)

A 0 5/24=0.208
C 1 4/24=0.167
G 2 6/24=0.25
U 3 9/24=0.375

If the experiment is to count the frequency of eamlctleotide in another
sequence of RNA, the values of the random variabliebe the same but the
probabilities of the random variable assuming thiatue will be slightly
different reflecting the different trials of the mtiment. Understanding this
simple model (which does not even use an equatisnkpy to understanding
more complicated models. Probability models simdg random variables to
represent the outcome of an experiment whethes & simple experiment (as
above) or a much more complicated experiment wiinyroutcomes.
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Discrete versus Continuous Random Variables

Random variables can be discrete or continuouscrBie random variables are
used when the set of possible outcomes (sampleekac an experiment is

countable. Although many discrete random variabkftne sample spaces with
finite numbers of outcomes, countable does not nfieée. The outcomes can

be countably infinite (the integers are countahf§inite because they are
discrete and go on forever). Examples of experialenutcomes that are
modeled with discrete random variables include rensilof people standing in a
line, number of A’s in a nucleotide sequence, amel number of mutations,

which occur during a certain time interval.

A random variable that is not discrete but can m&sany value, usually within
a defined interval, is defined as a continuous oamdvariable. Measurable
guantities are generally modeled with continuouslcen variables. Examples
of experimental outcomes that can be modeled withticuous random
variables are: height, weight, intensity of a sigrand time required for a
radioactive substance to decay.

Because much of the information bioinformatics deaith is discrete data
(sequence information is usually analyzed usingrdie random variables) the
emphasis of this book is on this type of data. Hmwecontinuous random
variables are not ignored and play an importane rol some areas of
bioinformatics, especially in Bayesian statistiogl @ microarray analysis.

Probability Distributions and Densities

Now with an understanding of the concept of a ramdeariable, whether
discrete or continuous, we can talk about probighifiodels. In general terms,
probability models are assumed forms of distrimgi@f data. A probability
model fits the data and describes it. Sometimedittie empirical such as the
example above. Often the data is fit to a distidyuof known form (to be
discussed in the next two chapters) such as adsegamma distribution, other
times in more complex scenarios the data is fix@d tdistribution that is a
mixture of known forms.

Every random variable has an associated probablityibution function. This
function is called a probability mass function retcase of a discrete random
variable or probability density function in the easf a continuous random
variable. The distribution function is used to rabchow the outcome
probabilities are associated with the values ofrdrelom variable. In addition
all random variables (discrete and continuous) hawaumulative distribution
function, or CDF. The CDF is a function giving thebability that the random
variable X is less than or equal to x, for everjueax, and models the
accumulated probability up to that value.
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For simple discrete random variables, the assatiptebability distributions
can be described using a table to “model” the prditaas above for the RNA
analysis example, or alternatively a graph candsluln R a simple histogram
(show in Figure 6-9) can be used to model the pitibadistribution function
for this example.

> X<-¢(0,1,2,3)

> Prob<-¢(0.208,0.167,0.25,0.375)

>N<-c (A, 'C,'G,'U)

> barplot(Prob,names=N,ylab="Probability", main="RN A Residue Analysis”)

RNA Residue Analysis

|

Probability

L

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35

Figure 6-9: Histogram lllustrating the Probabilitylass
Function for RNA Residue Example

To find the cumulative distribution value for thexample, simply add up the
probabilities for each value of X for 0,1,2,3 artk tvalue the CDF is the
probability that random variable X assumes that @sser value. For example if
X equals 2, the CDF is the probability that X=2>6r1 or X=0. To calculate
this simply total the values for P(X=2) plus P(X5ilys P( X=0). For our RNA
residue example, the calculations for the CDF hoave in Table 6-2.

Table 6-2: Probability Distribution and Cumulative
Probability Distribution for RNA Residue Analysiganple

Residue Value of X (=x)| P (X=x) F(x)= P(XE
X)
A 0 5/24=0.208 | 0.208
C 1 4/24=0.167 | 0.375
G 2 9/24=0.375 | 0.625
U 3 6/24=0.25 1
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To visually analyze the CDF, a simple step grapthisf CDF can be done in R
by adding the commands below to the previous cbidgire 6-10 shows the plot
produced.

> CumProb<-c(0.208, 0.375, 0.625, 1)
> plot(X,CumProb,xlim=range(0,1,2,3,4), main="RNA R esidue Analysis CDF",
xlab="X=", type="S")

RNA Residue Analysis CDF

1.0

0.8

CumProb

04
I

0.2
|

Figure 6-10: Cumulative Distribution Function f&NA
Residue Analysis

Note the step shape of this CDF is characteridtia discrete random variable
and illustrates that the cumulative probabilityrsteat 0 and stops at 1, thus
obeying the basic laws of probability.

In the case of a continuous random variable, thdehtor how probability is

distributed is called a probability density functiand is denoted by f(x). For
continuous values, probabilities are not assigned specific discrete

experimental outcomes but are instead assignettdovals of values. There is
no assigned probability that X=1 when X is a cambins random variable.
Instead there is a probability assigned with aariral of values surrounding X,
although that interval can be of values which aERY close to X but not quite
exactly X. Using a little calculus, the probalyilifor a continuous random
variable is:

Pla<x<b)= P f(x)dx

This is also the “area under the curve” on therimte[a, b], which is part of the
reason why the function is called a “density” fuootrather than a distribution
function as in the discrete case. For a continuangom variable the CDF is
just like for a discrete random variable exceptdheph will be continuous (not
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step) and the F (x) is the interval from negatinéinity (or wherever x is
defined) to the value of x.

Empirical CDFs and Package stepfun

A simple method for drawing preliminary conclusiofrem data about an
underlying probability model is the plotting of thempirical CDF. For

calculating the empirical CDF from n data valuesassign a probability of 1/n
to each outcome and then plot the CDF to this S@rababilities. A useful R

package when working with empirical data, partidyladiscrete data, to

determine and plot empirical CDF is a package dadiepfun. This package
contains functions that will easily generate an ieicgd CDF given any data
vector, and also contains functions to create CloFaasily.

For example, suppose we collect data on how mangstiwe spot the sequence
ATC in 10 randomly chosen 100 base pair DNA streschand get
(2,4,2,1,3,4,2,1,3,5) as the result and went taioban empirical CDF for the
distribution of this data. The data can simply Imeeed and the plot stepfun
function used to easily generate a CDF plot, asctegpin Figure 6-11. Stepfun
makes plotting CDF’s and related graphs much easier

>x<-c(2,4,2,1,34,2,1,3,5)
> plot.stepfun(x)

ecdf(x)

1.0

0.6

f(x)

04
|

0.2

0.0

Figure 6-11: CDF Plot Example Produced Using Stepfu

Parameters
The most general definition of a parameter is “sauastant” involved in a

probability distribution, which although vague ist@ally a good definition.
Random variables define the data in a probabilipdeh. Parameters serve to
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mathematically frame how a probability model fitsStandard probability
models use parameters extensively.

Parameters represent characteristics of the mbegl dre used in and usually
are classified as different types, such as shapde sand location, discussed
below in more detail. Some distributions havethiee types of parameters,
some have one and some have two. In some casasgtars serve hybrid
functionality. Probability models (including thot®at we will introduce in the
next two chapters) can be viewed as families dfitigtions that have certain
mathematical forms defined by a function that idelsi which parameters they
have. Changing the value of the parameter whildizimg the same
mathematical model for the distribution will forriffdrent family members with
distinctly appearing distributions. Fitting a distrtion is an art and science of
utmost importance in probability modeling. Thedde you want a distribution
to fit your data model “just right” without a fibat is “overfit”. Over fitting
models is sometimes a problem in modern data minieghods because the
models fit can be too specific to a particular dagato be of broader use.

Shape Parameters

To look at shape parameters, it is best to illtstréith an example. Figure 6-12
is an R generated plot of four probability densitydels, all of which are
gamma densities (a family of continuous probabitignsities to be discussed
later). The same data is used but modeled usiifeyefit values for the shape
parameter for this distribution (with all other pareters constant). Notice that
changing the shape parameter changes how the fitsdidle data. Families of
distributions such as the gamma family are pamidyl useful in modeling
applications since they are flexible enough to maedeariety of data sets by
using different parameter values.
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Figure 6-12: Altering a Shape Parameter with Other
Parameters Held Constant

Scale Parameters

A second type of parameter is a scale parameterale arameters do not
change the shape of a distribution but change tpreas! out the distribution is.
As an illustration, the plot in Figure 6-13 is alsd the gamma family of
distributions and uses the same data as the piustration. All plots in the
figure use shape parameter 2 but use differene gEmlameters, as indicated on
the plots. Although it may not initially appear, $oe plots are the same shapes.
Note that higher values for the scale parameteultrés the shape of the
distribution being increasingly spread out.
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Figure 6-13: Altering a Scale Parameter with Other
Parameters Held Constant

Location Parameters

The final type of parameter discussed here is toation parameter. The
location parameter specifies where the graph liesgathe horizontal (x) axis.
Changing the location parameter translates thehgedgng the horizontal axis
either to the left or to the right.

To illustrate this perhaps the easiest example tieesormal distribution, or the
familiar bell curve. The normal distribution iscantinuous probability density
function that has some nice properties and is atiy used and especially well
studied in most introductory statistics coursese @f those nice properties is
that the mean of the distribution corresponds #ltitation parameter (and the
standard deviation corresponds to the scale paeameYou may wonder that
since the normal is such a nice model, why do vedral these other models?
The answer is that in reality data are not oftenmadly distributed and in
probability many different types of models existnmdel many different types
of distributions of data.

Shifting the location parameter of the normal dlsttion shifts where the center
of the distribution lies. This is illustrated ingeire 6-14 using two plots, one of

which has mean (location parameter) 0 and the atfeam (location parameter)
4. All other parameters are constant.
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Figure 6-14: The Effect of changing the Locationdaeter

Even before specific models are introduced you rhaywondering how to
choose a model to use and how to pick values adrpaters. This can be a
complicated and tricky question. As models areohiced it will become more
apparent which models are used for which typesatd.dThe determination of
parameter values is done in different ways. Samegithe parameters can be
determined from the data, as is the case of thenragd standard deviation of
normally distributed data. Sometimes R can be us&d tool to help in
selecting parameter values for a distribution bynpaoting parameters or by
graphically looking at the data. Other times maphisticated statistical
methods are used, the techniques of which are letyenscope of this book and
consultation with a statistician is advised.

Univariate versus Multivariate Statistics

The models introduced in the next are all univari@bdels, meaning that there
is only one random variable on which data is mesasuand one outcome
probability measure associated with that randoniabe in the model. Often
many random variables are measured at the same Tionmodel how multiple
random variables affect an outcome of an experin@nhore complicated
branch of statistics, multivariate statistics, &#d. To compare these, suppose
you are examining the annealing temperature of & PICR primer. Univariate
statistics would look how the percentage of oneleutie affected annealing
temperature whereas multivariate statistics woake tinto consideration how
the composition of all four nucleotides and perhapsironmental conditions
such as salt concentration affected annealing teatyre and other factors.
Chapter 7 introduces some standard univariate rapdeld select multivariate
models are introduced in Chapter 8.
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Univariate Distributions

Different random variables have different probapidistributions. Technically
there are infinitely many possible probability distitions, but some common
forms appear over and over again in practical appbns. This chapter
discusses some of the common discrete and consnuivariate distributions
commonly often encountered in modeling data indgaal applications.

Univariate Discrete Distributions

Univariate discrete distributions are standard pbility models that utilize a
discrete random variable to define the outcomearoexperiment. Presented
here are two models frequently used in analyzimgobical data: the binomial
model and the related Poisson model.

The Binomial Distribution

The foundation for the binomial distribution is tBernoulli random variable. A
Bernoulli random variable arises in an experimeherg there are only two
outcomes, generally referred to as “success” aadute”. For the success
outcome the value of the random variable is assighe value 1, and for the
failure outcome the value of the random variabladgsigned the value 0. The
probability of success is a value p, a proportisgtwieen 0 and 1. The
probability of failure (using the law that probatyiladds to 1 and that the
complement probability is 1-probablity of all otherents) is 1-p.

Copyright May 2007, K Seefeld 80

Permission granted to reproduce for nonprofit, atiooal use.



For a one trial experiment the probability disttiba function for a Bernoulli
experiment is trivial and the distribution of a Beulli random variable can be
written as follows:

p(x) =p*@- p)**
where x can take either of the value 0 or 1.

Let's consider the case of having a child and uBermoulli random variable to
represent whether the child has blue eyes. Latsirae the probability of the
child having blue eyes is 0.16 (not empirically ified!) and this is the

“success” outcome. For this experiment the distidm of the random Bernoulli
variable X is given in Table 7-1.

Table 7-1: Distribution of outcomes of a Bernodiiltial

Outcome Random P(X=x) Probability of
Variable X =x outcome

Blue eyes 1 p 0.16

Not blue eyes 0 1-p 0.84

What about if you really want a blue-eyed child,ysmu have 10 children and
you want to know the probability that k out of th@ have blue eyes? This is a
more complicated question. Each outcome of hasirndild is independent of
other children — meaning whether the first childi ldue eyes has no statistical
influence on the second child having blue eyesleprendence will be discussed
in more detail in the next chapter.

In order to answer this you want to create a mémtehow many of 10 children

will have blue eyes based on the probability thgiven child has blue eyes is
0.16. Such a model is called a binomial modeling/¢he Bernoulli probability

distribution function equation above we can extind work for more than one
trial by changing the exponents to n=the numbdriafs and k=the number of
successes as follows:

p“(L- p)"

Note this is not a probability distribution funati@anymore, as it will only model

the probability of a particular sequence of n=10dchn k of which have blue

eyes. For example if k=3, n=10, the above represém probability of a

sequence such as {1,0,0,0,1,1,0,0,0,0}, wheredisdted 1 denotes “blue eyes”
and 0 denotes “not blue eyes”. But when therelérehildren, the blue-eyed
children can be any one of the 10 children. Udimg counting method of
combinations discussed in the previous chaptem(@a below) we note that the
number of such sequences with k ones and n-k zeros

Copyright May 2007, K Seefeld 81

Permission granted to reproduce for nonprofit, atiooal use.



n!

Cnk=——"-—

K!'(n- k)!
Remember that for a series of 10 children, one -bjteel child could be
positioned in 10 different ways (the blue eyed altibuld be first of 10, second
of 10, etc.), corresponding to a combination of

10

Co, =——=10

10,1 ](9)'
In order to model the correct probability of obsegvl child of 10 children with
blue eyes, the probability distribution functioneds to account for the 10
different arrangements of children, so the propay wo write the probability
distribution is

p(k) = P(k successes n trialg) = E pa-p""

n n!
=Cn,k =————— is another popular notation used for the number
Note k!(n- k)!
of combinations of k out of n distinct objects. i§tsymbol is commonly
described as “n choose k” and is also called thieothial coefficient” in some
contexts.

Of course to make this a distribution function went to calculate not only the
probability of having 1 in 10 children with bluees; but the whole distribution
of how many kids (0,1,2...10) in 10 will have blueesy This is tedious to do
by hand and hence using R comes in handy.

In R the binomial distribution is the function dbm. In R, all probability
distributions (or densities in the case of contimieandom variables) use the
letter d as the first letter in the function andntpart or the entire name of the
distribution for the rest of the function name. riiin takes as parameter
arguments binom(x, size, prob) where x= the veofdt values to be used, size
is the total number of trials (n), and prob is grebability of success on each
trial.

Using some simple commands in R to generate thbapility values for the
binomial distribution for the number of children I® with blue eyes using p
=0.16

>x<-0:10
> y<-dbinom(0:10,10,0.16)
> data.frame("Prob"=y,row.names=x)
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we obtain the following:

Prob

0 1.749012e-01
1 3.331452e-01
2 2.855530e-01
3 1.450428e-01
4 4.834760e-02
5 1.105088e-02
6 1.754108e-03
7 1.909233e-04
8 1.363738e-05
9 5.772436e-07
10 1.099512e-08

Thus given p=0.16, the probability of 0 in 10 chdd with blue eyes is 0.175;
the probability of one with blue eyes child is (B3hd so forth.

Of course, writing out tables of probability as abas only practical for simple
scenarios and in most cases a graphical modehé&mptobability distribution

will be used. To get a graphical model in R foe #ame distribution above,
simply use the plot command and put the binomiatfion call right in the plot

function call as follows:

> plot(0:10,dbinom(0:10,10,0.16), type="h' xlab="", ylab="Probability",
sub="Number of kids with blue eyes")

Figure 7-1 illustrates the graphic model of thehadaility distribution function
for this example.

Figure 7-1: Example of a Binomial Distribution, pA®

Note that this distribution is pretty skewed towédoder values of the random
variable (X=number of kids with blue eyes) becailevalue of p is 0.16. The
graph should seem reasonable given the value olVpat if the value of p is
changed?
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Let's re-run this example with probabilities thatlaild has blue eyes is 0.05,

0.2, 0.5, and 0.8 and see how this changes thébdison.

> par(mfrow=c(2,2))

> plot(0:10,dbinom(0:10,10,0.05),type="h" xlab=""y
> plot(0:10,dbinom(0:10,10,0.2),type="h" xlab=""yl
> plot(0:10,dbinom(0:10,10,0.5),type="h" xlab=""yl
> plot(0:10,dbinom(0:10,10,0.8),type="h'" xlab=""yl

lab="Prob", sub="p=0.05")
ab="Prob", sub="p=0.2")
ab="Prob", sub="p=0.5")
ab="Prob", sub="p=0.8")

Figure 7-2: lllustrating the Effect of Changing thalue of p

in the Binomial Distribution

Notice in Figure 7-2 how the larger p shifts thetdbution more toward higher
values of the random variable. This should makessebecause a higher p
makes it more likely a child will have blue eyeglaherefore more children in
10 will have blue eyes, as represented by the ehifte graphical models with
higher p. Note also for p=0.5 that the distribntie symmetric. This is always
the case for a binomial distribution with p=0.5cgrnt equally likely that success

or failure occurs.

So far we have only considered the probability ritistion function for the
binomial, but what about the cumulative distribatimnction? Recall that this
is the function which models the total probabilify to and including a certain

value of the random variable X=x.

This is easy to do in R using the pbinom distribaitfunction, which takes the
same parameters as the dbinom. In fact we camhessame code as above to
get plots of the CDF of the binomial for the exaepbove changing only the
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type of the plot to ‘s’ for step and change thection used from dbinom to

pbinom:

> par(mfrow=c(2,2))

> plot(0:10,pbinom(0:10,10,0.05),type='s' xlab=""y
> plot(0:10,pbinom(0:10,10,0.2),type="s' xlab=""yl
> plot(0:10,pbinom(0:10,10,0.5),type="s' xlab=""yi
> plot(0:10,pbinom(0:10,10,0.8),type="s' xlab=""yi

lab="Prob", sub="p=0.05")
ab="Prob",sub="p=0.2")
ab="Prob",sub="p=0.5")
ab="Prob",sub="p=0.8")

Figure 7-3: Binomial CDFs Using Different Valuespof

The pattern of cumulative probability for binomigisoduced

using different

values of p is illustrated in Figure 7-3. When small (as in 0.05) the
cumulative probability reaches 1 quickly wheredsrge value of p results in
the cumulative probability not reaching 1 until thigher range of values for the

random variable.

If all you need is a simple calculation for oneusin R all you need to do is

enter the appropriate function and relevant paramealues.

For example,

suppose you want to know the probability that (&yael kids in 10 will have
blue eyes when p=0.5. Simply use the dbinom fonciin R as follows and it

calculates this value for you:

> dbinom(4,10,0.5)
[1] 0.2050781

Thus, the chance of 4 in 10 kids with blue eye8.295 or 20.5% with p=0.5,

which should make sense based on earlier graphicdeéls.
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The binomial distribution is an important model aode of the simplest to

understand.  Several other distributions are edlab the binomial and also
based on Bernoulli random variables (success duréaiexperiments). The

geometric distribution (dgeom, pgeom in R) consdée random variable X as
the number of failures before the first success.he Thegative binomial

distribution (dnbinom, pnbinom in R) considers Xaaseasure of the number of
failures before the"r success. A multivariate version of the binomidie t

multinomial distribution, will be introduced in theext chapter. The example
used with the binomial could easily have been nmedieising one of the related
distributions. For example, the geometric couldubed to model the number of
children born before the first child with blue eyeth many cases when you
have data to model you have some choices how teehibdased on choice of
random variable measurement outcome and choicstoibdition used.

The Poisson Distribution

The next discrete univariate distribution to bedduced is called the Poisson
distribution, named after Simeon D. Poisson. The&d$dn is one of the most
utilized discrete probability distributions.  Mathatically the Poisson is
actually a limiting case of the binomial, the ditaif which will not be dealt

with here but can be found in most mathematicababdlity books.

The Poisson has many applications, including nuongesepplications in biology.
In general, the Poisson is used to model the cafregents occurring randomly
in space or time. Simple real world examples whitdy use a Poisson model
include the number of typing errors on a page, tlwnber of accidents
occurring at an intersection in a given time pergod the number of discarded
products made by a manufacturing process. In fagimtics some examples
where the Poisson could be used include: to mib@einstances of mutation or
recombination in a genetic sequence, the distobutf errors produced in a
sequencing process, the probability of random sarpienatches, or in counting
occurrences of rare DNA patterns.

The mathematical formula for the Poisson distritniiis:

e—llx

p(X =x) =—
X

Here x represents counts and thus can be any mntaie3 0. Note also that in
this equation, there is one parameter, the Gregdr lambdd that defines the
distribution. In a random process (such as mutaticere will be lambda events
per unit time interval. Thus, lambda represente. Because of the relation of
the Poisson to the binomial, lambda can be obtdiyetthe relationship =n *

p where p is the probability of the event occurrangl n the number of trials.
The relation holds when p is small (rare events) taie number of trials n are
large.
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Suppose we are using a new sequencing techniquehandrror rate is one
mistake per 10,000 base pairs. Suppose we arerseigg 2000 base pair
regions at a time. What is the probability of Ostakes using this technique?
Of 1 mistake, 4 mistakes? The Poisson model camseel to model these
probabilities. To use the Poisson, you must fiedtulate lambda. In this case
the “trial” can be considered an individual bas#, s n=2000 trials for a 2000
base pair sequence. The probability of “success® his the probability of
getting an error, where p = 1/10,000. To calculatebda, multiply n*p, or
2000*(10,000) which results in a rate of 0.2 mistalper 2000 base pairs so
lambda is 0.2. Note it is common to adjust lambdsel on n. If we were using
5000 base pair regions to sequence at a time wilwesa a lambda of 0.5.

To calculate the probability of one mistake in #8900 base pair sequence, we
could do this by hand with the following equation:

- 02 1
p(X =1) = % =0.1637

However, we are interested in the whole distributad probability values for
the random variable X = number of mistakes in thquence and it is much
easier to computer these in R than doing individ#add calculations. In R the
dpois function is used to compute Poisson distidimst and has parameters
dpois (x, lambda) where x is the value or vectovalfies of the random variable
to be calculated and lambda is the parameter.

As we did with the binomial, first let's generatesianple table of probabilities

that X=x for the values of this distribution. Waue a little bit of a problem in

that in this case, theoretically X can be anywhHeye 0 (no sequence errors) to
2000 (every bp an error). However, knowing lamisl@.2 (also the mean or
expected number of errors) the number of sequemoeséds not likely to exceed

10, so the following code is used to generateah&et

>x<-0:10
> y<-dpois(0:10,0.2)
> data.frame("Prob"=y,row.names=x)

which produces the following results:

Prob

0 8.187308e-01
1 1.637462e-01
2 1.637462e-02
3 1.091641e-03
4 5.458205e-05
5 2.183282e-06
6 7.277607e-08
7 2.079316e-09
8 5.198290e-11
9 1.155176e-12
10 2.310351e-14
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The chance of no errors (X=0) is 0.818, the chasfce error (X=1) is 0.163,
etc. in a 2000 base pair sequence. As expected, ava value as low as 10

there is virtually no probability left. This canebviewed graphically as
illustrated in Figure 7-4.

> plot(0:10, dpois(0:10,0.2), type="h', xlab="Seque nce Errors",
ylab="Probability" )

Figure 7-4: Poisson Distribution, Lambda =0.2.
The cumulative distribution in this case may betartore interesting. The CDF

for the Poisson uses the ppois function call with $ame parameters as dpois
discussed above.

| > plot(0:10,ppois(0:10,0.2) xlab="# Seq Errors", yl ab="Cum Prob", type='s))

Figure 7-5: CDF for Poisson Model of Sequencingdesr
with Lambda=0.2.
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As is clear from the CDF graph in Figure 7-5, thenber of sequence errors
using this method in a 2000 base pair sequencé@idyhunlikely to be more
than 3. This should leave you pretty confident fiiecess is not going to
produce a lot of errors (unless you are looking rfwre stringent reliability).
Below R is used to find the probability of 1 or ferw?2 or fewer and 3 or fewer

errors in this example.

> ppois(1,0.2)
[1] 0.982477

> ppois(2,0.2)
[1] 0.9988515
> ppois(3,0.2)
[1] 0.9999432

What happens to the Poisson probability distributishen the parameter is
changed? To examine this, let's look at a few eplamwith different values for

lambda:

> par(mfrow=c(2,2))

> plot(0:10,dpois(0:10,0.5) xlab="",ylab="Prob" ,typ
> plot(0:10,dpois(0:10,1),xlab=""ylab="Prob" type=
> plot(0:10,dpois(0:10,2) xlab=""ylab="Prob" type=
> plot(0:10,dpois(0:10,5),xlab=""ylab="Prob" type=

e=h',main="Lambda 0.5")
'h',main="Lambda 1")
'h',main="Lambda 2")
'h',main="Lambda 5")

Figure 7-6: Poisson Distributions with Different irdoda

Values

Not surprisingly the way the Poisson distributidmaoges (Figure 7-6) when
lambda changes looks a lot like the way the binbotianges when p changes.
Considering the relationship=n*p this should come as no surprise. Remember
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that the plots above only consider X=x for the & [0, 10] so in the case of
| =5 there is more of the distribution shifted to ttight. To see where the
probability levels off to 1 similar analysis can ¢é@ne looking at the cumulative
distributions (ppois for the Poisson) as was doitk the binomial. Let's do this
with the range X=x from 0 to 20 for all the valuet lambda used in the
previous plot.

> par(mfrow=c(2,2))

> plot(0:20,ppois(0:20,0.5) xlab=""ylab="Cum Prob" , type="h', main="Lambda
0.5")

> plot(0:20,ppois(0:20,1) xlab="",ylab="Cum Prob", type="h",main="Lambda 1")
> plot(0:20,ppois(0:20,2) xlab="",ylab="Cum Prob", type="h",main="Lambda 2")
> plot(0:20,ppois(0:20,5),xlab=""ylab="Cum PRob", type="h",main="Lambda 5")

Figure 7-7: Poisson CDFs with Different Lambda \&gu

For the lambda values 2 or less it is pretty cfe@n the CDF plots (Figure 7-7)
that it is unlikely more than 10 of 2000 base pawsuld contain errors. Be
careful though- although the graph for lambda=5appo level off at 1 around
x=10 there is still some significant probability alftaining a value of X higher
than 10, which can be analyzed by doing some adhditicalculations in R as is
done below:

> ppois(10,5)

[1] 0.9863047

> ppois(12,5)

[1] 0.9979811

> ppois(15,5)

[1] 0.999931

> ppois(20,5)

[1]1
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This concludes discussion, for now, of discrete vanate probability
distributions. You should have a feel for thesstriiutions and how to work
with them in R. These distributions will be used applications in later
chapters.

Univariate Continuous Distributions

Univariate Normal Distribution

The normal distribution is the typical bell curvistdbution used to characterize
many types of measurable data such as height, tyeiggt scores, etc. The
normal is also the distribution that is used to gldtle distribution of data that
is sampled, as will be discussed later in this boo#ter the topic of inferential
statistics. Sometimes the normal distribution iecathe Gaussian distribution,
in honor of Karl Gauss. It is a ritual that altrimductory statistics students are
saturated with details about the normal distributiéar more than will be
covered here. The probability density equation tlee normal distribution,
presented below, should ring a bell of familiarity graduates of statistics
COourses:

1 e_ 252
SN2p

In the equation above, the Greek letter md (epresents the mean of the
distribution (aka: average value, expected valug) the Greek letter sigma)
represents the standard deviation of the distdioutfsigma squared is the
variance). Mu and sigma serve as the parameterthdodistribution. For the
normal distribution, the location and scale paramgetorrespond to the mean
and standard deviation, respectively. However, thisot necessarily true for
other distributions. In fact, it is not true for stalistributions.

f(x) =

One of the tricks with the normal distribution &t it is easily standardized to a
standard scale. If X is a continuous random végialith mean mu and standard
deviation sigma it can be standardized by transfognX to Z where Z is a
normally distributed variable with mean 0 and stadddeviation 1 (which also
equals the variance sinc&1). This is useful if you have a bunch of differe
X’'s and want to put them all on the same Z systeryau can compare them,
with a scoring system called Z-scores (see youorftey introductory statistics
book for further discussion). The transformatidéiXdo Z is simply:
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R contains functionality for both the probabilitgrisity function and cumulative
distribution function for the normal model in thade package. Like previous
distributions discussed, the command for the prifibadensity function starts
with “d” and is named “dnorm”. The parameters nbdn are the data vector of
x's, the mean and standard deviation. As an exangtfs plot a normal density
for a range of x from —10 to 10 with mean O anchdad deviation 1:

> x<-se(|(-10,10,length=100)
> plot(x,dnorm(x,0,1),xlab="x", ylab="f(x)", type=' I', main="Normal PDF")

This produces a nice bell shaped PDF plot depict&igure 7-8

Figure 7-8: Univariate Standard Normal Distribution

In discussing location parameters in the previobhapter, we looked at an
example of changing the location parameter fomibrenal. But what happens if
we change the scale parameter? Remember thahgmgethe scale parameter,
which is the standard deviation in the case ofritiemal, increases how spread
out the data are. To look at this in R, simply i the standard deviation
parameter of dnorm:

> par(mfrow=c(2,1))

> plot(x,dnorm(x,0,2) xlab="x",ylab="f(x)", type=I ', main="Normal PDF,
scale 2")

> plot(x,dnorm(x,0,5) xlab="x",ylab="f(x)", type=I1 " main="Normal PDF, scale
5

The change in the scale parameter from 2 to fuistiaited in Figure 7-9.
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Figure 7-9: Changing the scale parameter (standard
deviation) in the normal distribution

The normal also has a cumulative density functwhijch in R utilizes the
pnorm function with the same parameters as dnohe.cbde below computers
some normal CDFs, using a few different scale ptaenwith the same mean of
0.

> par(mfrow=c(3,1))

> plot(x,pnorm(x,0,1) xlab="x",ylab="f(x)", type=I ', main="Normal CDF scale
1)
> plot(x,pnorm(x,0,2),xlab="x", ylab="f(x)", type=" I' main="Normal CDF
scale 2")
> plot(x,pnorm(x,0,5),xlab="x", ylab="f(x)", type=" I' main="Normal CDF
scale 5")
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Figure 7-10: Normal Distribution CDFs with Differe&cale
Parameters

Notice in Figure 7-10 how increasing the scale pater (standard deviation)
causes the CDF to increase much less precipitoudflecting the less
concentrated (more spread out) data distributiomfthe probability density.

In inferential statistics, the normal is frequentlyed to answer questions with
regard to test scores and other such measuresexkomple suppose you take a
test and score 85, which sounds great until théepsor announces the mean
score is 92 with a standard deviation of 8. Then pegin to wonder, how
badly did you do? To answer this use the pnormtfan in R as follows:

> pnorm(85, mean=92,sd=8)
[1]0.1907870

This means you scored better than 19.1% of the.cl#¥su could have answered
this question looking at the other end of the distion as well using 1-pnorm.

> 1-pnorm(85, mean=92, sd=8)
[1] 0.809213

This means that 80.9% of the class scored bettr $fou (better luck next
time). Knowing the mean and standard deviatioa nbrmal distribution makes
such calculations easy. And if all you have isatadet that you are assuming is
normally distributed, you can enter your data, #meh use R to find the mean
and standard deviation. For example, suppose lyop ap a piece of DNA with
an enzyme and get 20 fragments with sizes you measua gel (to the nearest
base pair) and you guess from the gel patterntteasize of the fragments is
normally distributed. You can record (in data vectpand analyze your data in
R as follows:
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>x<-¢(321, 275, 345, 347, 297, 309, 312, 371, 330, 295, 299, 365,
+378, 387, 295, 322, 292, 270, 321, 277)

> mean(x)

[1]3204

> sd(x)

[1] 35.16787

And now, knowing the mean and standard deviatiay kave a probability
density function normal model for this data thatymn use to perform further
statistical tests on. It is very simple to grapls tmodel and its CDF function
using the code below, with results depicted in Fégir11.

> par(mfrow=c(1,2))
> xx <- se(|(200,450,by=.25)
> plot(xx,dnorm(xx,mean(x),sd(x)),type="'xlab="Fr ag Size in bp",
ylab="f(x)",
+ main="Restriction Fragments PDF")
> points(x,rep(0,n))
> plot(xx,pnorm(xx,mean(x),sd(x)),type="'xlab="Fr ag Size in bp",
+ ylab="Cum Prob", main="Restriction Fragment CDF")
> points(x,rep(0,n))
Restriction Fragments PDF Restriction Fragment CDF
B © |
— o o
© o _
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s ] o
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Frag Size inbp Frag Size inbp

Figure 7-11: PDF and CDF for restriction fragmenrata

In addition, you now have a model you can makerérfees on. For example,
suppose you want to know the probability of getiinffagment bigger than 400
bp. A simply query R computes this.

> 1-pnorm(400,mean(x),sd(x))
[1]0.01180460

Based on the above result, there is a 1.18% chafrgetting a fragment this big
from the given distribution.

Another useful feature in R is that all distributiohave an associated quantile
function built in, designated by a q before theribsition name code (gnorm,
gbinom, etc). This automatically calculates whatcpatage of the distribution
corresponds to the given cumulative probabilityisag. For example, suppose
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for the distribution above you want to calculate #0" and 9¢' percentiles of
the distribution. Simply use the gnorm functiorRro do this.

> gnorm(0.10,mean(x),sd(x))

[1] 275.3306

> gnorm(0.90,mean(x),sd(x))

[1] 365.4694

This means that 10% of the data is 275 or fewee Ipadrs in size, and 90% of
the data is 365 or fewer base pairs in size, gitiendistribution. Quantiles are
called quartiles for the 25%, 50% and 75% regiansaso called percentiles on
standardized tests. The quantile function canddefll for analyzing data in a
distribution.

Even though the normal is widely taught in statstiourses, and widely used in
many areas of statistics, it is not the only camtims probability distribution to
be familiar with for effective data analysis. Mariynes, especially when
dealing with physical phenomena (as opposed to hiyngenerated measurable
data such as that from standardized school tdstsyiata will not be normally
distributed. For non-normally distributed contimsodata modeling we now
turn to two important families of distributions,ettyjamma family and the beta
family.

The Gamma Family

The gamma family consists of a few related distidns including the gamma

distribution, the exponential distribution and t8&i-Square distribution. The

base distribution of the family is the gamma disition, which provides a

versatile model for working with continuous datatthmay not be normally

distributed. Popular applications of the gammarithigtion are to measurements
of time until failure, concentrations of pollutangtc. The gamma distribution is
only defined for positive real numbers and it talléerent forms depending on

the parameter values. The probability densityhefgamma distribution has the
following general form:

f(X) — 1 Xa-le-xlb
b*G(a)

Before you scream and shriek and give up, thinkylog cannot possibly
understand this crazy equation, relax and reatigeonly a mathematical model
for a probability density function. Long gone @ne days when anyone would
hand calculate f(x) values for this equation beeazmmputer packages such as
R are very happy to do the calculations for us. ®hly things in the equation
besides the familiar mathematical terms “x” and &€ two parameters — alpha
(designated by the Greek lettey and beta (designated by the Greek leftter
and the gamma function (introduced in the pervichapter) where the gamma
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function of the parameter alpha is part of the &#qua For the gamma
distribution alpha is the shape parameter andibélee scale parameter.

Like all the other distributions, the probabilitysttibution for the gamma is
simple to use in R. The dgamma function call takesparameters the data
vector and then the shape and scale parameters.

First, let's make a few graphs of changing the shparameter, alpha, while
keeping the scale parameter, beta, is constant at 1

> x<-se(|(0,10,length=100)

> par(mfrow=c(2,2))

> plot(x,dgamma(x,shape=1,scale=1), type="'xlab=" X",
ylab="Prob",main="Shape 1")

> plot(x,dgamma(x,shape=2,scale=1), type="'xlab=" X",
ylab="Prob",main="Shape 2")

> plot(x,dgamma(x,shape=5,scale=1), type="'xlab=" X",
ylab="Prob",main="Shape 5")

> plot(x,dgamma(x,shape=10,scale=1), type="xlab= "X,
ylab="Prob",main="Shape 10")

Note in Figure 7-12 that for shape=10 the distitrutshifts toward the higher
end (and the graph doesn’t depict the entire Bistion only the same x range as
the other graphs for comparison).

Figure 7-12: Gamma distributions with different glea
parameters
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Next, let's look at how the gamma changes whersttape parameter, alpha, is
held constant (at 2) and the scale parameter, isathanged.

> x <- seq(0,30,length=100)

> plot(x,dgamma(x,shape=2,scale=1), type="'xlab=" X", ylab="f(x)",
+ main="Gamma pdf's")

> lines(x,dgamma(x,shape=2,scale=2),lty=2)

> lines(x,dgamma(x,shape=2,scale=4),lty=3)

> lines(x,dgamma(x,shape=2,scale=8),lty=4)

> legend(x=10,y=.3,paste("Scale=",c(1,2,4,8)),lty=1 4)

Note that, although they might not look it, allthe graphs in Figure 7-13 are
the same shape. The higher scale parameter \jaktespread the distribution
out. For the higher values the distribution extehdyond the x range shown in
the graph (but for comparison all the graphs arthersame x scale range).

™ _|
o
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------- Scale=4
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Figure 7-13: Gamma distributions with different kra
parameters

You may be wondering how the gamma distributionuged to model the
distribution of a set of data.

Suppose you are measuring survival times of an maazin a solution (as
measured by some kind of assay for enzyme actigitg) you get the following
data in hours: 4.75, 3.4, 1.8, 2.9, 2.2, 2.4,8.8, 2.4, and 5.25. How could you
decide on a probability model to model the probgbdf the enzyme surviving
in solution?
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Because you know you cannot always assume datarimatly distributed
(although you often hope so) the first thing toisléo look at a plot of the data.
There is actually a statistician’s secret tool beak whether data are normally
distributed. It is a plot called a Q-Q plot andawit does is line quantiles of the
data against normal quantiles. If the line is might line, the data can be
considered normally distributed and you can usentrenal probability model.

All you have to do to run a Q-Q plot in R is entlee data and use the qgnorm
and qgline functions.

>x<-C(4.75,3.4,1.8,2.9,2.2,24,58,26,24 ,5.25)

> ggnorm(x)

> qqline(x)

Running this code produces the Q-Q plot in Figudel7

Figure 7-14: Q-Q plot of enzyme data

And you know, by looking at the squiggle patterntioé data that it does not
align nicely with the expected normal line. Whemgee such a nonlinear data
pattern on a Q-Q plot you should train yourselfthnk that you'd probably
better find a model other than the normal distitouto model the distribution
of this data.

Knowing about the flexibility of the gamma distriimn, you suspect there may
be a gamma distribution model for this data. Bowvhdo you determine the
alpha (shape) and beta (scale) parameters youinemder to use the gamma
model?

Actually it's not too hard. Although the scale alodation parameters for the

gamma model are not equal to the standard deviatiwh mean like in the
normal case, there is a mathematical relationskipvéen the mean and standard
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deviation and the scale (beta) and shape (alphegmeders for the gamma
distribution.

The mean of the gamma distribution is equal to alptbeta and the variance
(=standard deviation squared) is related to alphé lzeta by being equal to
alpha*betd In R it is always easy to get the mean and waggor sd) of a data
vector:

> mean(x)
[1]3.35

> var(x)

[1] 1.985556

Let’s be lazy and just call the variance =2. Badd on this we know that:

Mean=3.35ab
and
Var = 2 sab?
Doing a little algebra:
3.35b=a

and then substituting this into the variance equafor alpha allows you to
solve for beta:

3.35%=2, sob=0.6 (roughly)
and subsequently, you can solve for alpha
3.35=a (0.6) so alpha =5.6

So the distribution of the data can be modeled gugingamma probability
density function with shape (alpha) = 5.6 and sdbleta)=0.6. Note that
because we don't have many data points (only 18) rtiight not be the best
possible fit, but since we only have such a liméadbunt of data it's impossible
to assess the goodness of fit (collecting more gataes would be better of
course). Also note that alpha and beta need notteger values, allowing even
greater flexibility in how the gamma model fits @at However, there is a
requirement that both alpha and beta be positiligega(so if you do the algebra
and get negative values for alpha and beta, yosatiaething wrong).

Let's look at a graphical model of the data and gandma plot using the
parameters determined above:
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data <-c(4.75,3.4,1.8,2.9,2.2,2.4,5.8, 2.6, 2.4,5.25)
n <- length(data)

x <-seq(0,8,length=200)

plot(x,dgamma(x,shape=5.6,scale=0.6),type="'ylab= "f(x)")
points(data,rep(0,n))

f(x)
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Figure 7-15: Comparing the data distribution to themma fit

As with other distributions the cumulative distrilmn function for the gamma is
designated starting with a p, in this case pgamiifee CDF for the model used
in this example can simply be graphed in R as:

plot(x,pgamma(x,shape=>5.6,scale=0.6),type=""ylab= "P(X<=x)",

+ main="Gamma CDF Fit")

points(data,rep(0,n))

Gamma CDF Fit

|
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P(X<=x)
00 02 04 06 08 1.0

Figure 7-16:Gamma CDF
It looks from the CDF plot in Figure 7-16 that themay still be some

probability density at x values higher than 5. Wan cperform a simple
calculation to check this out.
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> 1-pgamma(5,shape=5.6,scale=0.6)
[1]0.1263511

Thus, there 12.6% of the density has values gréladéer 5 and you may want to
re do the plots to reflect this (an exercise leftite reader).

The Exponential Distribution

The exponential distribution, famous for modelingvival times (as in the case
with radioactive decay), is just a special cas¢hefgamma distribution where
the shape parameter, alpha = 1. This reduces #dteematical formula for the
gamma to:

1
f(x)==e X" x>0
(X) 5 X

The exponential is often written in terms of a rpasrameter lambda where
I =1h, or

f(x)=1e' x>0

Most students of science have seen this form fdioeative decay rates, or
survival rates of bacteria or something of that.sé&though details will not be
discussed here, the R functions dexp (x, ratessused with the rate parameter
lambda value to model the probability density, #mel function pexp is used to
model the CDF.

The Chi Square Distribution

The Chi-Square distribution is another gamma tistion variant, and the term
“Chi-Square” should be familiar to genetics studefur its role in analyzing
count data and other applications. The Chi-Sqdstibution always uses a
value of beta=2 for the scale parameter and a \@llwdpha=k/2 for the shape
parameter where k is the number of “degrees ofdye€. The Chi-Square
distribution and concept of “degrees of freedomll Wwe returned to in later
chapters, but is noted here to show its relatignshithe gamma distribution. In
R the probability density for this distribution denoted as dchisq, and the
cumulative density is pchisq. Both take as pararsethe data vector and the
degrees of freedom.

The Beta Family

Like the gamma family, the beta family is groupdigtributions that use alpha
and beta parameters. The beta family has thewiwipmathematically formula:
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1
b(a,b)

X2 1(@- x)P, o<x<1

f(x)=

And you ask, what is thdda(a,b) thing in the denominator? Well, that thing is

called the beta function, and the beta functioradtually a ratio of gamma
functions, as follows:

C(a)C(b)
Ga +b)

One very important thing to note — the range ohxhe equation for the beta
probability density is clearly denoted as beingaeetn 0 and 1. This is key.
The beta function is used to model data measurguag®rtions. For example,
if you have data on the proportion of an amino anid protein motif (say a
leucine zipper) and it is not likely to be normatlistributed (check with a Q-Q
plot), then you should model the data with a betasdy function.

b(a,b) =

Unfortunately the interpretation of the parametgith the beta are not as clear
as with the gamma, and with the beta distributiba,alpha and beta parameters
are sometimes referred to as the “shape 1" andp&si2d parameters. Both
parameters play a role in how the data fits th&idigion. As with the gamma,
the alpha and beta parameters have a relationghipetmean and variance of
the distribution, with the following mathematicakfulas:

mean=
a+b

ab

variance=
(a+b)*(a+b+1)

The formula for the mean is not too bad, but remamib solve for alpha and
beta you need to solve for both — and algebraigg#iynot quite so pretty to do
with the above relationships. Because the betsilzlision is a sine qua non in
Bayesian statistics (and literally, used all ovée tplace, along with its
multivariate counterpart the Dirichlet) it is worthe time to write a small
program to calculate these parameter values. Meidmwet's learn how to
work with the dbeta density function and the pbetenulative distribution
functions in R.

Let's use as an example the proportion of acididnamacids found in a
particular motif of proteins (a generic examplehwiio particular type of motif).
Assume we have already determined the parametetBeobeta density that
models our data. We have alpha (“shape 1") =2tmid (“shape 2”) = 10. A
graphical model of this density is made in R with following command:
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>X
[1]0.110.100.100.16 0.200.320.01 0.02 0.070 .050.250.140.11 0.12
0.08

[16] 0.130.08 0.14 0.09 0.08

> data<-x

>n <- length(data)

> x <- seq(0,1,length=200)

> plot(x,dbeta(x,2,10),xlab="prop. of acidic residu es", ylab="f(x)",
+ main="Beta PDF for residue data")
> points(data,rep(0,n))

Figure 7-17: Beta PDF

Similarly a CDF plot can be generated using theahenction:

> plot(x,pbeta(x,2,10),xlab="prop. of acidic residu es", ylab="Cum. prob",
+ main="Beta CDF for residue data")
> points(data,rep(0,n)
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Figure 7-18: CDF for data distrbuted with a beta ded

Other Continuous Distributions

Many other continuous distributions exist, but witht be discussed here. The
interested reader is advised to consult a prolabdnd/or mathematical
statistics book for further information. R contifunctionality to analyze many
of these distributions and some distributions cam domputed using a
transformation of an existing distribution. For exale, there is such a thing as
an inverse gamma distribution, which can be congutsing gamma
distribution functionality. Two other continuousstlibutions which the reader
may be familiar with will be introduced later — thedistribution and the F
distribution. The t distribution will be introdudein the inferential statistics
chapter and is the distribution which introductetatistics students are taught to
use in the context of hypothesis testing. The Filigion will be introduced in
the chapter on experimental design and plays amritapt role in microarray
data analysis.

Simulations

One of the greatest powers of using a computeritigbe ability to simulate
things. What if you don’t have any data, but yowow the probability model
that you want to work with? Through the power iofidation, you can use the
computer to generate sample values for you. ikisdoing an experiment, only
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in the virtual world instead of the real world. n®ilation is an essential
technique in computational statistics.

In R simulations are very easy to do. Every disiibon mentioned in this
chapter has a corresponding function in R thatsstaith “r” for random. All
you have to do to obtain simulated values is spédtié number of simulated
values you want and the parameters of the fungtianare simulating from.

For example, let's simulate 20 values generatednfr@ standard normal
distribution. We just run the rnorm command witle iappropriate parameters,
storing the values in a data vector:

> y<-rnorm(10,mean=0,sd=1)

>y
[1] 1.37100652 0.46028398 -0.83283766 -1.5674375 8 1.24318977 -0.43508915
[7]-1.64050749 0.08383233 -1.56016713 -0.4545407 6

Note that every run of the above simulation shqulbluce different values (do
not expect the same results as above).

Once you have simulated data you often want to kothem graphically. One
way to look at the simulated values is to plot stddgram, which is very simply
coded below:

| hist(y)

Figure 7-19

A histogram from a simulation of only 10 valuesadmiringly dull and usually
hundreds or thousands of values are simulateds trgtthe above simulation a
few more times, this time with 50, 100, 500, an@@0alues:

> y1<-rnorm(50,mean=0,sd=1)

> y2<-rmorm(100,mean=0,sd=1)

> y3<-rnorm(500,mean=0,sd=1)

> y4<-rorm(1000,mean=0,sd=1)
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> par(mfrow=c(2,2))

> hist(y1,nclass=10,main="N=50")

> hist(y2,nclass=10,main="N=100")
> hist(y3,nclass=10,main="N=500")
> hist(y4,nclass=10,main="N=1000")

As you can see from the plots in Figure 7-20, tleeenvalues you simulate the
closer the histogram will appear to the distribatj@u are simulating from. The
distribution with N=1000 appears to approximateoatinuous standard normal
distribution quite nicely.

Figure 7-20: Increasing the number of simulatioref a
normal distribution

The reader is encouraged to try more simulatioreergents and plots with the

distributions discussed in this chapter. There mél much more discussion of
simulations in coming chapters.
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8

Probability and Distributions
Involving Multiple Variables

The previous two chapters have looked at the f@siciples of probability and
probability distributions of one random variablén this chapter we introduce
some more concepts of probability and then exteswkihg at probability

distributions to include distributions modeling t@omore random variables.

Expanded Probability Concepts

Conditional Probability

Conditional probability is a powerful concept thatows us to calculate the
probability of an event given that some prior eyevitich we have probability
information about, has occurred. Using the conoédptonditional probability
allows us to solve problems where “things happegquestially” with rather
simple probability models, instead of complicatedtinematical models that
would be the alternative if it were not for condital probability.
Understanding conditional probability, as we wilesin the next chapter, is an
essential foundation for Bayesian statistics. Batlarstanding the concept is
also of importance on its own.

Let's illustrate the use of conditional probabilitgth an example from classical

genetics by considering the case of pea colortestaencoded by one gene that
has two alleles. The dominant allele, which wel @wénote by Y, codes for

yellow pea color. The recessive allele we will aenby y, which codes for

green pea color.
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Assuming they are diploid, peas can have a gendtygtels homozygote (yy or
YY) or heterozygote (Yy or yY). Assuming equaldtencies of both alleles,
the probability of a heterozygote is %2, and thebphility of the homozygote is
Y% as well. Peas of genotype yy are green, withohability of ¥, and peas of
genotypes Yy, yY, and YY are yellow, and thereftive probability of a yellow
pea is 3/4.

Next, suppose we have a yellow pea, and want thbapility that the pea is
also a heterozygote. In terms of probability tlye@re are restricting the sample
space for the event pea color to the event thapéaeis yellow, and creating a
new sample space consisting only of yellow pea rcoWithin this new
restricted space, we are asking what is the prtityabf the event heterozygous
pea. In conditional probability jargon, we are ditioning the event of
heterozygous pea on the event of yellow pea. Thateyellow pea is our prior
event that we already have information about.

Mathematically we can look at this example usimglzage and notation from
probability theory. We know from our basic genetiformation that the
probability of a pea being yellow is ¥ and we knibnat the probability of a pea
being heterozygous and yellow is 2/4, based orc#teulation that peas can be
of Yy, yy, yY, and YY and 2 of four of these everfiéy and yY) are both
yellow and heterozygous (we look more at joint ptabties later in this
chapter). We can then use the joint probabilityhef event “heterozygous and
yellow” and divide this by the event of “yellow” twalculate the probability of
being heterozygous and yellow as follows:

P(yellow and heterozygous) = 2/4
P(yellow)=3/4

P(yellowandheterozygas)
P(yellow)

P(heterozygousjyellow) =2/3

The notation P(heterozygous|yellow) is standardatiet for conditional
probability where the event being conditioned omese after the “|” notation.
P(AIB) is read as “the conditional probability btevent A given that the event
B has occurred”.

Using Trees to Represent Conditional Probability

Often looking at a graphical illustration helpsutaderstand a concept. Trees are
a visual way to represent conditional events ambdglilities. Initial branches
of the tree depend on the stem and finer branclegerdi on the previous
branch. Let's use a simple tree diagram to ilatstiour example (Figure 8-1).
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The first branch of the tree represents the evémea color and the second
branch of the tree represents genotype (homozygeusus heterozygous)
conditioned on the pea color.

Figure 8-1: Conditional Probability Tree Diagram

Note that the second branch tree could have beitermvwith branches for each
of the four genotypes but is drawn here using tleeensimplified two branch
version of heterozygous versus homozygous. The owdlresult at the end of
the second branch is the joint probability of betlents. Later in this chapter
joint probability will be explained in more detail.

It is also important to observe in Figure 8-1 thaibabilities within each set of
branches add to 1. In the second branch, thisssteam the fact that when we
condition on an event, we define a new conditiosaiple space and the
conditional probabilities obey the axioms and rubdsprobability within this
new (conditional) sample space. In our example cthnditional sample space is
based on pea colors.

Independence

It often happens that knowledge that a certain ekdmas occurred has no effect
on the probability that some other event F occurk other words, the
conditional probability of event F given event Eust the probability of event
F. This can be written mathematically as P(F £E{F). One would expect that
in this case, the equation P(E | F) =P(E) woukb dbe true. In fact each
equation implies the other. If these equationsaté true, then F is independent
of E and this is formalized in the definition ofdependent events, which states
that two events E and F are independent if P (Bl{BFand P(F|E)=P(E).

Here is an alternative way to define independefie®o events E and F are
independent if both E and F have positive probghbédnd if P(ECF) =P(E)P(F).
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You may look at this and wonder, why? The logictfas alternative definition
of independence comes from the definition of caaddl probability:

P(E|F)—_—P(§(|Q:)F)

This can be algebraically rewritten as
P(ECF)=P(E|F)P(F)

But since we just defined the independence of E ras P(E|F)=P(E) this
simplifies to

P(ECF) =P(E)P(F)

This form of the definition of independence comeseéry handy for calculating
joint probabilities of independent events.

It is important to note here that determining teaénts are independent is not
equivalent to determining that events are disjoinmutually exclusive, which
was previously defined by two events having no camnintersection (P

(ECF)= /. Disjoint and mutually exclusive mean the saméngh but
independence is a very different concept!

Independence can easily be extended to include tharetwo events. Three
events A, B, and C are independent if B(BRC C)=P(A)P(B)P(C). In this case
we can say that A, B, and C are mutually independed independence of pairs
of these events can be concluded (A is indeperafdBt B is independent of C,

etc.). However, it is not always the case that méweerse is true, and it is
possible to have three events, A, B, and C wheand B are independent, B
and C are independent but A and C are not indem¢rae therefore A, B, and

C are not mutually independent.

In practice, determining whether events are inddpanhcan be tricky. Some
times it's based on common logic. For example,trpe®ple would agree that
the outcomes for each toss of a fair coin are inddpnt, meaning the outcome
of one toss of a coin (heads or tails) has no itnpac¢he next toss of a coin. But
in general, you should not assume independencewtitiood reason to do so.

Independence is often utilized in bioinformatics amalyzing sequence
information. Although this issue is often debagaldssuming independence of
sequence elements is key in many data analysigitaligns commonly used.
Independence makes calculations easy and the asampindependence can
greatly simplify a complicated algorithm.

For example, suppose nucleotides in a DNA sequareenutually independent
with equal probabilities (that is, P(A)=P(T)=P(CY&)=1/4). The probability
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of observing a sequence ATCGA is simply P(A)P(TYRG)P(A) or
(1/4Y=1/1024.

In the case above the nucleotides are assumedledjialy. However the
concept of independence can easily be applied ¢octise of nucleotides of
different frequencies. Suppose that P(C)=P(G)=ah@ P(A)=P(T)=1/6. Then,
assuming independence, the probability of sequeKEEGA is (1/6§(1/3Y
which calculates to 1/1944. The importance hethas the event of a particular
nucleotide in a sequence is independent of otheleatides in the sequence, not
that the probabilities of each nucleotide be thaesa

In many instances, in sequence analysis or in aimayother events, it is clear
events are not independent. Two events that aréndependent are said to be
dependent. For example, in analyzing the nucledtietjuence for a start codon
(ATG) or other sequence motif independence doesalot and the subsequent
nucleotides are dependent on the prior nucleotiti@mthat sequence motif.

Joint and Marginal Probabilities

Joint probability is a pretty self-descriptive cept— it's the probability of two
(or more) events at once. Here we will look atdébacept of joint probabilities,
which will serve as preparation for coverage ohfjdlistributions later in this
chapter, but is also a subject of use on its owaint probability is officially
defined as the probability of the intersection wbtevents. Joint probability
was diagrammed with a Venn diagram in chapter 6rulie discussed the set
theory concept of intersection. Recall that theriggction of two events uses the
symbol ‘C”. Using this notation, P(&B) symbolizes the joint probability of
events A and B.

Tables are often used to display joint probabditi€or example, given a

particular DNA sequence we obtain the following pbthetical) joint
probabilities for two adjacent nucleotide sitesi{iead-1):
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Table 8-1: Joint Probabilities of Nucleotides atjdeknt Sites

- Nucleotide at position 1
A T C G
(qV]
&
= A 0.2 0.1 0 0.1
o
o
B T 0 0.1 0.1 0.1
3
= C 0.1 0 0.1 0
2
()
2 G 0 0.1 0 0

Although not immediately obvious to the untrainggk,ea skilled probability
practitioner can harvest from Table 8-1 a lot aéfusinformation. Each table
cell contains the probability of the intersectigair{t probability) of events. For
example, in the first cell the entry is the joirbbpabilitiy of nucleotide A in

position 1 and nucleotide A in position 2. Therefahe joint probability is 0.2.
Fundamental to a joint probability table is thetfdat all probability entries add
up to 1, which is simply an expression of the axiofmprobability that the

probabilities of all events have to sum to 1.

What if we want to know the probability of nucletgi A being at position 1
regardless of the nucleotide at position 2? Thisutation is the column total of
the nucleotide A in position 1 column, or 0.3. §lmrobability is called the
marginal probability. Table 8-2 expands this idedcelating all the marginal
probabilities for all columns (marginal probabéii for nucleotide at position 1)
and all rows (marginal probabilities for nucleotateposition 2).
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Table 8-2: Computing Marginal Probabilities

- Nucleotide at position 1 Marginal
probabilities
A T C G for rows
N
c
1=l A
= 0.2 0.1 0 0.1 0.4
o
o
= T 0 0.1 0.1 01 |03
(O]
2 C
g 0.1 0 0.1 0 0.2
©
3 G 0 0.1 0 0 0.1
Marginal 0.3 0.3 0.2 0.2 1
probabilities for
columns

Calculating conditional probabilities from the infieation in the table is also a
breeze. For example, to calculate the conditipnabability of a nucleotide at
position 2 being T given the nucleotide at positlois a G we use the following
formula from the definition of conditional probaibjl..

P(EIF)="CEr D)

P(F)
...and simply apply the formula to the desired cdods.

P (T atP2|G at p1yE 0 atP2CGatPL)_01_,
P(GatP1) 02

Here, the joint probability, P(T at R2 G at P1), is obtained from the cell in
Table 8-2 containing the joint probability for naotide G at position 1 and T at
position 2, and P (G at P1) is the marginal proitgtuf nucleotide G at position
1 obtained from the column total for that columiTable 8-2.

The Law of Total Probability

The law of total probability provides a method afaulating the probability of
an event, which we’ll denote by A, by conditionimgn a set of mutually
exclusive and exhaustive events, which we’ll dermnteB,,B,,...,B,. Note that

the B are usually the different outcomes of a samplesgrgent (all possible
events in a given sample space). Remember thatathuexclusive means that
two events have no common intersection and thatjthiat probability is 0, that

is (Bi C Bj) = A for any i, j. Exhaustive means the entire sangglace or

union of all events, BE B,E... E B, = the sample space.
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The law of total probability is best illustrateding the “Pizza Venn Diagram”
in Figure 8-2, and can be summarized mathematiealifpllows:

P(A)= L P(A|B;)P(Bj)

In the above formula and in Figure 8-2, A is theoanof disjoint (mutually
exclusive) sets, BB, for all i. P(A) can also be written as:

P(A = | P(AGBI)

Figure 8-2: lllustrating the Law of Total Probakii

Although the law of total probability may seem aasihg, we just applied the
law of total probability earlier in this chapter &m calculating marginal
probabilities in the adjacent nucleotide example.this case we used the

formula P(A) = in:l P(AC Bi) where A is the nucleotide we are
calculating the marginal probability of and the Bére the four nucleotides we
are calculating the marginal probability over.

For example, to calculate the marginal probabitityA in the first nucleotide
position: P (A in position 1) = P(Ain BLA in P2) + P(Ain PC T in P2) +
P(Ain PXC Cin P2) + P(Ain PC G in P2). Doing the math, P (A in P1) is 0.3.
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Probability Distributions Involving More
than One Random Variable

So far we have only considered the study of distiilms where one random
variable is modeled. However, modeling probabiliyr most real life
phenomena, and certainly most phenomena in bioidtcs, usually requires
modeling the distribution of more than one randaamable. Being able to use
multiple variable distribution models provides ugthwa very powerful data
analysis tool.

Examples of phenomena being modeled with more ¢in@nvariable are abound
in scientific applications. An environmental stuthay include measures of
temperature, green house gases, moisture, and otimelitions measured at
different locations and each measure modeled byarmlam variable. In
biochemistry it may be possible to develop a siatismodel predicting tertiary
protein structure using random variables to modeidrs such as percentages of
certain amino acid residues or motifs. Understamdiow to use probability
distributions involving two or more random variables key to being able to
model data involving more than one measurable déinan

Joint Distributions of Discrete Random Variables

Let's revisit our example of joint probability ofunleotides in two positions
discussed earlier in this chapter. Previously awesa@lered joint probabilities of
events of a particular nucleotide being in positioand a particular nucleotide
being in position 2. Let's step this up and mothed scenario using random
variables. Let X be the random variable to modiel nucleotide at position 1
and Y be the random variable to model the nucleatitposition 2.

We can re-write our familiar table as a joint prbitity mass function (pmf) of
two random variables (Table 8-3).
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Table 8-3: Joint Probability Mass Function for Naotides at
Two Adjacent Sites

- X= Nucleotide at position 1
c A T C G
S
‘0
] A 0.2 0.1 0 0.1
o
3 T 0 0.1 0.1 0.1
2 [c
2 0.1 0 0.1 0
>
Jo | C 0 0.1 0 0

This is a small but important change to the tafilee table now models
probability distributions for the two random variek We can view each cell as
representing P (X=xi, Y=yi)=P (X=x€Y=yi), an individual value of the joint
probability mass function denoted by px).

Although we will not do so here, extending joinstidibutions to include more
than 2 variables is pretty straightforward. We n&tend the nucleotide
example to include the distribution of the nucldetin position 3 of a sequence.
We could use the random variable Z to model thirdieotide. The probability
of any given 3-nucleotide sequence such as ATG avbel given by the joint
distribution of random variables X, Y, and Z remmetsng the respective
probabilities of each nucleotide at each positidfe write this as P ((X=A)

C(Y=T)C(Z=G)).

Marginal Distributions

Using the same logic used in calculating margimabpbilities described earlier,
we can take the joint distribution and sum ovewallies of the other variable to
create the marginal distribution of one variablee©nly novel idea here is that
we are assigning a random variable to the margmabability, creating a
marginal probability mass function for a discresadom variable.

For example, summing over all values for the secomndleotide position

produces the marginal distribution or marginal @dobty mass function (pmf)
of the first nucleotide, X, as depicted in Tablé.8-
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Table 8-4: Marginal Probability Mass Function for X

X= Nucleotide at position 1
A T C G

0.3 0.3 0.2 0.2

Similarly, we could calculate the marginal prob#piimass function (pmf) of
random variable Y by summing over all X valuesira$able 8-5.

Table 8-5: Marginal Probability Mass Function for Y

A 0.4
=
o T 0.3
xS
[eXNeN]
.- |C 0.2
(2]
Ig |G 0.1

The marginal distribution can be denoted using erattical shorthand. For
example, to denote the marginal probability of Xweuld write the following:

p(X) = p(%,Y)

y

This formula denotes the probability of X summeeamall Y values in the joint
distribution. Note that the sum of probabilities fach marginal distribution
adds to 1 (obeying the law sum of all probabilifiest sample space sums to 1),
which should always be the case (and serves asageck for determining if
you did the correct calculations).

Conditional Distributions

Sometimes we may be interested in the distributibone variable conditional
on a specified value of the second variable.

For example, we may be interested in the distritbutif second nucleotides ()
given that the first nucleotide is an A. For eaultleotide modeled by the
distribution of Y, the conditional probability isalculated by using the
conditional probability formula:

P(Y=yiCX =A)

P (Y=yiXEA =
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In this formula, the numerator is the joint probipiof the first nucleotide
being A and second nucleotide being nucleotideTyie denominator is the
marginal probability of the first nucleotide beiAg

For example, using previous data from Table 8-l1cdlrulate the probability
that the second nucleotide is an A (Y=A) conditibma the probability that the
first nucleotide is an A we perform the followingopability calculation:

P (v=Ajx=A)= P ;OA( S /f)z A) % = 066

Continuing this calculation for the other nucleesd we obtain the conditional
distribution of Y given X=A in Table 8-6.

Table 8-6: Conditional Distribution of Y given X=A

Y=Nucleotid A 0.66
e at position
2 GIVEN T 0
X=A
c 0.33
G 0

Again, note that the sum of conditional probatghtiadds to 1 and fulfills the
law of probability that the sum of probabilities @fents in a sample space adds
to 1. When calculating a conditional distributior \&re redefining the sample
space to a specific condition and redefining prdiglralculations to be valid
within the new, redefined sample space.

Joint, Marginal and Conditional Distributions for
Continuous Variables

Because of the importance of discrete data in foaiatics and the relative
simplicity of working with discrete data, only diste joint, marginal and
conditional distributions have been discussed taileHowever, although most
sequence analysis will concern itself with discrééta and distributions, other
models often utilize continuous variables. Conaalty the joint, marginal, and
conditional distributions are the same as for @igervariables, but the
mathematics is more complicated.

The joint distribution of two continuous random iedles can be modeled using

a joint probability density function (pdf). Theipjd pdf of two continuous
random variables X and Y is a two dimensional aesnd can be evaluated by
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integrating over this area with respect to eaclabte for given values of X and
Y

P((X,Y)T A = f(x,y)dydx

A

Since evaluating this requires integration techegufrom multivariable

calculus, we will not evaluate such integrals her8&ut conceptually the

probability that (X, Y) lies in area A is equal tbe volume underneath the
function f(x,y) over the area A.

Calculating a marginal distribution of a continuouariable is similar to
calculating a marginal discrete random variablérithistion. In the case of the
discrete random variable, this is done by summingr dhe other variable(s)
whereas in the case of a continuous random vayridtiileis done by integrating
over the other variable(s).

For example to determine the marginal pdf of X gitke joint distribution of
continuous random variables X and Y, integrate ower distribution of Y
(which if X and Y were discrete would be summingeoall distribution of Y) as
follows:

f,09= F(xy)dy

Again the calculus of computing these distributimbeyond our coverage here,
but a conceptual understanding of how to computegginal distribution for a
continuous variable is important and seeing howerdie and random variable
distribution concepts are very similar is importastwell.

The conditional probability distribution for two etinuous random variables
can also be calculated using some simple calcullisX and Y have joint
probability density function f(x,y), then the cotidhal probability density
function of X, given that Y=y, is defined for anglues as the joint probability
of X and Y divided by the marginal probability théty. This can be written

mathematically where the conditional distributisrdenoted byf, (X Y).

f(xy)

fxly(xly) = f (y)

Working with more than two continuous random vaeals a simple extension
of the concepts and techniques presented herevtbrandom variables. The
analytical methods and calculus for performing suoaltulations can become
quite tedious. However, using a computer program greatly simplify these
types of calculations as well as perform simulagifnrom complex distributions
and their derived distributions. Many examples enésd in this book will
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perform the task of working with high-dimensionaktdbutions using the
computational power of R.

Graphical models beyond two random variables atevexy practical, so among
other applications, marginal and conditional disttions are often used to look
at graphics of higher dimensional distributionsyasshall in some examples in
the next section of this chapter.

Common Multivariable Distributions

Distributions of more than one random variable exéensions of univariate
distributions. The distributions presented heee raost should not seem entirely
novel, because they build on univariate distribngigpresented previously by
including more than one random variable in the rhodke solid understanding
of the univariate binomial, normal, and beta dmttions (which can be
reviewed in the previous chapter) is the foundafmmunderstanding the three
distributions we will look at here: the multinomiéthe multivariate normal, and
the Dirichlet. These three distributions are sel@édecause they are the key
multivariable distributions used in modeling dataioinformatics.

The Multinomial Distribution

The multinomial distribution is the most commonlged discrete, high-
dimensional probability distribution. The multincahiis an extension of the
binomial distribution. Instead of just two possitdutcomes (as in the case of
the binomial), the multinomial models the case oftiple possible outcomes.

Consider an experiment that models the outcome inflependent trials. Each
trial can result in any of different types of outcomes (compared to just 2
the binomial case). The probability of any of thécomes is constant, just as in
the binomial model the probability of success andbpbility of failure were
held constant for a particular model. These prdhisi are denoted by
Pu,P,....pr and the sum of the probabilities for all outcorsams to one, that is

prtp2+...+p =1

If we count how many outcomes of each type occerhave a set af random
variablesXy,Xy,...,X; . Each X = the number of outcomes of tifetype (where
j=1to r) and the actual counts are values of eantdlom variable, denoted by X
=X , etc.Note the sum of the values of the random varialsles, the total
number of trials, that ig+X,+...+% =n.

Because we are dealing with a series of independeents, any particular

sequence of outcomes consistsxpbf the first kind,x,of the second kind, etc
and has probability

PR %.. on
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Using combinatorics, we can calculate the numbepassible divisions of n
sequences into r groups of size x1, x2...xr with whkatalled the multinomial
coefficient. This can be written as:

n n!

X1,X2,.. Xy _x1!x2!...xr!

Combining these results produces the joint distidiouof observed events (a
formula that directly parallels the binomial cask tawo possible outcomes
described in the previous chapter) under the nuuttial model.

n

PO %)= P

Among its many applications in bioinformatics, theultinomial model is
frequently used in modeling the joint distributiofi the number of observed
genotypes. Any number of loci and any number [Hed can be modeled this
way, but the simplest example is the case of lapkiha genetic locus which has
two alleles, A and a. If we sample n diploid indwal in the population and
record their genotype at that locus, a humber dividuals will be of genotype
AA, which we can represent as just ag.n Likewise, a number of individuals
will have Aa genotype and can be represented iy and the number of
individual of aa genotype can be represented fhy Mo formalize this into a
probability model, we can use the random variabldoXrepresent g, the
random variable Y to represen{;nand the random variable Z to represeat n
We can label these proportions (probabilities) @s Pas, and R, for each of the
three respective possible genotypes.

The multinomial distribution formula represents tjoént distribution of the
three genotypes is given below.

n' n n n
P AA P Aa P aa
Na -nAa!naa! ( AA) ( Aa) ( aa)

P (X=Ma, Y=Nas, Z=N,9)=

Since you probably wouldn’'t want to perform papad gencil calculations
using this formula, the question now is how woutdiyork with such a model
in R? Clearly models with 3 random variables ayeas simple to work with as
univariate models, but R can handle analyzing agdopming simulations on
these more complicated distributions quite easily.

As an example, suppose we have 20 individuals andtgpe them and find that
Naa=4, a=14, and p=2. Given this information, we can easily estimate
parameters for the multinomial distribution by slynpusing the sample
proportions R,=0.2, B,=0.7 and B=0.1. Since we do not have a lot of data it
is difficult to examine the properties of this mbdeHowever, using our
empirical parameters we can extend our data selbing simulations of more
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values to look at graphs and other details of ib&ibution. Later in chapter 13
we will do similar types of simulations using ahaue called bootstrapping.

To perform simulations, we can write a simple fimettin R that generates
values of the three random variables (genotype tspunom a multinomial
distribution given the parameter values of the pripns of each genotype:

#function for drawing random values
#from a multinomial distribution

#takes as parameters

## parameter N number of simulations

## parameter n is number of trials simulated (sampl e size)
## parameter p is a vector of proportions

rmnomial_function(N,n,pX
I<-length(p)
x<-rbinom(N,n,p[1])
iflI==2)
{chbind(x,-x+n)}
else
{chbind(x,rmnomial(N,-x+n,p[2:1]/sum(p[2:1])))}

}

To illustrate the use of this function, let's perfo 10 simulations of 20
individuals using our empirical parameters for pineportion vector.

> ## Define N to be 10 trials

>N<-10

> ## Define nto 20

>n<-10

> ## Define our p vector containing empirical value S

> # pAA=0.2, pAa=0.7, paa=0.1

> p<-¢(0.2,0.7,0.1)

> ## Call function with these parameters, store in results
> results<-rmnomial(N,n,p)

This produces the following matrix of simulated wed of the three random
variables we are modeling:

> results

[1]4115
[2]4133
[3]2126
[4]3134
[5]4133
[6]6113
[7]3134
[8]4151
[9]1136
[10]7 76

We could easily write some code to calculate pripas for the values for the
simulated random variable values:
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> results2<-results/(results[,1]+results[,2]+result s[,3])
> results2

[1,]0.20 055 0.25
[2]0.200.650.15
[3]0.100.60 0.30
[4,]0.150.65 0.20
[5]0.200.650.15
[6]0.300550.15
[7,]0.150.650.20
[8]0.200.750.05
[9,]0.05 0.65 0.30
[10,]0.350.350.30

Looking at the proportions makes it clearer that $hmulated values are indeed
based on the empirical proportion parameters (0;,21) supplied.

You could write your own functions like the abowesample from multinomial
distributions, but there is a package called comibthat contains some pre-
written functions to sample from multinomial distutions. This package also
contains a number of other functions useful in coratorial calculations.

Note that if you were interested in doing someistiaal tests, you could
simulate values from distributions with alternatpa@rameters, and then perform
tests to determine whether the empirical value$edifrom this theoretical
distribution. For example, you could test the eiopl values against a
theoretical population with parameterg,20.25, R,=0.5, and B=0.25. This
will not be done here because it requires techigpfanferential statistics not
yet discussed, but is presented here to illustsdene of the powerful
applications you can perform using simulationsisfributions.

The marginal distributions for each of the randoamiables X, Y and Z can
easily be obtained from the multinomial. Supposeare interested only in the
marginal probability mass function of the randommialsle X? We could go
about finding the marginal probability mass funotigsing lots of messy algebra
or instead we consider the following argument.

If we are only interested in the number of outcoried result in the first type,
X, then we simply lump all the other types (Y andifp one category called
“other”. Now we have reduced this to a situatiom mave two outcomes. This
should ring a bell of familiarity, as it has nowcbene a case of Bernoulli trials.
The number of times genotype X occurs resultingnfro independent trials
follows a Binomial probability distribution with pameteran andp;. Note that
the probability of “failure” = prob(“other”) = 1 p; = p, +...+ p, (sum of all the
others). Thus, the one-dimensional marginal distion for a multinomial
distribution is simply a binomial:
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n . n x

pxj(xj)_ Xj pjl(l- H) g
To examine this more concretely, let's continue example and do some
illustrative simulations. Only now let's just bercerned with the first variable,
X. Instead of considering both Y and Z variabless consolidate them into a
variable W, representing “everything else” whicm@ genotype AA, and make
W=X+Y=(nptNyy) and pW=(1-pAa-paa)=0.8. We now have a binomiatieh
that models X (counting the trials of AA as “suces’ and all other outcomes
as “failures”) alone. Using R, let’'s simulate thistribution in two ways and
compare the results.

First let's simulate 10,000 values using the molial model and all 3 random
variables. To do this, repeat the simulation dbedr above but changing
parameter N to 10,000.

> results<-rmnomial(10000,20,¢(0.2,0.7,0.1))

> ## Change resullts to proportions

> results2<-results/(results[,1]+results],2]+result s3]
> ### Store column 1 of results in X

> X<-results2[,1]

> ## Store column 2 and 3 results in W

> W<-(results2[,2]+results2[,3])

Summarize values by getting the means for X and W:

> mean(X)
[1] 0.19913
> mean(W)
[1] 0.80087

The mean for X is roughly 0.2 and the mean (thg@riion of “successes” in
the binomial) and the mean for W is 0.8 (the prdiparof “failures” in the
binomial). These values should seem logical.

To look at the result visually, plotting the propons with a histogram is
simple, as coded below and shown in Figure 8-3.

| > hist(X,nclass=10,main="Simulated prop. AA using Multinomial")
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Figure 8-3

For comparison, a quick simulation from the bindngf 10,000 values using
p=0.2 is simple to code using the rbinom function:

> ##Simulate 10000 values from binomial

> ##Simulate rv for n=20 and p=0.2

> B<-rbinom(10000,20,0.2)

> ##Convert to proportions by dividing by 20

> hist(B/20,nclass=10,main="Simulated prop. AA usin g Binomial")

The histogram using the binomial simulation is shaw Figure 8-4. It should
be apparent from the graphs that the distributionSigure 8-3 and Figure 8-4
are virtually identical.

Figure8-4
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Multivariate Normal Distribution

The multivariate normal is a favorite distributimnmultivariate statistics. Often
data are mathematically transformed to fit a normaélel. Such transformation
of data can be somewhat controversial, becausetsnesethey are performed
for convenience and simplicity and the results rbaymisleading or difficult to

translate back to the original variables. Nonetbgl most of inferential

multivariate statistics utilize the multivariate rnml. Understanding how the
normal distribution can be extended to include nibes one random variable is
important.

Because most of the mathematical aspects of dealitiy the multivariate
normal involve advanced techniques of calculus aradrix algebra, we will
consider the details of only one limited examplehaf multivariate normal. We
will consider the bivariate normal model, which ratgdthe joint distribution of
two independent normally distributed random vaeabl

Recall, from the previous chapter, the mathematioainula for the normal
distribution:

1 252

sV

We can model their joint distribution of the twandmm variables X and Y by
simply looking at the product of the marginal distitions of their two marginal
distributions since they are independent variablsus the model for the joint
distribution of two independent normally distribdteandom variables X and Y
(aka: the bivariate normal) is:

Fxy) =091, (%)

f(x) =

We can write this by using the normal distributiequation for both random
variables and multiplying them:

(x-m? (y-m?
252 1 252
e

f(x,y) = 1 e
sV s2p

Let's now take a look at what this looks like gregaitly using R. Let’s reduce
the case even further by considering only a stahdaivariate normal
distribution. Recall that the standard normal ribsttion has mean of 0 and
standard deviation of 1. Thus, we can further ri@ewthe equation above
considering X and Y as standard normal random kbasa each having mean 0
and standard deviation 1:
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1 =2 1

fxy)=——e = ——
(Xy) @e @e

By performing some algebra, this can be simplifizd

w?
2

(x2+y?)

2

£(x,y) =$e

This is a pretty workable equation to plot. Totlis, we can write a function in
R to simulate draws from a bivariate standard narnia the code below we
create two vectors of length 20, x and y and theiteva function to calculate
values of f(x,y). The results of the function calé stored in a variable matrix z.
Then the data can be viewed using a simple 3-dppetise plot, presented in
Figure 8-5.

> x<-seq|(-2,2,length=20)

> y<—X

> bvn_function(x,y

+ (L/2*piy*exp(-0.5*(x"2+y"2))
+}

> 7<-xX%*%t(y)

> for(i in 1:20)

+ for(j in 1:201Z[i,jl<-bvn(X[iL,yiD}}
> persp(x,y,z)

Figure8-5: Perspective Plot of Bivariate Standardrial
Distribution

Figure 8-5 is shaped like a symmetric upside doameowith its base on the XY
plane. Along the X-axis (front view of the plot)et perspective lines show a
pattern of the normal distribution reflecting ttzaty “slice” of the cone would
have the shape of a normal distribution.
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Once again, we didn’'t have to write a function, &aexe random generations of
multivariate normal distributions of any dimensican also be done using the
package mvtnorm. Mvtnorm contains functionalityr fgenerating random

values from all kinds of multivariate normal dibutions, and from related

multivariate t distributions for any model, and lwiany parameter values, not
just with standard parameter values. Let's useptiekage’s function rmvnorm

to generate 1000 values from a bivariate standamnchal distribution:

> data<-rmvnorm(1000,mean=c(0,0))
> data
(1] 2]
[1,]-0.9152555414 0.5950708803
[2,]-1.2240565493 0.3079036163
[3]-1.2205942482 -0.9042616927

[099,] 2.0735458497 -1.7003787054
[1000 -0.0962237236 00056516042

In our result we have a matrix of data where thst fcolumn has values of
random variable X values from standard normal samoih, and the second
column is random variable Y values from a standaodmal simulation. A
scatter plot in Figure 8-6 demonstrates that thet jdensity is shaped as we
would expect data from a bivariate normal simulatio be shaped.

Figure8-6: Scatter plot of X and Y values from biaie
standard normal simulation

If we want to look at marginal distributions of Xié&Y, we can break down the
data matrix into an X and Y matrix and look at tharginal distributions of X

and Y very easily. All we have to do is store fheand Y values in new

variables (although we technically don’t even htovdo this and could have just
plotted the columns from the matrix) and do a lgsion plot of the marginal

distribution of interest.
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> x<-data[,1]

> y<-data[,2]

> hist(x,nclass=20,main

+ ="Marginal distribution of x")

Figure 8-7: Marginal Distribution of X

From the histogram in Figure 8-7, the marginal ribstion of X is quite
normally distributed. If we did a simulation of I alues from a standard
univariate normal distribution we would obtain awally identical result.

Dirichlet Distribution

The Dirichlet is the multivariable version of theta distribution. Recall that the
beta distribution is the distribution often used nmdel data in the form of
proportions, i.e. values between 0 and 1. It shandke sense that if you are
modeling something such as the proportions of miicles in a DNA sequence,
each proportion (A, T, C, G) can be modeled with iadividual random
variable, and the joint distribution for the profions of all four nucleotides can
be modeled using a Dirichlet.

We now denote by X..X, a set of proportions noting that4X..+X, = 1 (and
each X > 0). Mathematically the formula for the Dirielldistribution, for k
random proportions is:

k
o a) ,
f (X, Xy, X¢ )Z,&LO xaiq
O G(ai) i=1
i=1
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Although this formula may look intimidating, it'sohall that complicated! The
Cis just the symbol for the gamma function presemmechapter 6 and used in
both the gamma and beta distributions in chapterCapitol sigma is the
symbol for addition (sum of), and the capitol [, is the symbol for
multiplication. The alpha’s are the parametergfierrandom variable X’s.

The constraint on the distribution is that the safrproportions adds to one, that
k

is, X, =1which should seem logical since when modeling tbntj
i=1

proportions of nucleotides in a sequence, for exantpe total of all proportions

is always 1. This follows the usual law that th&ak probability of all events in

a sample space is 1.

As a simple example where we might use the DiricHit’'s model the joint
proportions of purines (A or G) and pyrimidinesd@d T) in a given sequence.
Let's use X1 to model the proportion of purinesdax2 to model the
proportion of pyrimidines. Let's use the arbitrachoice of alpha=1 as a
parameter for X1 and alpha=2 for X2. We modelgtaportion of purines as p1l
and the proportion of pyrimidines as p2. Mathenaly, with k=2 since there
are two random variables being modeled, the joistridution Dirichlet model
is:

2
A aj)
f(Xq,X2)=— =L — 'CN)Xiai'1
O caj)'t

i=1

Simplifying the above expression by substitutinghia alpha values angdgand
then performing addition and multiplication prodsigeformula that is not very
intimidating and just involves algebra and caldolat of a few gamma
functions:

GQ)

f(Xl-Xz)=—G(1)G(2)

()t (p2)**

Note that since X= 1-X; we could simply view this as a marginal distributi
of X; because for any given; XX, would be completely determined.

__ GB) 1-1 21
f =\ 1-
X (%) a1 Q2) (x)7"(@- %)
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We note that this is simply the Beta distribution X;.with parametera=al=1,
and b=a2=2. Therefore the joint Dirichlet distribution rfawo random
proportions X%,X, (X; + X, = 1) is equivalent to the univariate Beta disttibo
for X; alone. Although in this example only two randomiatles are modeled
and the model is pretty straightforward, when moaedom variables are
modeled the Dirichlet can become quite complex. aBse calculating the
gamma functions in this equation can be computalipintense (even for quite
high powered computers), sometimes the distributorevaluated by taking
logarithms (which make it computationally more effnt). It actually doesn’t
matter which base you use for your log calculati@ss long as you are
consistent. The right side of the Dirichlet modelncbe calculated using
logarithms like this:

K
k X k
=log (G(  &;))-og (O Ga,)) +log (O Xiai-l)

i=1 i=1 |:1

Another computation quirk of the Dirichlet distrian is that it is simpler to
sample from the Dirichlet indirectly by using a imad that draws k independent
gamma samples and then computing random propor{)fsas the value of
each sample divided by the sum of the k samplesaiit be shown that the
proportions X1,..,Xk have a Dirichlet distribution.We will not discuss
mathematical details of this here, but in compptegrams and in literature you
will see Dirichlet being simulated using draws frtime gamma distribution so it
of interest to note this here and this trick isdusethe code example below.

To simulate from the Dirichlet in R you could wriy@ur own function. The
code below gives an example of a function that kbtes n draws with a
parameter vector of p:
rDir_function(n,a){

I<-length(a)

m<-matrix(nrow=n,ncol=p)

for(i in 1:pml,ij<-rgamma(n,afi])}

sum<-m%*%rep(1,p)

m/as.vector(sum)

}

Using this function to simulate values for n=20tw# vector of parameters
(alpha values) for 3 random variables where alphésrlall three variables
produces matrix of results where each column reptsssimulations for each
random variable:

x<-rDir(20,c(1,1,1))

>X

(1  [2] [3]
[1,] 0.0018936588 8.005894e-01 0.19751690
[2,] 0.3344705893 1.894494e-03 0.66363492
[3,] 0.0372989768 2.437322e-02 0.93832781
[4,] 0.5159592455 6.830641e-03 0.47721011
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Again there is no need to write a function to perfasimulations, because the
package gregmisc contains pre-written functions domputing density of or

generating random values from the Dirichlet disttibn. Performing the same
computation as above using the function rdiriclfiletm this package produces
the following:

> x <-rdirichlet(20, c¢(1,1,1) )

>X

(1 [2 3]
[1,] 0.74226607 0.034630906 0.22310302
[2,] 0.61271253 0.359267638 0.02801983
[3] 0.20446723 0.180993424 0.61453934
[4,] 0.77386208 0.004850972 0.22128695

Let's return to our example of modeling the joimgtdbution of the proportion
of purines and pyrimidines and simulate 1000 valusig the rdirichlet
function:

| > x<-rdirichlet(1000,c(1,2))
If we look at the mean values simulated for p1 pAdthese are the simulated

proportions of x1 purines and x2 pyrimidines gitkat our parameters alpha=1
and alpha=2.

> mean(x[,1])
[1] 0.3354725
> mean(X[,2])
[1] 0.6645275

Each proportion has a marginal distribution. If plet the marginal of x[ ,1] we
get the following as depicted in Figure 8-8:

| > hist(x[,1],nclass=20,main="Marginal of x[,1]")

Figure 8-8
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Likewise if we plot the marginal of x[,2] we gettiplot in Figure 8-9

Figure 8-9

The Dirichlet is sometimes used on its own, butsed extensively in Bayesian
statistics in conjunction with the multinomial dibution to form powerful
models for working with counts and proportion dath.is important here to
grasp the basics of the Dirichlet and its matheraatinodel and how to draw
simulations from the Dirichlet using R.

Based on the discussions in chapters 6, 7, and 8 slmuld have an
understanding of the basics of probability theong @ feel for working with
univariate distributions and some select distrifmsgi of more than one variable.
If you can understand the different models, whatytlare used for, how to
perform simulations and how to graphically analyesults, you should be
prepared to utilize these capabilities in some namheanced applications. The
next few chapters contain an introduction to Bagesitatistics and an overview
of Markov Chain methods, and coming discussionklwiild upon the concepts
and methods presented thus far.
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9

An Introduction to Bayesian Data
Analysis

Chapter 6 introduced the discussion of Bayesiatistts by discussing the two
major schools of thought in statistics. We disedskequentists statistics being
the historic mainstream type of statistics usutdlyght in introductory statistics
course and Bayesian being a school of statistivalight which build upon
frequentists methods but incorporates subjectiseyell as objective, thinking
about probability.

Building on the concepts of probability and modeisoduced in chapters 6
though 8, this chapter introduces the Bayesian whyhinking about data
models, and presents some basic examples of wowkithgBayesian models in
R. The coverage here is primarily conceptual anty serves as a brief
introduction to the extensive world of Bayesiartistes. The goal primarily is
to provide a foundation for understanding the cotatonally intense methods
(using R) presented in Chapter 10 that utilize Baye theory and are of
increasing use in applications in bioinformaticEhese methods will be applied
in Chapters 11 and 12 in the study of Markov Chagthods.

There is sometimes a rift, even on occasion redetoeas a holy war, among
statisticians to be either frequentists or Bayesénd to fight for the cause of
their beliefs. This book does not present a biasew of either approach being
superior to the other, but presents each view imgeof strengths and utilizes
the approach most likely to be of use in bioinfaotisgapplications discussed.
For the applications in Chapters 10,11, and 12 Bayemethods are favored for
many reasons, highlights of which are discussedwé¥er, after Chapter 12 we
will return to working with frequentist statistid® study how to use R for
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inferential statistics and microarray data analysgome topics discussed after
that will utilize a combination of frequentists aBdyesian thinking.

The Essential Difference

The essential difference between Bayesian and dr&gpis is in interpreting
what probability means. Since probability is tladuage and foundation of
statistics, this difference affects not only howyBsians think about and model
probability, but also how they make inferences altata as well. Therefore,
Bayesians have different methods of inferentialigttas as well. However we
are mainly concerned with Bayesian statistics & tontext of working with
probability models and will only touch on the di#aces in making inferences.

To illustrate the difference in how a frequentistia Bayesian view probability,
consider the statement that “a fair coin has agidity of landing on its head of

To a frequentist, this has an objective interpretat A frequentist would reason
that if the experiment of tossing a coin were répaéanany times, the proportion
of times the coin would land on its head would beFhis probability value is a
true, fixed measure of the chance that a coin lamdés head, mathematically
approximated by repetitions of an experiment. Trabability is the arithmetic

average of measurements of the experimental outceoneetimes called a point
estimate and the sampling distribution would bermadr When we return to
inferential statistics in Chapter 13 this will Hedied in more detail.

A Bayesian however would not be concerned with ittea of a fixed, true
proportion of times a coin lands on its head. TRagesian there is no such thing
as a fixed probability statement. Bayesians comgidebability statements to be
measures of personal degree of belief in a cehgothesis. For a Bayesian,
there are no true measures, only certain probgbiigtributions associated with
their subjective beliefs. A Bayesian will therefdook at the outcome of a coin
toss as a random variable, with an associated pildialistribution.

Using subjective knowledge, the Bayesian wouldt fijsesses on what the
probability of a parameter is (in this case, thécome of a coin toss). This is
called a prior distribution (and for the coin toashich is a Bernoulli trial based

experiment, a likely prior is the beta model, d&sed in chapter 7). Then the
Bayesian would collect data (tossing the coin) baded on the data collected
would update the model. Most of this chapter Wik concerned with

understanding this process: how the Bayesian &soagprior, how the data are
modeled, and how the model is updated to producat vghcalled a posterior

distribution. This process is the paradigm of Bagme statistics.

Note, that the Bayesian might not choose ¥ asadiuess (p success) but might

choose 1/10. Perhaps the Bayesian has experiémtieel past that coins do not
land on their heads and has previously experimenigdl unfair coins. One
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Bayesian may have a different belief about a pdistribution from another

Bayesian’s belief of prior distribution for the samprocess. What is important is
that the Bayesian first uses subjective belief todpce an initial model of

probability distribution. It is this incorporatioaf subjective belief into the

model that distinguishes the Bayesian from theueatjsts.

Why the Bayesian Approach?

Although at first the Bayesian approach may seet) add the incorporation of
subjective belief into a probability model may seeontroversial, there are
many reasons why the Bayesian approach has an tadeafor modeling
probability in bioinformatics as well as many otlagplications.

Here are some good reasons to use the Bayesiaoaapprpresented here
briefly and without technical details.

Easier Interpretation of Parameters.

Anyone who has ever interpreted a confidence iateim frequentists

statistics course (discussed in Chapter 13) knbasftequentist’'s ways of
interpreting things can become a bit confusing.vikta a distribution for a

parameter, as the Bayesian approach does, is éasiederstand then the
frequentist’s way of point estimates and standarars.

Less Theoretical.

All of Bayesian statistics essentially revolvesuan® one paradigm, that of
Bayes theorem. The forms of distributions modelealy mary, but the
paradigm for working with them is essentially tlaene.

Computationally Intensive.

The Bayesian approach is ideal for utilizing conapional power. Software
packages such as R can take advantage of the Bay@sproach because
they (in combination with the appropriate hardwarean perform
computationally intensive tasks.

More Flexible.

The Bayesian approach is extremely flexible in hownodel distributions
of data and can be applied to many situations.

Deals Well with Missing Data Values.

Methods of Bayesian data analysis are able to teftdg “cover” for
missing data values without lost of statisticalustmess.

Effectively Models High-Dimensional Data
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As a consequence of its computational intensity,Bhyesian approach can
handle situations involving multiple variables (paueters)

Is a Method of Learning.

As we shall see with Bayes Theorem, the Bayesigroagh involves
constantly updating the model based on new dathis i a method of
statistical learning.  Artificial intelligence andther disciplines take
advantage of the Bayesian approach and utilize léarning algorithms in
data mining and other applications.

Does Not Require Large Samples

Bayesian methods do not require mathematical msthufdasymptotic
approximations for valid inferences. Algorithmssed on Bayesian theory,
including Markov Chain Monte Carlo, can be carriedt and produce
results with small samples very effectively.

Some potential disadvantages of the Bayesian apipiioalude:

Criticism of Using Subjectivity in the Model.

This may be viewed as nonscientific and biased iaritie most frequent
source of dispute of Bayesians and Frequentisthe dise of a prior
distribution and its influence on the posterior mlodre discussed in depth
in this chapter.

Misunderstood.

Bayesian models are not widely taught or utilizadd even when utilized,
may not be utilized correctly) and are still not inséream statistics.
Therefore others may not understand the Bayesiamlemand may
misinterpret it.

Complicated?

When Bayesian models are presented mathematitaljyrhay appear very
complicated. However, whether they are more compian frequentist
statistics is debatable. In actuality Bayesian hoés, especially in
complicated models, are somewhat easier to work wien Frequentist
models for the same model. The bases for all Bagyesodels are
fundamentally the same algorithm, which may be &mghan Frequentists
models.

Bayes’ Rule
The foundation of Bayesian statistics is a ratlepke probability rule known

as Bayes’ rule (also called Bayes’ theorem, Bayaw/). Bayes’ rule is an
accounting identity that obeys the axioms of prdigh It is by itself
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uncontroversial, but it is this simple rule that tise source of the rich
applications and controversy over subjective elémanBayesian statistics.

Bayes'’ rule begins with relating joint and condité probability:

P(ACB)

P (AB)= P(B)

Figure 9-1 illustrates this, where A is the everdide the larger circle, B is the
event inside the smaller circle, and C is the Beetion of events A and B and
represents the joint probability of A and B.

"
Figure 9-1
However, the probability of A and B can also bernitten as:
P(ACB)=P(A|B)*P(A)

Or as P(&CB)=P(B|A)*P(B)

We can rewrite the relationship between conditiaarad joint probability of A
and B given earlier as:

P(AGB) _P(B|A)*P(A)

AT P(B)

Where the relation

P(BIA) * P(A)

P (B =15

Is known as Bayes’ rule. Bayes’ rule is sometiroakbed the rule of inverse
probability. This is because it shows how a ctodal probability P(B|A) can
be turned into, or inverted, into a conditional lpability P(A|B).
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The denominator of Bayes' rule P(B) is the margprabability of event B, that
is the probability of event B over all possibilgieof A where there is joint
probability. In the case where A is not a singkerd, but a set n of mutually
exclusive and exhaustive events, , such as a $sfptiieses, we can use the law
of total probability to calculate P(B):

P(B)=  P(B|An)* P(An)

n

In this situation, Bayes’ rule provides the posteprobability of any particular
of these n hypotheses, say Aj given that the evea$Boccurred:

__P(BIA)P(4)
P(A18)= P(B| An* R A

n

Because for a given situation, P(B) is a constaayes theorem may be written
as:

P (AIBJ P(B|A)*P(A)
Wherep is the symbol for “proportional to”.

Sometimes Bayes' rule is written using E and H, ngHe stands for “evidence”
and H stands for “hypothesis”. Using E and H &g write:

P(H|E)———P(E LI:E);D(H)

In this form, P(H) represents the prior degree efdb in the hypothesis before
the evidence. P(H|E) is the updated probabilitpedfef in the hypothesis given
the evidence. In other words, Bayes’ rule is ujndgthe degree of belief in the
hypothesis based on the evidence. This is wherauskefulness of Bayes rule
and Bayesian statistics in learning comes from, thiglidea is a foundation of
the usefulness of Bayesian statistics.

Applying Bayes’ Rule

Let's apply Bayes’ rule to two examples. In thestficase, we will have
complete information about the joint probability twfo events. In the second
case, we will have only select probability inforinatto work with.

Table 9-1 shows the joint probability of two everggent A being a membrane
bound protein and event B having a high proporidérhydrophobic (amino

acid) residues. The two columns with data repregenmarginal distributions
of A, being a membrane bound protein, and the cempht of A (written as ~A
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or A%, not being a membrane bound protein. The twosroepresent the
marginal distributions of B, having a high hydroplo content and the
complement of B (~B or B. Each cell represents the joint probability wbt
events.

Let's say we want to calculate the probability ofpeotein having a high
hydrophobic content given that it is a membranenbloprotein. To do this we
can apply Bayes' rule in this form:

P(A |B)P(A) _ P(AGB)
PB)  P(B)

P(BIA)=

P(ACB) is the joint probability of A and B is simply doad from the cell in the
joint probability table and is 0.3. P(B) can bdcuatated by the law of total
probability, calculating the P(B|A)P(A)+P(B|~A)P(>-Ar since we have the
table by the sum of the row for event B, which.5.0

Therefore

P PACB) _03_ 4

And we conclude given protein is membrane bount ttiere is a 60% chance
the protein has a high hydrophobic residue content.

Table 9-1

Type of Protein

Membrane | Non-membrane
Bound (A) Bound (~A)

High (8) | 0.3 0.2

Low (-B) | 0.1 0.4

Hydrophobic
residues

Prop.

In the first example (above) the computation of thlesired conditional
probability and use of Bayes rule are quite stidggtvard, since all the
information needed is available from the joint pablity table. Now let's
consider a second example, where the computatiahdviie quite difficult were
it not for Bayes formula.

Suppose having a gene X results in the onset afrticplar disease 50% of the
time. Suppose the prevalence of having the geiselXL000 and the prevalence

of having a particular disease is 1%. From th@npute the probability of
having gene X given that you have the disease
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We could use this information and try to produgeiat probability table for the
two events — having the gene and having the dise&e now that we know
there is Bayes’ rule, we can use it to solve thabfem.
From the information above we are given:

P(Gene)=1/1000

P(Disease)=1/100
And

P(Disease|Gene)=0.5
Note that what we are doing here is inverting ttebpbility P(Disease|Gene) to
calculate P(Gene|Disease) in light of the priorvdedge that the P(Gene) is
1/1000 and the P(Disease)=1/100. The P(Diseasepeaassumed to be the

marginal probability of having the disease in tlopyation, across those with
and those without the gene X.

. P(Diseasd GengP(Gen
P(Gene|D|sease)—( Q_ i 9
P(Diseasg

Solving this is as simple as plugging in the nuraber

0.5* (1/1000) _

P(Gene|Disease}=————=0.05
( | 1/100

This result is interpreted as if you have the disegcondition) the probability
that you have the gene is 5%. Note that this ig déferent from the condition
we started with which was the probability that ywave the gene, then there is a
50% probability you will have the disease.

Bayes'’ rule could be applied over and over in oreupdate probabilities of
hypotheses in light of new evidence, a process knasvBayesian updating in
artificial intelligence and related areas. In suxtsequential framework, the
posterior from one updating step becomes the foicthe subsequent step. The
evidence from the data usually starts to drivergslts fairly quickly and the
influence of the initial (subjective) prior will bdiminished. However, since we
are interested in Bayes formula with respect to eB@n statistics and
probability models, our discussion here will contrin this direction.

Extending Bayes’ Rule to Working with Distributions

In a similar way to the previous chapter when wetflooked at probability
theory (of joint, conditional and marginal probidty)l and then applied it to
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understanding how these principles apply to distiims, here we first looked at
Bayes rule (above) but now, we will extend Bayed rand apply it to working
with probability models (distributions).

Let’s return to the “evidence” and “hypothesis”wief Bayes’ rule, and apply it
to our discussion at the beginning of the chapsgrarding how a Bayesian
would view the probability of a fair coin landing @ts head.

P(H|E)=—P(E LI:E);D(H)

We have already discussed that this can be wrdtsem proportional relationship
eliminating P(E), which is a constant for a giveersario, so:

P(HIEM PE|H)P(H)

Recall that P(H) represents the prior degree aébil the hypothesis before the
evidence. In this case, this will be the Bayesasubjective belief of the
proportion of times the coin will land on headsdyefthe coin is flipped. Recall
that the Bayesian would view this as a probabidistribution. Therefore, we
have to model P(H) with a distribution. We referthe distribution modeled
with P(H) as a prior.

But what distribution should we use for the priof®e have not collected
empirical data so we have nothing to base a binodisribution on. All we
have is the Bayesian's subjective belief of thepprtion of times that the coin
will land on its head. Let's say the Bayesiandadis that this proportion is Ya.
Recall that the beta distribution is used to maa®lbability distributions of
proportion data for one random variable. How canfiva beta distribution to
model our P(H) for a proportion of ¥? Recall thetabmodel presented in
chapter 7:

1
f(x)=————x*1(- x)*?, 0<x<1
(X) b(a.b) @- x) <x<

So really all we need here are some alpha andpaetameters which center the
distribution around 1/4 (or 0.25). Having some eigrece with understanding
how using different alpha and beta parameters sffdee shape of the beta
distribution (making a page of different beta digitions with various
combinations of parameters is helpful for learningse things), we suspect that
using alpha=2 and beta=5 for parameters will predwn appropriate
distribution.

Let's go ahead in R and graph the prior distributio

> x<-rbeta(5000,2,5)
> plot(x,dbeta(x,2,5),main="Prior dist. P(H)")
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Figure 9-2 shows the resulting distribution. Issthn adequate prior? It is
centered on 0.25, our Bayesian’s subjective belieis not too precise and has a
reasonable spread, reflecting both some certaimth® part of the Bayesian that
the value is around 0.25, but also reflecting that Bayesian views this as a
distribution and there is a reasonable spread ohtian in the distribution
between 0 and 0.5, reflecting the Bayesian isyfaiertain of his beliefs, but not
so certain as to use an overly precise (invaripbts).

You may think this reasoning for defining a prisrquite non scientific. The
purpose of a prior is to model the initial subjeetibelief of the Bayesian
regarding the parameter of interest, before dagacallected. We will discuss
priors in more detail later in this chapter.

Figure 9-2

We now have the P(H) part of the model P(H|B(E|H)P(H). In order to

calculate P(H|E) we need P(E|H), the probabilitytlté evidence given the

hypothesis. In order to get this, we need soméesnie. Evidence, of course, is
data. In order to get data, we need to perforn@xeriment, so let's collect

some evidence.

Suppose we toss the coin 10 times and record whigtlaemds on heads or tails.

Each trial of tossing the coin is a Bernoulli triahd the combination of 10 trials
can be modeled using the binomial distribution,ahitis (from chapter 7):

p(k) = P(k successeis n trialg) = E p*a-p""
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Suppose our coin tossing experiments resulted af the 10 coins landing on
heads. In frequentist statistics our estimate tier Binomial parameter p would
be p=0.5 (the sample proportion) and the frequeatsimated binomial model
for k=0 to 10 would be

. . 10
p(k) = P(k successes 10trials) = K 0.5%0 510«

which can be modeled in R using the simple code:

| > plot(0:10,dbinom(0:10,10,0.5),,type="n" xlab=""m ain="Data dist. P(E|H)")

With the resulting plot shown in Figure 9-3.

Figure 9-3

Since in the Bayesian paradigm p is a random vigiighere are infinitely many
plausible models for the data, namely one for e@the of p. Two such models
are depicted in Figure 9.3. The dependence of tbleability of the data on the
parameter value is also referred to as the likelihar likelihood function. In

our case since the experiment resulted in k=5ikieéihood is

10
Likelihood(p) = P(5 successes in 10 trials | patame) = c p° * (1-p)°

Likelihoods will be discussed more later in thisapter, but let's continue
working with our extension of Bayes' rule to apjilyo distributions.

With our prior distribution model and our data distition model, we have now
completed the right side of the proportion
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P(HIEM P(E|H)P(H)
Now what we want is P (H|E), the updated probahbditbelief in the hypothesis
given the evidence. We want this of course, tonbihe form of a probability

model that we call the posterior.

Recall our beta model for P(H)

1
b(a,b)

f(x) = X¥ (- x)Pt, 0<x<1

we concluded that alpha=2, and beta=5 are adeguaataneters for modeling
our P(H) with an Bayesian estimate of 0.25, thiois x value but x here
represents p , the proportion value, so we caniteethis as

1
f(p)=———p"'(- p)* ', o<p<1
(p) b@.b) P (@- p)” 7, 0<p<

Again, looking at the binomial data model equation:
n }
Plo=" PP

It should be apparent that the two models BOTH aiorterms of p raised to an
exponent, and (1-p) raised to an exponent. Holyeyolu recall a day in math
class sometime in secondary school when you enemdtthe rule for
multiplying exponents of the same baseg'aa™™"
Let’'s combine our models:

P(H|EM P(E|H)P(H)

n
PHEM | p“ (- p)”'kﬁpa'l(l- Pt

Multiplication produces the posterior:

n 1 k+a- k+b-
PHIEM | mp“‘ Y(L-pyret

Combining constant (for this particular) terms aaglacing them with c (c is a
normalizing constant which we will not be concerméth evaluating here):
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k+a-1

P(H|E)|J.Cp n-k+b-1

(1-p)

Note that this follows the form of a beta distribut with parameters
alpha(new)=k+alpha(old)-1, beta(new)=n-k+beta(dld)-

Thus our posterior distribution has parameters a#ph2=7 and beta=10-
5+5=10, so we have a beta (7,10) distribution tal@h¢he posterior distribution
of P(H|E). Remember that in the Bayesian parad?gHiE) now represents the
plausibility of the values p given our data whigsulted in a value of k=5 in a
binomial model with parameter p,. The plausibilisynaturally represented by
the posterior probability density function of thetB (7,10) distribution.

Let's use R to graphically analyze our posteridutson (Figure 9-4):

> x<-rbeta(5000,6,9)
> plot(x,dbeta(x,6,9),main="Posterior dist P(H|E)")

Figure 9-4

A more interesting plot can be produced in R ushwgfollowing code, which
uses the points function to plot the posteriorritistion and the legend function
to label the two distributions, as shown in Figd+B.

> p <- (0:1000)/1000

> plot(p,dbeta(p,2,5),,ylim=range(0:4),type="T"

+ ylab="f(p)", main="Comparing Prior and Posterior" )

> lines(p,dbeta(p,7,10))
> legend(0,3,legend="Prior")
> legend(0.4,3.6,legend="Posterior")
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Notice in Figure 9-5 that the posterior is shiftedvard higher proportions,
reflecting the updating of the model based on thata.d Note though that the
posterior is still not nearly centered on 0.5, dag¢a value for p. We will return
to discussing how the likelihood and prior influenthe posterior distribution
calculation later in this chapter.

We could update the posterior again, this timeizitiy the current posterior
distribution as the prior distribution and repda algorithm assuming the same
data were achieved in a duplicate experiment. réaders are encouraged to do
this experiment on their own with plots resultimgR. The result would be a
posterior with updated parameters, which graphicaiifts more toward 0.5.

Comparing Prior and Posterior

Posterior

i(p)
2

Figure 9-5

What is critical to understand in this example ist nhe details of the
distributions used (which have previously beenulised) but the essence of the
Bayesian algorithm as it applies to working witllpability distribution models:

P(Modelldatap P(Model) P(data|Model)

Posterionu Prior * Likelihood

The essence of this is that the Bayesian's subpegiior model is updated by
the data model (the Likelihood) to produce a pastetistribution that combines
the Bayesian subjective knowledge with the objectlata observed.
Although the mathematical complexity of the apgimas of this algorithms are

broad and can be complex, this algorithm remaiesséime for the Bayesian
methods. Although only simple examples are usebignbook that touch on the
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computational complexity involved. Multiple paratme models, extensive
amounts of data, can all be worked with using shisie model.

The rest of this chapter discusses this algorithrthér, taking a closer look at
the prior choices, what a likelihood function ispdahow the posterior is
calculated.

Priors

As stated earlier, the use of the prior in the nhddethe controversial and
distinctive element of Bayesian statistics. Thes «wf a prior introduces
subjective information from the statistician inteetmodel and there are not hard
and fast rules as to the “correct” prior to useitas more of an educated
guessing game. This is often criticized by non-Bégms as being too subjective
for their liking. In the coin-tossing example akothe prior was an estimate
lower than the empirical data suggested, so basedat you may argue that the
prior biased the data and the result would haven Imeere accurate if no prior
were used in calculating the posterior. Howevdrawif the prior estimate for
the proportion of heads was 0.5 and the empirias desult for the proportion
of heads in a 10 toss trial is 0.3? In this cdd@g coin is fair, the prior is more
accurate than the data and the posterior would dre rriose to the true value
than it would be if it were for the data alone dhd posterior accuracy would
increase with the use of the prior, a counter aeninto the criticisms of the
non-Bayesians. Another counterargument is thaetiealways subjectivity in
any model — data can be collected through a varidtyexperiments with
different biases. Everything is subjective.

Priors however are not just about introducing sttibje knowledge into the

model; they are about introducing previous knowkedgto the model. The
Bayesian algorithm is all about updating previousowledge with new

evidence. Previous knowledge may be entirely siivge — based on a feel or a
guess about what the outcome of a novel experimanyt be, often in regard to
the potential outcome of an experiment that hasenébeen done. Prior
knowledge however may also be knowledge and basethta from a previous
similar empirical experiment. Meta analysis modedé be done in Bayesian
combining data from new experiments with data fithexperiments.

The choice of a particular prior for a model isceence in and of itself. We will
only deal with the simplest models of standard fomerely touching on the
vast world of Bayesian models. Advanced model ad®ifor priors are left to
the experienced statistician and studying prioric#® could be the topic of
several good dissertation projects. However, énBayesian model the use of a
prior is key. Some prior model must be chosen wiséng a Bayesian method.
Sometimes, as in the example above the choiceiof & simple because it
follows a convenient model pattern, as is the aaigke the beta prior for the
binomial model. Such priors are called conjugaterp. Other times the basis
of a prior is made for mathematical reasons (beyouod discussion) in a
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situation where there is little or no informatiomoat what the prior distribution
is. Such priors are referred to as noninformatiwet’s explore both classes of
priors a bit further.

Conjugate Priors

The type of prior we will use for all our exampliesthis and coming chapters
falls into the type of prior referred to as an imf@ative prior or a conjugate
prior. Conjugate priors have the property that plesterior distribution will
follow the same parametric form as the prior disttion, using a likelihood
model of a particular form as well (but the likeldd form is not the same as the
prior and posterior form). This property is calghjugacy. In our example the
beta prior combined with a binomial likelihood prm#s a beta posterior. This
is always the case given these models. Thereftrenva binomial model is
used for the data model, one uses a beta for a gmib this will produce a beta
posterior distribution. The example used earliethis chapter for a coin toss
can be applied to numerous scenarios. You may hatieed that we are mixing
a discrete model for the data, the binomial, witkkoatinuous model for the
parameter p, the beta. That's OK. The subjedtiekef is quantified on a
continuous scale for all possible values for p: @ < 1, and the data are
Bernoulli trials modeled with a binomial model,ghiroduces a continuous scale
posterior model. There is no requirement for cgafa pairs to be both
continuous or both discrete distributions. In atinestion problem, parameters
are usually on a continuous scale, and hence tbegnd posterior distributions
are continuous.

There are other conjugate pairs of prior-likelihaodyield a posterior of the
same form as the prior. Let's consider one moremgka using standard
univariate distributions, the conjugate pair of aisBon distribution with a
gamma prior.

Recall the form of the Poisson distributions (frahrapter 7). This is the data
model for the occurrence of x events with rate ldef=rate of occurrence, or
average number of events per unit time or spake)'s use the symbol thetg)(
instead of lambda, where theta represents thepeatmeter (all we are doing
here is changing the symbol used, a perfectly legahematical maneuver).

If we observe a single data value x that followes Broisson distribution with rate
theta then the probability distribution of suchregée “Poisson count” is:

-q
where x can take values 0,1,2,3,.....

Pam:qj

Note that the rate can be any positive (real) numiie we observe n
independent occurrences x1,x2,...,xn (or Poisson tsputhey are modeled
using the likelihood I:
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e' qqxi

L
P(datajmodel)=P(x1,x2,... })t O X

i=1

Leaving out the constant term (factorial in dencetn):
P(datajmodellg ¥e™

Recall also the gamma model, a continuous modeh gieat flexibility of
particular shape and location parameters, alphabeta, used to model data
which are greater than zero and continuous in sabuwt do not follow the
normal distribution. The gamma is the conjugatéorpifor the Poisson
distribution and can be used to model the priatrihistion of the rate parameter
theta:

() = ate- 7

1
beca)

Or reducing the model (eliminating the constantmjeto produce a prior for
theta distributed as a gamma:

1 b
p(a)ug e

Let's use this model to measure the rate of aqadai mutation in a particular
gene, which has rate theta. According to priorvidedge, the rate per 1000
people at which this mutation occurs is 0.4. Basedhis we can model this
with a gamma distribution with alpha parameter odrtl beta parameter of 5
(the mean of which is 0.4 from our discussion irapter 7). That is the
distribution of theta (here denoting the rate p@0d people) for the prior is
gamma (2,5). We then obtain some new data thds fimat the in n=10 samples
of 1000 people each, the number of mutations felsws: (0,2,1,0,1,2,0,1,1,0)

Using the Poisson likelihood model and our gammiar pwe need to determine
our posterior distribution based on this data where

Posterionu Likelihood * Prior
P(model|datajy P(datajmodel) * P(model)

P@l)u P(xp) * P(@)

Xi_-no, a—le—bq

P@X)ua “e ™q
Adding exponents, this produces a posterior digtigm with

alpha(post)Sxi+alpha(prior) and beta(post)=beta(prior)+n. ®ina our 10
samples we found a total of eight people with th&ation, Sxi is 8. So our
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updated parameters are alpha (post)=10 and bet&t)¥f6 with a gamma
(10,15) distribution for theta. Let's look at aplFigure 9-6) of the prior and
posterior distributions in light of the new data:

> theta<-seq(0,2,0.001)

> y<-dgamma(theta,2,5)

> plot(theta,y,ylim=range(0:3),ylab=""xlab="theta" )
> y2<-dgamma(theta,10,15)

> lines(theta,y2)

>legend(0,2.5,"Prior")

>legend(0.6,2.8,"Posterior")

Figure 9-6

Note in Figure 9-6 shows the posterior distributadrtheta shifts toward higher
values (the empirical data would suggest a the@a®per thousand) but still not
as high as the data would suggests. The samplgXids not very large, an
issue we will discuss below in discussing calcaolgtthe posterior. Working
with conjugate pairs greatly simplies the matheasaséind modeling involved in
Bayesian data analysis. Table 9-2 summarizes comymised conjugate pairs.

Copyright May 2007, K Seefeld 152

Permission granted to reproduce for nonprofit, atiooal use.



Table 9-2: Conjugate Pairs

Prior Likelihood Posterior

Univariate Models

Beta Binomial Beta
Gamma Poisson Gamma
Gamma Exponential Gamma
Normal Normal (known Normal
variance, unknowr
mean)

Multivariable Models

Dirichlet Multinomial Dirichlet

Multivariate Normal Multivariate Normal Multivariate Normal
(known variance matrix)

Noninformative Priors

What do we do when we want to use a Bayesian muoatedre ignorant about
the prior distribution, and have much to guess ibany information? The
solution to this is to use a so-called noninformatiprior. The study of
noninformative priors in Bayesian statistics isatielely complicated and an
active area of research. Other terms used fornfimative prior include:
reference prior, vague prior, diffuse prior, arat firior.

Basically, a noninformative prior is used to comfiolo the Bayesian model in a
correct parametric form. The choice of noninforinvetprior may be purely
mathematical and used so the posterior distribuoproper (integrates to 1)
and thus is a correct density function. Noninfatiiea priors may be special
distribution forms, or versions of common probapiliistributions that reflect
no knowledge about the distribution of the randoariable(s) in the prior
model.

Here we will introduce only one specific example aohoninformative prior,
because it is a prior distribution of interest indeling proportion data and of
interest in bioinformatics. If there is no specifidor information known about
the proportion of something (say a proportion otlaatide in a sequence
motif), then we can use a noninformative form @& treta distribution. The beta
(1,1) distribution, shown in Figure 9-7, is a flabninformative prior that is
uniform across the distribution of all proportiorEhis is a special case of a
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uniform distribution (which is any distribution ahiform density). If you want
to use a Bayesian model and have proportion dateddel with no prior
information, you should use a beta(1,1) prior. Timdtivariate version of the
beta(1,1) is a Dirichlet model with prior paramsteet to 1, and will be used in
examples in coming chapters.

> x<-seq(0,1,by=.001)
> plot(x,dbeta(x,1,1),ylab="",main="Beta (1,1) Prio r)

Figure 9 -7

Likelihood Functions

You may have noticed that we do not refer to tkelilhood function as the
likelihood distribution (which would be WRONG!) buhstead call it the
likelihood or the data model. There is a differemetween the likelihood and a
distribution model. Although, in Bayesian applioas, the likelihood will often
assume a form of a common probability distributioodel, likelihood functions
are used in many areas of statistics and are sbispecific to use in Bayesian
modeling.

With a distribution model we are asking what thebability of the sample

outcomes are given the parameter values. For exammpthe binomial model as
a distribution we are asking what the probabilifyxosuccesses is given the
parameter value p. The parameter, p, is fixed, taedobservations (x’s) are
variable. The data are a function of the pararsgtes:

n X -X
f(x|n,p) = 0 p* (- p)"

With a likelihood function we are asking how likellge parameter values are
given the sample outcomes. In essence, the ietton of the likelihood is the
reverse of the distribution. In the likelihood aleeady have the data and we are
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trying to determine the parameters given the datze parameters are a function
of the data:

n X -X
L(p|x,n) = 0 p* - p)"

In frequentist statistics the likelihood functios used to find a single value of
the parameter, a so-called point estimate. A pomdtimate is the value that is
most likely, that is, the value that makes the liil@d function as big as
possible (which you could prove by taking the likebd and finding its
maximum using calculus). We call this the maximlikelihood estimate
(MLE) and it has some nice properties. The intetigdion is that the MLE is the
most plausible value of the parameter, in the sémseit produces the largest
possible probability of the observed data occurripny common estimates in
statistics, such as the mean and variance of aaladistribution are MLE’s.
Obviously making such a “true” estimate is more affrequentist than a
Bayesian thing, but it is of note here becauses iam important use of the
likelihood function.

Evaluating the Posterior

The whole purpose of setting up the model, detdngia prior, and collecting

data is of course to evaluate the posterior distidn to determine the results
desired. In the examples used so far, the posteistribution was quite simple

and the trick of using conjugate pairs resulted familiar posterior distribution

whose parameters could easily be determined byndakidvantage of the
property of conjugacy. Of course, this is not ssyefor more complicated
models, and this is where the beauty of a compmutati package such as R
comes in. Let's take a look at some of the issneslved in the posterior

outcome of the Bayesian model.

The Relative Role of the Prior and Likelihood

The posterior distribution reflects both the priamd the likelihood models,
although in most cases not equally. Let’s invegdghe role of the likelihood
and role of the prior in determining the posterior.

First, let’s look at the role of the likelihoodt i$ pretty straightforward that the
more data there are, the more the data will infteethe posterior and eventually
the choice of the prior will become irrelevant. Fotample, let's return to our
example used earlier in this chapter regardingctiia tossing experiments. In
this example we had a prior estimate for p of O\bich we modeled with a

beta (2,5) prior distribution. We collected n=1&al values and obtained k=5
successes (coin landed on head) for the binomialiliood model. The

comparison of prior and posterior was shown in Fagi+5.
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What would happen in this example if instead ofiata points we obtained 100
data points, with 50 times the coin landing orhiged? For the posterior we can
use a beta distribution with parameters alpha (akwglpha(old), beta(new)=n-
k+beta(old). With n=100 and x=50 we get alpha (7& and beta (new)=55.
Let's compare the results with n=10 with the rdsgltposterior distribution
obtained with n=100 and the same success rate iodin toss:

>p<-seq(0, 1, by =0.001)

> plot(p, dbeta(p, 2, 5), ylim = range(0:10), ylab ="f(p)",
+type ="I", main = "Effect of n on Posterior")

> lines(p, dbeta(p, 7, 10))

> lines(p, dbeta(p, 52, 55))

>legend(0, 4, "Prior")

>legend(0.2, 6, "Post.1")

>legend(0.5, 9, "Post.2")

Figure 9-8 shows the result of this analysis. Nbogg the second posterior is
centered on the data value of p=0.5 and is alsochnmiore “precise” on this
value with less spread. This reflects the generdal that the more the data the
more the data affect the posterior given the saroe. p

Figure 9-8
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In terms of the role of the prior, the more vaghe prior, the less the prior
influences the posterior. Let's see what wouldp®apin the example above if
we used the same data for n=10 but used insteasta1hl) noninformative
prior to start. Our posterior would follow the forof a beta distribution wit
parameters alpha=6, beta=6. Let's analyze anchgtdp model and compare it
with the prior and first posterior in Figure 9-8

>p <-se((0.001, 0.999, by = 0.001)

> plot(p, dbeta(p, 1, 1), ylim = range(0:10), ylab ="f(p)",

+ type ="I", main = "Effect of noninformative prio r

> lines(p, dbeta(p, 6, 6))

> legend(0.5, 4, "Posterior”)

>legend(0, 3, "Prior")

Figure 9-9 shows the result of the posterior whemm@informative beta prior is

used. This figure is intentionally drawn on themeascale as Figure 9-8 for
comparison. Posterior 1 in Figure 9-1 is updateth whe same data as the
posterior distribution in Figure 9-9 except in Hig®-9 a noninformative beta
prior is used. The effect of the noninformativéopris essentially no effect.

When the noninformative prior is used the data datei the model, whereas
when the informative prior in 9-8 is used the imfiative prior influences the

posterior along with the data.

Figure 9-9
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The important point is that in Bayesian analysis posterior distribution will

reflect with relative weights the data model and grior model. With large
datasets, the data may dominate, with a small elatasd a precise prior the
prior will dominate. This relative influence of tdaand prior knowledge is
important aspect of Bayesian analysis.

The goal in Bayesian analysis is often to deterrtiieeposterior distribution and
sample from it. Using analytical methods (the pap® pencil method) without
a computer it is nearly impossible to evaluate sigrior except in simple cases.
However, computationally intensive methods utilizisoftware tools such as R
and a little bit of programming skills enable uspwerfully evaluate posterior
distributions. We shall see that the focus of MarkChains and other methods
are in fact tools for evaluating a posterior disition of interest.

The Normalizing Constant

Notice that in many examples in this chapter weehased the model that was
written with a proportionality factor, thus we haledt out constant terms and
ignored them working with the model

Posterionu Likelihood * Prior
P(model|datajy P(datajmodel) * P(model)

Don't forget though that with the proportionalitactor the models are only
given “modulo a constant” hence they are not cotepledefined. In order to
make the models fully explicit we would need to dddk in a constant term c:
(Note that the notation “c” is generic. The consta takes different values in
each of the two lines below).

Posterior =c * Likelihood * Prior
P(model|data) = c* P(datajmodel) * P(model)

Note that the constant terms, grouped as c, aledctile normalizing constant
and this can be calculated so that the postergirillution integrates to 1, but it
is only a scaling factor and does not affect th&riiution otherwise, so it is
acceptable to ignore the ¢ term in many calculatiand only calculate it when
necessary.

One versus Multiparameter Models

So far we have used only one-parameter models lidisgussion. Bayesian
statistics can of course be utilized in models withitiple parameters, and those
are of primary interest in bioinformatics. We hawerked in the previous
chapter with some multivariable models, and in thisok we will focus
examples on the multinomial-Dirichlet conjugaterpaifuture examples.
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Often in our analysis we are concerned only witme@arameters (so-called
main parameters) and not others (so-called nuispacameters). Nuisance
parameters can be eliminated easily in Bayesianetaday calculating marginal
and conditional probability distribution for the maparameters Rather than
introduce techniques here for dealing with multipaeter situations we shall
only note that they exist and we will work with thén coming chapters when
we learn computationally intense algorithms thatwst of the work for us in
evaluating such models to understand the pararoéiaterest. In particular we
will introduce a chapter covering some special atgms that may be used to
evaluate multiparameter Bayesian models. We aigercMarkov chain Monte
Carlo methods, which are of growing use and poputarbioinformatics
applications. Working with multiparameter modelamgly builds on the
concepts used with single parameter models anchderstanding of these basic
concepts is essential for proceeding further inkivay with these models

Applications of Bayesian Statistics in Bioinformatcs

Although coverage in this book is minimal and inwotory, the hopes is that
this will entice the reader to study more advanstadistical methods and fully
appreciate the power of Bayesian methods in bioinédics. Also related are
artificial intelligence related subjects, logicdaof course, biology related areas.

Some areas where Bayesian techniques are beingreksd for applications
include:

Prediction of protein structure and function
RNA structure prediction

Mechanisms of mammalian regulation
Prokaryaotic regulatory networks

Large scale data analysis methods

Algorithms for detecting subtle signals in DNA

The potential applications of Bayesian data analystthods are without limit,
and there is little doubt that such techniques hd€ome increasingly common
and have an increasing number of applicationsenfature. The appendix lists
some reference papers from the literature where&ag methods are used.

R is a software tool that is adaptable, programmabhd powerful and very
useful for working with complicated data models afwd doing necessary

calculations for estimation and hypothesis testifigpth, frequentist and
Bayesian.
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10

Stochastic Processes and Markov
Chains

This chapter begins a three chapter series devotetie basics of Markov
Chains (Ch 10), the computational algorithms inedhin evaluating them for
MCMC methods (Ch 11), and utilizing the program ®Bligs in conjunction
with R and the CODA package to be able to perfompk applications using
MCMC techniques of interest to bioinformatics (C).1

Markov chains have many applications in many amfabioinformatics and
other fields. Our focus in this chapter is proviglan elementary introduction to
Markov Chains for the purpose of utilizing themthe Markov Chain Monte
Carlo methods for simulating posterior probabildistributions for complex
data models. Ten years ago, if you brought upteéhe MCMC to a room of
biologists, few if any would have heard of sucleehnique. Today MCMC is a
common buzzword especially in bioniformatics. Urst@nding of the
mathematical techniques behind MCMC is still mostlye domain of
statisticians and mathematicians. This and the the® chapters present a
conceptual and applied approach to a primarily mathematical audience
interested in being able to understand the lingbappreciate the computational
power of using MCMC. References given in the apjpefor further study are
provided for the interested reader.

Beginning with the End in Mind

Let's begin our study of Markov Chains by keepihg £nd in mind. Before
introducing the basics of the MCMC technique, letiscuss what the ultimate
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goal of MCMC technique is. The previous chaptetroduced Bayesian
statistics in which the major goal is to determénposterior distribution given a
likelihood data model and a prior distribution mbdé&ome simple examples
were given, and the trick of using conjugate pafrdistributions was illustrated.
However, determining a posterior distribution issiea said then done and
traditional analytical methods (using advanceduak; numerical methods, etc)
are often extremely difficult.

For example, let's consider what is actually a eatts simple case using a
conjugate pair of a multinomial likelihood and Rhlet prior which produce a
Dirichlet posterior distribution.

The prior is:
k
& aj)
—_ i1 ~N a -1
f(p1,p2,PK) = ——0O P
O dap'™
i=1
The likelihood is:
F (X, X X)=n pXlp, X2 p X
1y 72292 K xlxz--XK 1 2 Mk
The posterior distribution is:
Posterionu Likelihood * Prior
k
n q ai) X
Posterior = p % p 12— p*t
X1X2..XK L |:1
O Gai)
i=1

It is easy to evaluate the Dirichlet - that's wiysi used as a conjugate model.
Each individual pi has a beta distribution with graeter (alpha. post = alpha +
Xi, beta.post = sum (alpha_j (j not=i) + sum (Xjn@t = i). Perhaps we should
use another model to illustrate “difficult to evale”. For example, let's
consider the two parameter normal model. In thesngXe we consider what is
actually a rather simple case using a normal liegdd with parametergsrand

s

Data: X1,X2,...,Xn ~ N(mean®, variance s°)
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It turns out to be a bit easier for Bayesian comfoms to work with the inverse
of the variance parameter, the so-called precipamameterr = 1/s%. We then
assume the following popular independent priors:

Priors: m~N(mean=0, variance £)

f ~ gammaé4,b)

If little prior information is availablef? is usually chosen to be very large. .For
this example the likelihood function is, remembgrihat we usé = 1/s%

n/z - (X
e i=1
(Zp)n/Z

The joint prior density of the parametermnd’ is:

lik(m A =

f(m = (M ()= et prrgld

The posterior distribution is:

Posterionu Likelihood * Prior

L xemr g g
posterior= f @,f X, ,..X W f"2e?= 71e2f2 f ‘“e(%’)

The above two examples for the posterior are ngy &mevaluate, and these are
simple cases of multivariable posterior distribnto Even those in love with
multidimensional calculus are not very interested performing such
evaluations. Indeed, most posterior distributiohsnterest involving multiple
variables are difficult to evaluate and have noyeamlytical solution. But, the
dilemma is, in bioinformatics and other areas wogkivith high-dimensional
datasets, what we want is the information in thstgor distribution — the one
we can't evaluate directly!

Do not despair, because there is a clever trickarkblv Chain Monte Carlo

(MCMC) methods are the golden key to producing sterior distribution that

samples can be obtained from and high dimensioash d¢an be studied.
MCMC techniques simulate a posterior that can ljoegd. We can then use
the results to draw inferences about models anahpeters.

A brief view of how MCMC works is shown in Figur®-L. Here we simulate a
bivariate normal distribution normal. The approation starts at the origin and
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randomly walks for n cycles. In the upper leftream, n=10, the samples are
sequentially joined. Each successive sample is itondlly dependent on
another in what is a Markov process, described latethis chapter. As the
iterations continue the process produces a moiaegkfapproximation to the
desired posterior distribution. The sampler usethis figure is called the Gibbs
sampler, one of the algorithms discussed in Chaltteand the algorithm used
by the software program WinBugs, which can be wsedn accessory program
with R and is discussed in Chapter 12.

Figure 10-1: Posterior MCMC Simulation of a Bivatéa
Normal Distribution

By 1000 cycles the simulation in Figure 10-1 clgamtsembles Figure 8-7,
which depicts a directly simulated bivariate norrdatribution plotted in the
same way. Although the bivariate normal is noesy\complicated distribution,
hopefully this illustration has convinced you th«€MC techniques are capable
of producing a posterior distribution from whichadysis of posterior data and
parameters can be performed.

Utilizing MCMC techniques require an understandiofy Bayesian theory
(covered in Chapter 9), Stochastic and Markov Pseee described in this
chapter, the algorithms covered in Chapter 11,camdbe implemented using R
and the auxiliary software tools introduced in Gleafd2. The coverage in this
book is far from comprehensive, and serves as amhinimalist introduction to
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the power of MCMC. To take full advantage of MCMe€quires much more
statistical training.

The idea here is to introduce the reader to theepaf this technique so that
he/she may understand the terminology in the liteea he/she may be able to
perform simple exploratory applications using R awdiliary programs, and to
encourage the reader interested to collaborate stéttisticians who can assist
them in their modeling and data analysis. Someéaeamight even become
interested enough to pursue further formal studiestatistics (such as online
graduate courese offered at the Univesity of Nempighire).

Stochastic Modeling

As we have mentioned before, models are used teesept behaviors and
properties of real world systems. A major goaktaitistics is to provide useful
models in order to understand such systems in qogati when there is
variability. The use of statistical models in Ioifairmatics is rapidly growing,
but many other fields use such models as well. dgstdnding models is of
increasing importance for even those not involveddirectly making them
because of the importance of their use.

Models can be generally classified as stochasticleierministic. The term
stochastic is used to describe uncertainty (=ramé®s) in the model. A
deterministic model is a model where the input congmts of the model are not
random. The output of a deterministic model isedatned by the input. A
deterministic model has an outcome that can be atedpby direct calculation
or numerical approximation.

A stochastic model is one where the input companarg random. The output
of a stochastic model is also random, and is a strdpor estimate of the
characteristics of a model for a given set of ispdthe results of a stochastic
model are not usually determined by direct meth@delytical methods) but
usually involve some simulation technique (suchMgante Carlo methods,

discussed in Chapter 11). Stochastic models woell im the Bayesian

paradigm.

A deterministic model is a simplified version oS@chastic model, eliminating
much of the randomness. A deterministic model gjivesults of a single
scenario, whereas a stochastic model can be usgda@ distribution of results
for a distribution of scenarios. Deterministiai®re mathematical, stochastic is
more statistical.
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Stochastic Processes

A stochastic process is a stochastic mathematicadeinfor a probabilistic
experiment that evolves in time (or space) and ige¢es a series of values.

Recall that in probability, a single random phenoore(such as the value of the
role of a die) is modeled using a random variabfgesenting the outcome of an
experiment. Such an experiment can be referreds tetatic, because such an
experiment (rolling a die) does not (or at leastugth not) depend on time (when
the die is rolled) or space (my house or yours).

In a stochastic process, the “game” changes in ¢imgpace in some way. Each
step in the process is defined by a random variabid the entire stochastic
process can be defined as a set of random vari@blesx2, X3...Xn} that are
indexed by subsequent integer values (i from 1)toBach random variable in
the sequence represents the current state of toegw. The state space though
(consisting of possible values of the random vagsbremains the same. In a
stochastic process the subsequently indexed randanmbles are not
independent and there is some pattern of dependeoroyXn to Xn+1.

There are different types of stochastic process&so major categories of
stochastic processes are arrival-time processedviankiov processes. Arrival
time processes play an important role in probabdgipplications and include
Bernoulli processes and Poisson processes. Wenuillcover arrival times
proceses. Let's instead focus on Markov processes.

Markov Processes

A Markov process is a stochastic process wheresétieof random variables

{X1, X2, X3...Xn...} models a certain process over timéere it is assumed

these random variables represent measurement®oisy that were taken at
regularly spaced time points. Markov processesbéxa very special type of

dependence. The next value (Xn+1) depends onth@wcurrent value (Xn). In

other words the future evolution exhibits a prohistic dependence on the past
through the present, and ONLY the present.

Mathematically this is written in terms of condital probability:
P(Xn+1=Xn+1[Xn=Xn, Xn-1=X n-1, ... X0=X0)=P (X n+1=X n+1|Xn=Xn)

This is known as the Markov condition.

As an example of a Markov process, consider théuéwa of a DNA sequence

over time. In Figure 10-2 the state of the seqaeahepends only on the time

interval prior to it (t=4 depends only on t=3, etcThis logic is the basis for
some models of studying sequence evolution usingdtaChains.
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ATCGCCATCGAATACTCTAGCATG t=0

AT CCATCGAATACTCTAGCATG t=1

ATGCCACGAATACTCTAGCATG t=2

ATGCCACGAATACCTAGCATG t=3

ATGCCABRGAATAQCTACCATG t=4

\/

Figure 10-2: DNA Sequence Evolution as a Markovcess
Over Time

The nucleotide pattern 5 to 3" in a DNA sequence riot necessarily

independent and often is modeled so that the ntideesoare dependent on the
nucleotide immediately upstream of them. This i@kernative Markov process
model. Figure 10-3 depicts an abbreviated versiothe above sequence, this
time each sequential nucleotide represented asdexéd random variable.
Each state of the nucleotide {A, T, C, G} is sedimly dependent on the

nucleotide adjacent and immediately upstream odng only that nucleotide.

This type of Markov model is used in analyzing satpes in hon-MCMC

applications, discussed very briefly at the enthaf chapter.

ATC GCZC

5 X(T L 3

Figure 10-3: 5’ to 3’ Nucleotide Dependencies adarkov
Process

Classifications of Stochastic Processes

Time (Position)— Discrete or Continuous?
This refers to the index of the random variabless we saw in the example

above the index can be in terms of time or posif@ace, space, sequence). If
the index is discrete then it's discrete time/spalé¢he index is continuous it is
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continuous time/space. To avoid confusion withiestpace (below) it is better
to use the term sequence, position or place faxes that represent locations.

State Space — Discrete or Continuous?

This refers to the space of values for the randanatsle. In the discrete state
space case there are finite and countable valwshenrandom variables used
are discrete random variables. For example, a etistate space is the set of
four nucleotides in a DNA sequence and modeledgusindom variables that
will be discrete random variables (since they caty dake on four distinct
values). If there is a continuum of values (anyueglin the state space then a
continuous random variable is used and the staszesps referred to as
continuous.

Four Combinations of Possibilities

Of course, you can have any combination of time state space. Here we will
be concerned mostly with discrete time, discretecegMarkov processes which
are called Markov Chains. Towards the end of thapter, we will discuss

briefly how the discrete models generalize to candus models.

Random Walks

A random walk is a simple Markov Chain, yet thedstwf random walks is a
complicated subject in probability and has manyeatp Given that the system
is in state x (where x can be any integer valudina n, the system will at time
n+1 move either up, or down one point (integer)allguvith equal probability.
The basic probability calculations for the alignmalgorithm used by BLAST
are based on random walks and many other powepfullcations are based on
this simple theory.

The simple function below simulates a random waith wespect to the y-axis
using R. The x-axis is the index and represemt®.ti At any given time a
random step up or down one integer amounts to sagplith equal
probabilities from the numbers (+1,-1) and addimg tesult to the current state.
We initiate the chain with a starting value of yi(}=0. The results of one
simulation are shown in Figure 10-4.

> Walk1d <- function() {

+n<-100

+y <- vector(length=n)

+yl1]<-0

+for (iin 2:n) y[i] <- y[(i-1)] + sample(c(-1,1), 1)
+ plot(1:n,y,type="ylim=c(-20,20))

+}

> Walk1d()
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Figure 10-4: Simple Random Walk

Likewise, it is simple to simulate a two dimensibremdom walk in R as coded
below. Four sample outcomes are shown in Figuré.10This code could
represent (among other things) an experiment ppiflig two coins. One uses
the sample function to “flip” a 1 (heads) or -lil&a For the x and y direction if
the coinis 1, you move + 1 in that directionhé&tcoin is -1 you move —1 in that
direction. In the code below you see that we fgenerate 500 coin flips
representing the movements in the X direction (etkmove”) and likewise
for the Y-direction (vector “ymove”). The “cumsunflnction accumulates
these movements.

> par(mfrow=c(2,2))

> Walk2d<-function(){

+xstart<- 0

+ystart<-0

+ xmove <- sample(c(-1,1),500,repl=T)
+ ymove <- sample(c(-1,1),500,repl=T)
+ Xmove <- xstart + cumsum(xmove)
+ymove <- ystart + cumsum(ymove)
+ plot(xmove,ymove, xlim=c(-40,40),ylim=c(-
+40,40) xlab="x",ylab="y" type=")

+

> for (i in 1:4) Walk2d()
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Figure 10-5: Two Dimensional Random Walk Outcomes
(same simulation)

Real world applications of random walks includecteds, dendritic growth (for
example, tree roots), models for stock options podfolios, and gambling
game outcomes. Random walks underlie the theomylarkov Chains. Let's
now explore Markov Chain models in more detail.

Probability Models Using Markov Chains

A Markov Chain is a probability model for a Markgvocess that evolves in
time or space. Because some matrix math is redjtireompute Markov Chain
probabilities, we will first review how to do thigsing R. Then this section
introduces two examples of models using Markov @haiThe first example is
very simple and will be presented mostly concepgual he second example is
more complex and will be presented more matheniptic@he next section of
this chapter will investigate the mathematical detaf Markov Chain models in
more depth.

Matrix Basics
A matrix is a rectangular table of numbers. Thenbers are called entries (or
elements) of the matrix. The dimension of a masithe number of rows and

columns it contains. You have likely encounteredtrines before in a math
course (although you may not remember them!).
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For our purpose here, we will be concerned mostlth v8quare matrices.
Square matrices have an equal number of rows ahonos. And the only
operation we will be concerned with is multiplyingatrices.

For example, consider matrices A and B, which até B by 2 matrices:

al dz2
a2l a22

b1 H2
b21 b22

The elements of the matrix are indexed by ij, whésethe row number, and j is
the column number. To multiply matrix A by matito create a new matrix
C, we multiply row 1 elements of A by correspond&lgments of column 1 of
B and sum the results to get the first entry icClj. Then we multiply row 1
elements of A by column 2 elements of B to getyeo12 of C, etc....

copp. Al HIva2b2l dlfH2+dA2b22 _ dl d2
T a21* Ml1+a22%b21 a2l* M2+a22*h22 @21 22

In R, matrices are a distinct type of object witstitict behaviors declared using
the matrix function call. Matrices are NOT the samsedata frames nor are they
the same as arrays, which may look the same buvieelifferently and are
different object types in R which behave very difatly!. To declare a matrix
in R use the matrix function below with parametdasa (for the data vector),
nrow (for number of rows) and ncol (for number ofuenns).

matrix(data, nrow, ncol)

There are other parameters that we will not be eored with here (if interested

use help(matrix) and R will show the function disjai Data can be a

preexisting data vector, or can be entered asanper directly in the function

call. By default columns are filled first and theaws. Thus, if 4 data values are
entered as a data parameter, the first two becbenfirst column and the second
two values become the second column.

If you have existing data and you are not sure hdreit is already a matrix
object, using function is.matrix(x) will return &wr false depending on whether
object x is a matrix or not.

Multiplying matrices is done not using “*” alone thusing the special notation
“0/p* 0"

Let's declare two square matrices and multiply therR
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> a<-matrix(c(1,2,3,4),nrow=2,ncol=2)
>a
[11[2]
1] 1 3
2] 2 4
> p<-matrix(c(4,3,2,1),nrow=2,ncol=2)
>b
[1][2]
[1] 4 2
2] 3 1
> #Multiply matrix a times matrix b the CORRECT way
> a%*%b
[1][2]
[1] 13 5
[2] 20 8
> Note using a*b is NOT CORRECT

A Simple Markov Chain Model

Suppose a frog lives alone in a small pond with twty pads and we record
where he is every 5 minutes. At each time poistftbg (who is disabled and
cannot swim but can only leap from pad to padnigoe of the Lilly pads (state
space consisting of A and B). Between the obsamat{every 5 minutes) the
frog may move to the other Lilly pad or stay whbesis.

What if we know the frog is on Lilly pad A at theitial time, and we want to
know the probability that he is on pad A in 10 nmias?

We can model this scenario as follows. Our initraddel suggests that during
the first interval we observe (time 0 to time InfButes)) if the frog is on pad A
at time 0, the probability of the frog staying oadpA is 0.8, the probability of
the frog going to pad B is 0.2 if the frog is ordp& If the frog is on pad B, the
probability of staying on pad B is 0.6 and the @bty of the frog going from
pad B to pad A is 0.4. This model is depicted giegdly in Figure 10-6.
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0.8

Figure 10-6: Transition Probabilities for Frog’s &t Move

Alternatively, we can use a matrix to model thisigiion for the probabilities of
transition from state space 1 (time 0=0 minutesktite space 2 (time 1=5
minutes). We call this a transition matrix. Thevris the starting location and
the column is the ending location for each movehe Tnatrix below is for

transition probabilities for the first move giveretinitial state

08 02
Transition matrix for initial state =
04 06

To determine how he could be on pad A in 2 timagoksrgiven he is on pad A
in the initial state, we can observe that in offderthis to happen, there are two
possibilities. The first is that the frog is ondp& stays on pad A during the first
and second transitions. The second is that ttge daes from pad A to pad B
and then back to pad A.

The total probability of being on pad A after tvimé periods given he started in
pad A is the probability of the mutually exclusieeents (disjoint events) of the
first and second possibilities. Each transitiomaént is independent (frog can
go from A to A or A to B, these events are indepaniyl so we can multiply
them. Notice that in the matrix this is the firgtv times the first column.

P(Frog on A after two time intervals)

= P(AA)P(AA)+P(AB)P(BA)

=(0.8*0.8)+(0.2*0.4)

=0.64+0.08=0.72
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To get the next transition matrix (t=1 to t=2) wancuse R to multiply the first
transition matrix by itself, using the logic deserd above.

> frogl<-matrix(c(0.8,0.4,0.2,0.6),nrow=2,ncol=2)
>frogl
(12
[1,] 0.8 0.2
[2] 04 0.6
> frog2<-frog1%*%frogl
>frog2
(12
[1,]0.720.28
[2]0560.44

Figure 10-7 depicts graphically the new transifoababilities.

Figure 10-7: Transition Probabilities for Frog's &t Two
Moves

Let's consider the longer-term behavior of the $iion probability matrix
(which can be referred to as “the chain”). As weréase the powers of the
transition matrix (time 3, time 4....) a peculiarrthihappens....

> frog3<-frog2%*%frogl
> frog3

(1] [2]
[1,]0.6880.312
[2,]0.6240.376

> frog4<-frog3%*%frogl
> frog4

L1 [2]
[1]0.6752 0.3248
[2,]0.6496 0.3504

> frog5<-frog4%*%frogl
> frog6<-frog5%*%6frogl
> frog7<-frog6%*%ofrogl
> frog8<-frog7%*%frogl
> frog9<-frog8%*%frogl
> frog10<-frog9%*%ifrogl
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>frog10

[ [2]
[1] 0.6667016 0.3332984
[2.] 0.6665968 0.3334032

> frog11<-frog10%*%frogl
> frog12<-frog11%*%frogl
> frog13<-frog12%*%frogl
> frog14<-frog13%*%frogl
> frog15<-frog14%*%frogl
> frogl5
(1 [2]

[1,]0.666667 0.3333330
[2,]0.666666 0.3333340

> frog16<-frog15%*%frogl
> frog17<-frog16%*%frogl
> frog18<-frog17%*%frogl
> frog19<-frog18%*%frogl
> frog20<-frog19%*%frogl
> frog20
(1 [2]

[1,]0.6666667 0.3333333
[2,]0.6666667 0.3333333

After around 20 intervals the transition matrixloager changes. At this point,
the frog’s probability of going from A to A is theame as going from B to A,
and B to B is the same as A to B, as depictedguriéi 10-8.

0.333

0.666

Figure 10-8: Transition Matrix for Frog’s First 20umps

After 20 jumps the frog’s position is in a so-cdlkgationary distribution and the
chain has converged (ended) with this stationastridution.

In the beginning we didn’t really mention a “stagiprobability distribution”
for the probability of the frog being in pad A oraBthe beginning of the chain.

We specified only the transition probabilities fis moving from pad to pad.
We can easily incorporate such a “prior distribation the model.

Copyright May 2007, K Seefeld 174

Permission granted to reproduce for nonprofit, atiooal use.




Let's say there is an equal probability (p=0.5 $tarting on A or B). We can
update this distribution by multiplying it by eatrhnsition matrix.

> startO<-matrix(c(0.5,0.5),nrow=1,ncol=2)
> start0

[11[.2]
[1] 05 05
> startl<-start0%*%frogl
> startl

[A1[.2]
[1] 0.6 04
> start2<-start1%*%frog2
> start2

(1] [.2]
[1,]0.656 0.344
> start3<-start2%6*%frog3
> start3

(1 [2]

[1,]0.665984 0.334016

By the third iteration, the starting probabilitysttibution is converging to the
stationary distribution.

What if we used a different starting probabilitgtdibution? Let's use p=0.1 for
the frog starting on pad A and p=0.9 for the frtayting on pad B and see what
happens when we update this with the transitioriosst

> altstart0<-matrix(c(0.1,0.9),nrow=1,ncol=2)
> altstartO

(1102
[1] 01 09
> altstartl<-altstart0%6*%6frog1
> altstart1

(1102
[1,]044056
> altstart2<-altstart1%6*%6frog2
> altstart2

(1] [2]
[1,]0.6304 0.3696
> altstart3<-altstart2%6*%6frog3
> altstart3
(1 [2]

[1,] 0.6643456 0.3356544

This alternative starting distribution also conwesgto the stationary
probabilities. This can be interpreted as the @seceventually “forgets” the
starting condition and no matter where it startmverges to some stationary
distribution given the initial transition probalidis.

Important concepts which are illustrated with tisisnple example are the
concept of a Markov Chain as a probabilistic motted,concepts of states of the

Markov chain (Lilly pad A or B at a given time), derstanding transition
probabilities between states and how to use a xnatridisplay transition
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probabilities and how to mathematically (using Rxmpulate the matrix to
compute transition probabilities for k>1 subsequstates and understanding the
idea of convergence to a stationary state.

Let's investigate these concepts with more mathealatietail using a second,
slightly more complex model involving a DNA sequenc

Modeling A DNA Sequence with a Markov Chain

Specifying the Model

The first step in working with a Markov Chain modelto determine what the
model is. Consider again Figure 10-3, which cobkl part of any DNA
sequence of interest. Each place in the sequeartéde thought of as a state
space, which has four possible states {A, T, C, &hch position in the
sequence can be represented with a random vanaplX;,... X, that takes a
value of one of the states in the state space fartcular place in the sequence.
If we follow Figure 10-3 and go in the 5’ to 3’ dition then X=A, X;=T and
so forth.

The model we are interested in is that nucleotiigsend on the prior nucleotide
and only the prior nucleotide. In other words, theleotide sequence is not a
series of independent nucleotides, but that eacleatide is dependent on the
nucleotide immediately upstream. In other worddlie sequence:

5 ATTGCC 3’

we can express the probability of this sequencegutie Markov Property as
follows:

P(X5=C|X4=C,X3=G,X2=T X1=T,X0=A)=P(X5=C|X4=C)

Setting up the Transition Probability Matrix

To set up the matrix of transition probabilitiess weed some idea of the initial
probability distribution. Perhaps we sequence va 180 base pair stretches
from the DNA sample in question and determine todoWing for the
probability of nucleotides adjacent to each oth&/e can use this as our one-
step transition matrix to start the chain with

A 03 02 02 03
T 01 02 04 03
C 02 02 02 04
G 01 08 01 O
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Rows represent starting states and columns the steté. Row 1, column 1
represents the probability of going from nucleotfén position 0 (=A) to
nucleotide A in position 1 (3A) or P(X1=A| Xp=A). Row 3, column 2
represents the probability of going from nucleotden position 0 (%¥=C) to
nucleotide T in position 1 (T) or P(X=T|Xp=C). The transition matrix
contains all information needed to compute allghgbabilities for future states.
Notice the sum of every row is 1, obeying the lafsmaial probability. The
columns do not have to sum to 1 and usually do not.

In addition to the matrix we can use a graphicpresentation of the one-step
transition probabilities as illustrated in Figu@-Q:

Figure 10-9

Determining Convergence and Stationary Distributiors

Let's go ahead and enter this model in R to cateutastationary distribution
using R’s capabilities to multiply matrices:

> DNA<-
matrix(c(0.3,0.1,0.2,0.1,0.2,0.2,0.2,0.8,0.2,0.4,0. 2,0.1,0.3,0.3,0.4,0),
+ nrow=4,ncol=4)
>DNA
LA L21[3][4]
[1] 03 02 02 0.3
[2] 010204 03
[3] 02020204
[4] 01080100

Multiplying matrices by powers of 2:

> DNA2<-DNA%*%DNA
> DNA4<-DNA2%*%DNA2
> DNA4

[ [2] [3] [4]
[1,]0.1567 0.3512 0.2424 0.2497
[2,] 0.1557 0.3476 0.2454 0.2513
[3]0.1572 0.3560 0.2380 0.2488
[4,] 0.1533 0.3458 0.2529 0.2480
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> DNA8<-DNA4%*%DNA4
>DNA8

(4 [2 (3] [4]
[1,] 0.1556210 0.3497508 0.2450089 0.2496193
[2.] 01556207 0.3497695 0.2450017 0.2496081
[3]0.1556171 0.3497173 0.2450332 0.2496324
[4,] 01556375 0.3498298 0.2449286 0.2496041
> DNA16<-DNA8%*%DNAS
>DNA16

[ [2 [3] [4]
[1,] 01556240 0.3497689 0.2449923 0.2496148
[2.] 01556240 0.3497689 0.2449923 0.2496148
[3] 0.1556240 0.3497689 0.2449923 0.2496148
[4)) 01556240 0.3497689 0.2449923 0.2496148

DNA16 (PlG) appears to have converged and represents anstatidistribution.
Just to be sure we run a few more powers....

> DNA32<-DNA16%*%DNA16

> DNAG4<-DNA32%6*%DNA32

> DNA64

(4 [2 [3] [4]

[1,] 01556240 0.3497689 0.2449923 0.2496148
[2.] 01556240 0.3497689 0.2449923 0.2496148
[3] 0.1556240 0.3497689 0.2449923 0.2496148
[4,] 01556240 0.3497689 0.2449923 0.2496148

We can use the converged transition matrix to eafeclthat our stationary
distribution of nucleotides, which we representwite letter pi, is:

p=[015 035 025 025

We can interpret this as, given our initial distition the posterior distribution
of nucleotides is 15% A, 35%T, 25%C and 25%G, rdigas of position. We
can also use this distribution to calculate expkotalues of the numerical
distribution of nucleotides. In a sample of 10a&leotides from this sample,
we would expect 150 A, 350 T and 250 to be C or G.

Applications

Although the above is mostly a toy example, modbelsed on these principles
are used in sequence analysis in non-MCMC appticati Statistical
comparisons of sequence elements can be made wtherenucleotide
composition of different types of sequence elemesitdistinguishable. For
example, one could obtain initial distributionsmafcleotides in gene coding and
non-coding regions and use Markov chains to dete¥mihe stationary
distributions for both. You could then performtitical analysis to determine
if there is a significant difference in nucleotidemposition in coding or non-
coding regions. Likewise, Markov models are freglyeused to determine if a
region is a CpG island using a more complicatedkdghamodel called a Hidden
Markov Model (HMM).
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Characteristics of a Markov Chain

Markov Chains can be characterized by certain hehaand properties. When
using MCMC, we are interested in chains that regula stable and unique
stationary distribution. Not all Markov chains leaproperties we want in order
to be usable for determining a unique posteriatridigtion! In order for a chain

to converge to a unique state it must be ergodiat ts be aperiodic and
irreducible. These terms and other important tearesexplained below.

Finiteness

Finiteness means that there are a finite numbposs$ible states. Clearly in the
case of the Lilly pads there were only 2 stateg] amthe case of a DNA
sequence there are only 4 states. These systamfinde. Finite does not
necessarily mean small, it only means the numbepassible states is not
infinite. We are only interested in Markov modelkere the state space is
finite.

Aperiodicity

Aperiodicity means the chain is not periodic. ther words, the chain does not
behave like a sine wave and keep visiting the sstates over and over again.

Consider a three state chain {A, B, C} where théy @ossible -transitions are
A->B, B->C and C->A as in Figure 10-10.

Figure 10-10

This chain is periodic because if we observe thatchain is in state A at time 0,
then in time 3 the chain will be in state A agaetause this is the only route
possible given the allowable transitions (note ehisrnot a transition to stay in
the same state). Again in time 6 and time 9 tharctill be in state A. This is

a very predictable and periodic pattern. Sincediteatest common divisor of
these is 3, we say that this chain has period of 3.

We could work with this chain in R as follows:
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> periodic<-matrix(c(0,1,0,0,0,1,1,0,0),nrow=3,ncol =3)
> periodic
[A1[.2] [.3]
] 01
] 00
] 10

WNHF
or o

—

> periodic1<-periodic%*Yoperiodic
> periodicl

[1][2][3]
10

01
00

WRNFE
= OO

> periodic2<-periodic%*%operiodicl

> periodic2
[1][2] [3]
[1] 1 00
2] 010
3] 0 0 1
> periodic3<-periodic2%*%operiodic
> periodic3
(11121 [3]
1] 0 0 1
2] 1 00
3] 010

If we keep going the chain will just rotate arouadd around without ever
converging to a unique distribution. This is NOBehavior we want for a chain
we use for determining a posterior distributionstéad, we want chains that are
aperiodic.

[rreducibility

Irreducible means that every state can be reacbed évery state. To illustrate
this with a counter example, consider the chaiRigure 10-11.

&N @
CA
&0 -&

Look at the figure and ask yourself the simple tjoas how do you go from
state E to state A? The answer is that you cdhih a state space the transition
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probability of going from one state to anotheresiatzero, then the state space is
reducible.

An example of what a stationary state transitiortrindor a reducible state
space {A, B, C, D} would look like is:

04 06 0 O

03 07 0 O
0O O 04 06
0 0 03 07

In this case there are two stationary distributiohs a reducible system there
does not exist a UNIQUE stationary distribution.hefefore we desire our
systems to be IRREDUCIBLE when using them for dairing a unique
posterior distribution.

Ergodicity

A Markov chain, which is BOTH aperiodic and irredhle, is ergodic. An
ergodic chain has a unique stationary distributiwet is positive on all states
when the number of states is finite.

Mixing

A Markov chain has good mixing properties if it nesvfluidly through all
possible states. Good mixing means the chain doeget “stuck” for periods
of time around one state. We will analyze mixingew we look at time series
plots of Markov chains using WinBugs as mixing idiagnostic tool for chain
behavior.

Reversibility

Reversibility is a special and somewhat mathemifficaagical property of a
Markov Chain. It is NOT necessary for a chain taréeersible in order to have
a unique, stable, stationary distribution. In otiwerds, an ergodic chain can be
reversible, but does not have to be reversible. él@n some of the algorithms
we will use take advantage of reversibility.

An ergodic Markov chain is reversible if it satedi the detailed balance
equation:

P (X)P(X,y) =p (y)p(y, X)
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In the detailed balance equation for a chain witttesspace S, x is the current
state of the system and y is the state at thestegt The transition probability
from x to y is p (X, y) and the transition probdlgilof going from y to x is
p(y,x). If the system has more than two stategi#ttailed balance holds for any
two states in the system’s state space.

In essence the property of reversibility meang tha probability of going
forward in time (or space) equals the probabilitgoing back in time (or space)
for a given state space pair.

Let's look at a simple example of a reversible MarikChain. Going back to the
frog example, what if the one-step transition nxafior the frog is as follows:

A 01 09
P°=Start
B 09 01

Although it takes a while (about 60 transitiongy it in R and check) the
stationary matrix for this system is:

n A 05 05
P =Start
B 05 05

Thus the unique invariant distribution for stateard B is:
p=[05 05
To check for reversibility we check the detailedaipae equation:
P(A)PR(A,B) =p(B)p(B,A)
0.5*0.9 =0.5*0.9
Therefore this system is reversible. You couldetéthe stationary matrix and

perform some calculations to travel backward thiotige chain and you would
return to the starting state.

The Stationary State

The stationary state is the gold in the mining psscof Markov chain models.
The stationary state is also referred to as thgetadistribution, the limiting
distribution, and various other terms. In the Bage sense, the stationary state
is the posterior distribution (or the posterior tdimition of interest can be
determined using the stationary state).
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We have seen that the existence of a stationaty aNOT guaranteed, but is
conditional on various properties of the Markov @ha To have a unique
stationary state a chain must be ergodic, posgpd$ie characteristics of
aperiodicity and irreducibility described earlier.

The convergence of Markov chains is a mathematggat in and of itself, the
details of which are beyond our discussion. Howgenmet all chains converge
with equal speed or fluidity and we do want do makee our chain has
converged before determining a stationary distiitbut The package CODA
will be introduced in chapter 12 and contains fiowdlity to perform some
convergence diagnostics.

Often our stationary distribution is a multivadab high-dimensional
distribution. This is difficult to analyze graphity or to interpret, so ordinarily
we will be interested in analyzing individual vdries and parameters
separately. In order to do this we will look at rgiaal and conditional
probability distributions for the parameters okirgst. Recall the discussion and
graphical illustrations in Chapter 8, which lookadthese distributions for the
multivariate normal, multinomial, and Dirichlet tibutions. We will come
back to this type of analysis.

Continuous State Space

So far we have considered discrete state spacgs-dhbse where the states are
distinct such as {A, T, C, G}. However, often weillwbe dealing with
continuous state space models where the state spadake on a continuum of
values. In the case of continuous state spacérdeition matrix is replaced
with a transition density often referred to astiiamsition kernel. This cannot be
put into matrix form but is instead a joint contius probability density.
Transition probabilities are calculated with intglgr not sums. Except for the
mathematical differences of dealing with continueessus discrete values for
the state space, the discrete and continuous spatees are conceptually the
same and there is no need to discuss continuotessptace models in detail. We
will work with continuous state space models in soofi the examples used in
Chapters 11 and 12

Non-MCMC Applications of Markov
Chains in Bioinformatics

In this book, our primary interest is in workingtlviprobability models and
using Markov Chains for modeling so that we mayiagiMCMC methods to
simulate posterior distributions in order to hatwesults of interest. This is the
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area where R and WinBugs can be very useful taadsagplications presented
in this book will focus on this type of analysis.

However, it is of note here that Markov Chains piayportant roles in many
other applications in bioinformatics which may liansl-alone Markov Chain
applications and do not utilize MCMC techniquesor Ehese applications, the
interest is not in posterior distribution deterntioa. For example, there are
many applications of Markov Chains in sequence yamal and the use of
Markov Chains for additional applications is insies all across bioinformatics
related disciplines. Many books of interest asteli in the appendix for those
interested in further exploration of the use of ktar Chains in sequence
analysis; in particular the book by Durbin is deagbto this subject.

The study of Markov Chains is a rich mix of algbntic, mathematical and
statistical methods and only the basics have heteodiuced here. However the
basic properties of Markov Chains introduced irs tbhapter apply to other
types of applications and should serve as a foiordér further study.

A Brief Word About Modeling

Sometimes you may start feeling a little suspiciab®ut whether stochastic
modeling and Bayesian methodology is “correct”.isTi especially true if you
come from a background using primarily analyticatlanore “exact” methods
of measuring and working with data.

Keep in mind, the goal of any type of mathematioadeling is to approximate
“reality” in order to understand some phenomena.major area of modern
statistics is to develop better models that moreumately reflect reality, an
ongoing process where models are iteratively refindo be useful, it is not
always necessarily that a model be extremely ateuha statistics, models take
randomness and some inaccuracy into account. hymases, models are the
best system we have for understanding phenomepaciefly phenomena that
cannot be accessed or manipulated empirically. Anerging area of
bioinformatics involves modeling systems at a higlegel (systems biology is
already emerging as a science in and of itself) satistical models will play a
key role in these models.

One of the goals of this book is to impart upon thader an understanding of
the basics of some of the statistical models in u#ée focus on methods of
modeling and on how R can be used as a softwadetdowork with these
models. At this point, we have introduced genprabability models using one
or many variables, and the basics of stochasticetsod/Ve will later work with
linear models and methods of organizing large dets.in meaningful ways.
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11

Algorithms for MCMC

This is a chapter introducing some commonly usegbrihms that take
advantage of Monte Carlo methods to simulate tistibons. There are many
algorithms and many variants of algorithms to perféhese tasks, but our focus
here will be on a few specific algorithms often disie bioinformatics. These
algorithms can easily be used in R and are relgtiveathematically simple yet
extremely versatile.

We have seen already that using R it is easy talabm draws from common
distributions with either R’s built-in functionajitin the base package (as in
rnorm, rgamma, etc) or using supplementary funstieither written directly or
using a pre-written package (as in the multinoraiad Dirichlet simulations in
chapter 8).

However, we have also introduced the powerful taphes of Bayesian
statistics and the idea of a complicated high-disimral posterior distribution
that is difficult to determine. In bioinformaticis is the type of distribution
we are interested in applying in order to solve plax problems. Determining
solutions for such complex posterior distributioiss beyond the limits of
traditional analytical mathematical methods, amhde the need for Monte
Carlo simulation. We have introduced Markov Chams a method of
approximating a posterior distribution.

The goal now is to work with Bayesian methodologyd aMarkov Chain
techniques to be able to simulate and study paestéistributions of interest.
This chapter introduces the algorithmic approathasare used to do this, and
the next chapter introduces some applications where will explore
complicated posterior distributions using some gxasifrom genetics. To do
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so, we will use the program WinBugs and the packa@®A in conjunction
with R.

WinBugs utilizes the Gibbs sampler, one of the atgms covered in this
chapter. It is possible for a user to work in WirgB without understanding the
algorithmic background the program uses, but nosewdr advantageous.
Therefore a focus of this chapter is to cover tmeoty of why the program
works. However, the algorithms introduced hereehstand-alone value and are
used for many other applications in bioinformatsswell.

Monte Carlo Simulations of Distributions

Monte Carlo method in general means any techniquelftaining solutions to

problems using random numbers. The name obviaiedliyes from the famous
casino resort on the French/Italian Riviera. Ramdmmbers were first studied
in the context of games of chance and gambling.nt&l&arlo basically means
simulating random outcomes. Before the availgbdit fast computers methods
of generating random numbers were unreliable oiotesd However, in the

recent past because of the development of the marsmomputer and the
exponential increase of processor speed (over tiiwejte Carlo methods have
experienced explosive growth. Monte Carlo techrsgaee now standard in
statistics and all sciences to solve many typeproblems. Our problem of
interest here is using Monte Carlo methods to sateuprobability distributions.

This section explores two methods of simulatingpdardistributions. The next
two sections introduce more complicated algoritfiondMonte Carlo simulation

and the last section of this chapter ties it ajether.

Inverse CDF Method

The inverse CDF method, or inverse cumulative ithistion function, method is
the simplest method to simulate a probability disttion directly. It allows us
to utilize a computer’s built-in random number geter (technically called
pseudo-random number generator). A random numbrergtor is an algorithm
that produces random sequences of the digits 0,192~ imagine repeated
shuffling of these digits and then drawing one tdégia time between shuffling.
Any real number between 0 and 1 can be represeasesl sequence of such
digits (up to a certain precision), hence it cangeeerated using the random
number generator. If many such numbers are gemethéeresulting sample is
that of a uniform distribution with range [0,1]. Rthis is the command “runif”.
The inverse CDF method transforms a set of uniforir)(random draws so that
the resulting values represent random draws froyrdasired distribution.

Recall from chapter 6 the discussion of cumulatistribution functions. ecall
also from precalculus mathematics that if f is 80 1L function with domain A
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and range B, then f has an inverse function f-hwidmain B and range A and
is defined by

f i y)=x0 f(x) =y

for any y in B, as depicted in Figure 11-1.

I

Figure 11-1

Of course, for a probability distribution functiome know that the range of
values in B is between 0 and 1 (obeying the prdipabiheory that all
probability values are between 0 and 1). Thereforsimulate values, we can
randomly generate values between 0 and 1, whiclcalled the uniform
distribution (which is the probability distributidmving equal probability of all
values between 0 and 1). In R the function runif ba used to draw a random
uniform sample and then to transform the sampléhbyinverse CDF method to
obtain a simulation of the desired distribution.

Let's do an example of the inverse CDF method toutite an exponential

distribution with parameter lambda =2. Recall tf@at the exponential, the
CDFis

F(x)=1-€ *

Letting F(x)=u
Solving for x

log(1-u)=1 x

x=—/l log(L- u)
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Therefore we can write a simple function in R tongiate an exponential
distribution. We can call this function with theddred n, the number of values
to be randomly drawn, and parameter lambda desired.

> simExp_function(n,lambda){

+ u<-runif(n)

+ x<-(-LNambda)*log(1-u)}

Doing this to simulate an exponential with lambdasging 1000 draws
(n=1000) produces a simulated distribution using thverse CDF method
which appears exactly as a simulated distributibthe exponential using R’s
command “rexp” with the same parameters does, &guare 11-2. In fact R
utilizes the inverse CDF method internally to pdwmvisimulation of several
distributions. However the inverse CDF method asyeto implement when
faced with a new distribution that is not availaleoftware.

> x1<-simExp(1000,2)

> x2<-rexp(1000,2)

> par(mfrow=c(1,2))

> hist(x1,30,main="Inverse CDF")

> hist(x2,30,main="Direct Simulation")

Figure 11-2

Rejection Sampling

The second method of using Monte Carlo methods#nalate a distribution that
we will look at is called rejection sampling. Refjen sampling can be useful to
simulate a distribution when the inverse CDF fumttis unobtainable or
complicated. This is the case even with some uiaitea distributions such as
the beta and gamma.

The general strategy with rejection sampling isample instead from another
appropriate distribution and then use a correctitechanism to redirect the
sample to make it approximately representativehef distribution of interest.

Rejection sampling is a technique of approximatingjstribution using another
close distribution for the actual sampling and & no determine (accept or
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reject) which values sampled approximate the digtion of interest. The
distribution sampled from is sometimes called aveéope distribution, since it
must frame the distribution of interest and thusitam all values for the
distribution of interest.

Rejection sampling is best illustrated with an eglan Let's simulate via
rejection sampling a beta distribution with alphasl beta=2. Mathematically
this distribution is given by its pdf as follows.

_Ga+b) a1, b1
f(x)_G(a)G(b)X - x)

For alpha=2, beta=2 this is
f(x) =6*x *(1-x)

We note from the plot of a beta (2,2) in Figure3lLihat the maximum of the
beta curve is 1.5. Therefore we can use a multiptee uniform pdf with y=1.5
over the range of x from 0 to 1 as the envelopeHterbeta distribution. Here
we simply sample from a uniform(0,1) ignoring thaltiplicity factor 1.5. .

Figure 11-3
The method we will use to do the rejection sampinags follows:

1. Draw a sample x from the distribution whose pdfaiamultiple of the
envelope — in our case we are sampling from (umfdo,1]) . The
multiplier is M=1.5 (to be used in step 4)

2. Draw a sample u from the uniform 0 to 1
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3. Compute f(x) — that is beta(2,2) pdf evaluatedchatvalue x

4. Compare if f(xX) > M*u then accept x as a valid aluOtherwise reject x
and repeat steps 1 through 4.

In R we can code these four steps as follows, ditgraccepted values as
“acceptx”. Here we give an example of 5000 randivaws:

> x <- runif(5000,0,1) # Step 1

> u <- runif(5000,0,1) # Step 2

>fx <- dbeta(x,2,2) # Step 3

> acceptx <- X[fx > 1.5*u] # Step 4

Since a picture can speak a thousand words, lets plot comparing where the
accepted and rejected values lie:

> hist(acceptx,prob=T ylim=c(0,1.8))

> points(x,fx)

Figure 11-4 is convincing evidence that the regecgampler works.

Histogram of acceptx

15

Density
1.0

0.0 05

[ T T T T 1
00 02 04 06 08 10

acceptx

Figure 11-4

The Gibbs Sampler

In 1984, Geman and Geman introduced the Gibbs saniplthe context of
image restoration using Bayesian thinking, Besagfl@sed the Gibbs sampler
for spatial statistics but it wasn’t until 1990 wh&elfand and Smith first used
this sampler in the context of Bayesian statistRiace then, probably no other
algorithm has received so much attention and becsanpopular in statistical
applications. The Gibbs sampler is remarkably &&mand versatile, yet
powerful.

Basically, the Gibbs sampler is a tool for samplifigm a multivariate
distribution, say of a m-dimensional set of varggbU1,...,Um. It does so by
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iterating through the individual variables Ui byngaing from the full
conditionals f(Ui| U(-i) and then updating, andeating this for all Ui. The full
conditionals are simply the univariate conditiordistributions of any one
component Ui given the values of all the remairinghponents denoted by U(-

)

In the Bayesian context we are interested in samgpiiom the multivariate
posterior distribution of all parameters. Here thdl conditional is the
conditional distribution of a single parameter givhe data and all the other
parameters. We have mentioned in earlier chaphetsone way to study high
dimensional distributions is to look at marginatlazonditional distributions of
parameters. Indeed, many times this is the onlytadook at such distributions
especially beyond 3 dimensional distributions sihnémpossible to visualize or
graph higher-dimensional distributions.

The conditional and marginal distributions of paetens of interest have much
simpler forms. A high dimensional posterior distiion can be broken down
into conditional distributions for each of the paegters of interest. We then can
look at marginal and conditional distributions afdividual parameters. For
example, let's say we have a hypothetical distiibbutwhich has three

parameters that we will call A, B, and C. Togetlieese parameters have
posterior distribution p(A,B,C) which is a jointstlibution. The Gibbs sampler
enables us to obtain samples from this distribubgnsimply using the three

full-conditional distributions: p(A|B,C), p(BJA,&nd p(C|A,B). Each of these
is a one-dimensional distribution that is much eag work with than the joint

distribution. Ultimately we will not be studyingehoint posterior distribution of

the sampled values but rather marginal distribstioh individual parameters

since that is what we are mainly interested in.

The Gibbs sampler works by beginning with an ihisate of the distribution
and iterating through the distribution by updatemch of the full conditionals
until the distribution reaches a stable, convergeasterior distribution.
Essentially the Gibbs sampler is a Markov Chaincess, illustrated in Figure
11-5 for a two parameter, x and y scenario. Theptamgoes from state X to
state Y iteratively using Markov dependence andftifieconditionals represent
the Markov transition probability distributions.

To illustrate use of the Gibb’s sampler we predest examples. The first is a
toy example using basic probability. In this calse posterior distribution of
interest is known, but all of the steps can besiliated so this example is
presented as a review of probability and as astithtion of the Gibb’s sampler,
which can be easily followed. The second exanmplasing the Gibb’s sampler
to simulate the posterior of a bivariate normaltriisition, a more complex
situation.
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Figure 11-5

A Gibbs Example Using Simple Probability

To illustrate the Gibbs sampler, let's do a simpigeriment using only basic
probability distributions. Suppose we are intergstetwo parameters, A and B,
whose joint distribution is known and illustratedTiable 11-1

Table 11-1
A
1 2 3
B 0.3 0.2 0.1
0.2 0.1 0.1

Recall that a marginal probability is the probabilbf a parameter considering
only values of that parameter across all valuestioér parameters. The marginal
probabilities of A are illustrated in Table 11-2.

Table 11-2
A
1 2
0.5 0.3 0.2

The marginal probabilities of B are illustratedTiable 11-3.

Table 11-3

B 1 0.6
0.4

Recall that a conditional probability distributiégs the value of one parameter
given a particular value of another parameter. Fiteerjoint distribution the full
conditional distribution of B given A is given ireble 11-4. For example, in the
upper left cell the probability that B=1 GIVEN A+4.0.6.
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Table 11-4

A
1 2 3

PBIA) | 1 0.6 0.667 0.5

2 0.4 0.333 0.5

Likewise, the full conditional distribution of Aggn B is presented in Table 11-
5. This time the value in the upper left cellhg fprobability that A=1 GIVEN
B=1 is 0.5. If this does not make sense, you shoeldew the coverage of
conditional and marginal probabilities presentedhapter 8.

Table 11-5
P(AIB)
1 2 3
B 1 0.5 0.333 0.166
0.5 0.25 0.25

Here is a little program in R, which uses the Gébhbampler to compute the
marginal distributions of A and B, by sampling frahe full conditionals.

First we initialize all variables involved.

> #initialize a and b to (1,1) first row, first col umn
>a<-1

> ph<-1

> #initialize variables to hold results

> margA<-NULL

> margB<-NULL

> joint<-matrix(c(0.3,0.2,0.2,0.1,0.1,0.1),nrow=2,n col=3)
> samples<-matrix(0,nrow=2,ncol=3)

Next, run a loop of 1000 runs which chooses vafaeshe variable conditioned

on using the sample () function (not to be confusdith the samples results
matrix variable!) and then stores the selectiothappropriate marginal results
variable using the append function.

> for(i in 1:1000¥

+#sample a given value of b

+ #sample comes from full conditional dist of b giv ena
+ b<-sample(c(1,2),1,prob=joint],a]/sum(joint,a]))

+#sample b given value of a from above

+ #sample comes from full conditional dist of a giv enb
+ a<-sample(c(1,2,3),1,prob=joint[b,}/sum(jointb,] )

+ margA<-append(margA,a)

+ margB<-append(margB,b)

+ samples|b,a]<-samples[b,a]+1}
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The samples matrix contains the counts of a’s amérdm the sampler above:

> samples

(1] [2] [.3]
[1] 288 206 117
[2] 194 95 100

Converting the samples data to probabilities anehparing with the original
joint distribution shows the results obtained uding iterative Gibb’s sampling
from the conditional distributions reproduced tbmf distribution.

> sampleProp<-samples/1000
> sampleProp

(1] [.2] [3]
[1,]0.2880.206 0.117
[2,]0.194 0.095 0.100
> joint

[A1[.2] [.3]
[1] 030201
[2] 020101

Figure 11-5 shows the marginal distributions of AdaB produced by the
sampler. Compare these results to the marginalliisons in Tables 11-2 and
11-3.

> par(mfrow=c(1,2))

> hist(margA,main="Marg.Dist of A")

> hist(margB,main="Marg.Dist of B")

Figure 11-5

A Gibbs Example Using the Bivariate Normal

Recall from chapter 8 the discussion of the bitari@ormal distribution as the
joint distribution of two normally distributed vatiles, which we can refer to as
X and Y. In chapter 8 we only considered the catere X and Y are
independent.  Let's look at slightly more complezht bivariate normal
distribution where X and Y are correlated. That tisere is a statistical
relationship between X and Y. Correlation is meaduby a correlation
coefficient, usually symbolized by the Greek lettko (). If rho=0 then the
variables are uncorrelated. If rho=1 then thewe pgrfect correlation between X
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and Y. Values of rho between 0 and 1 indicate degree of a linear
relationship between the variables.

If the correlation coefficient is considered, tlwén} probability distribution of
two normally distributed random variables can b#tem as:

0 1
X,Y)~N ,
*Y) 0o r

This means X and Y are distributed normally withamg& O and O (the first
parameter matrix) and variancesséfand correlation of between XY.

For reasons that we will not detail (see a textbooknultivariate statistics, such
as Johnson&Wichern, listed in the appendix for i®tathe conditional
distributions of X and Y for the bivariate normaéghere we assuns = 1 for
simplicity)

P(X|Y=y)~N(y, 1+7)
P(Y[X=x) ~N{ x, 11 2)

We can write a function in R that uses the Giblmspdar to simulate a biviariate
normal distribution by iteratively sampling frometfe conditionals.

> gibbsBVN_function(x,y, n, rho){
+

+ #create a matrix to store values
+ m<-matrix(ncol=2,nrow=n)

+

+ #store initial values in matrix

+ m[l,]<—C(X,y)

+

+ #sampling iteration loop

+for (iin 2:n{

+#rnorm takes sd not variance

+ #update x conditional on'y

+ x<-rmorm(1,rho*y,sqrt(1-rho”2))

+ #update y conditional on x from above
+ y<-rmorm(1,rho*x,sqrt(1-rho*2))

+

+ #store values in matrix

+mii,]<-c(xy)

+}

+m

+}

This works because it is a Markov chain. Refekiiadigure 11-5. If ¥)=x0
then the distribution of % is N(r2nx0, 1r 4n). But as n goes to infinity this

converges to N(0,1), a regular standard normalidigton. Therefore after
enough runs, no matter where we start X and Y thegmal distributions of X
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and Y will be normal distributions with mean of @davariance (=standard
deviation) of 1.

Let’s run this function with different starting was for X and Y, using rho=0.

> par(mfrow=c(2,2))

> startX0Y0<-gibbsBVN(0,0,200,0)

> startX5Y5<-gibbsBVN(5,5,200,0)

> startXn5Y5<-gibbsBVN(-5,5,200,0)
> startXn5Yn5<-gibbhsBVN(-5,-5,200,0)

Figure 11-6 shows that no matter where you stdtér 200 runs the joint
distribution simulated using the Gibbs algorithnpears the same as if started
from (0,0).

Figure 11-6

Next, let's see how the sampler behaves usingrdiftecorrelation coefficients
(rho values). With a plot of these four values igufe 11-7.

> corr0<-gibbsBVN(0,0,1000,0)

> corr3<-gibbsBVN(0,0,1000,0.3)

> corr5<-gibbsBVN(0,0,1000,0.5)

> corr98<-gibbsBVN(0,0,1000,0.98)

> par(mfrow=c(2,2))

> plot(corrQ[,1],corr0[,2],main="XYCorr=0")

> plot(corr3[,1],corr3[,2],main="XYCorr=0.3")

> plot(corr5[,1],corr5[,2],main="XYCorr=0.5")

> plot(corr98[,1],corr98[,2],main="XYCorr=0.98")
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Figure 11-7

Note in Figure 11-6 that the bivariate distribugonsing different correlation
coefficients show the effect of correlation on th&ationship of X and Y. Let's
plot marginal distributions for some of these dlisttions.

> par(mfrow=c(2,2))

> hist(corr3[,1],nclass=20,main="X Marg, Corr=0.3")

> hist(corr3[,2],nclass=20,main="Y Marg, Corr=0.3")

> hist(corr98][,1],nclass=20,main="X Marg, Corr=0.98 ")

> hist(corr98[,1],nclass=20,main="Y Marg, Corr=0.98 ")

Note in Figure 11-8, which shows plots of seleateatginal distributions, that

all of the marginal distributions show a standaainmal distribution pattern.

This is not only a small study in how correlatimefficients affect the bivariate

normal, but also an important point about the Gildeimpler. When examining
individual variables using the Gibb’s sampler's puit one essentially obtains
results regarding the marginal distributions ofguagters of interest. Although
in this particular example we can look at the jarstribution, since it is only

two dimensional, in many cases of higher-dimendialigributions we cannot

study directly the joint distribution. Usually ¢hidoes not matter since the
marginal distribution gives us the information weed. Note in Figure 11-6 if

you look only at the X or Y axis and the distritmutiof data along one axis, it is
normally distributed and the joint distribution feah and correlation of

variables do not matter when we are studying X andividually
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Figure 11-8

Generalized Gibbs Sampler

The Gibbs sampler can be written as a generaligigor Our interest is in any
multivariate distribution of thea parameterg1, g2, g3,... gn. which we write as

p(a1, g2, g3,... ,... gn). To perform the Gibbs sample follow the follog
algorithm:

1. Initialize the parametem;(ql(o), q2(0), qS(O),... qn(o))

2. Simulate a value fomql(l) from the full conditionahllqz(o), q3(0),... qn(o)

3. Simulate a value fomq2(l) from the full conditionaq2|q1(l), q3(0),... qn(o)

4. ... (Simulate values fay3 throughgn-1)

5. Simulate a value fomqn(l) from the full conditionahnlql(l), q2(1),... qn-l(l)
6. Repeat 2 through 5 until a stationary distributiohthe parameters is

reached.
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The Metropolis-Hastings Algorithm

The Gibbs sampler assumes sampling from the fultlitmnal distributions if it
can be done. Usually the Gibbs sampler will béulsbut if the full conditional
distributions cannot be sampled from there needset@n alternative. Even
when feasible it is not necessarily easy to useGifs sampler. In this case a
more general algorithm, the Metropolis-Hastingsdthm can be of help. This
algorithm uses a method that is similar to theatgg@ method algorithm. The
Gibb’s sampler is actually a special case of thgorithm where the sampled
value is always accepted. Here we look at bothMeé&opolis Algorithm and
its modified and more versatile form, the Metropdflastings Algorithm.

For both algorithms we will be concerned with twastdbutions. One
distribution, called a proposal distribution, wellwise only to initially sample
from. The proposal distribution is in essenceaagition probability distribution
as we discussed in the context of Markov chainke @hoice of its particular
form is flexible. Often there are many proposatritbutions that can be used —
pick the simplest one! Sometimes the proposatibigion is called a jumping
or sampling distribution.

The other distribution is our posterior distributiof interest, which we will
refer to as the target distribution. This is oustribution p or stationary
distribution we get as a result of an ergodic Markbain. The idea here is that
we simulate values from the proposal distribution apply criteria whether to
accept or reject the simulated values. The beatitheo Metropolis algorithm
lies in the fact that for the acceptance/rejectaiterion we only need to
calculate ratios of the posterior densities, whgmuch easier than calculating
the posteriors densities themselves or simulatimgmf the joint posterior
distributions. For example the normalizing constmt posterior distributions
can be ignored since it cancels out when usingsatn general terms (which
will be translated into specific distributions Igtavhat we do is:

1. Generate a new value from the proposal distributiaii it g*

2. Calculate the ratio of the posterior of the newedb the old value =

_ plg*| datg)
p(g*" | data)
Note since p(g|data)p f(datalg) fdqg)
f (data|g*) {q)
f (datalg*) p(g™)

3. Draw a uniform [0,1] value, u

this is equalsR =

4. Accept the new valug* if u < min (1, R). That is, accept the proposed
value if the uniform value is less than the minimoid and R.
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The purpose of the simulation is to find valuestloé posterior distribution
where there is higher density or more area undectinve. This can be thought
of as looking for hills on a flat landscape. Wtestlor not a proposed value is
accepted depends on some hill-climbing rules.

Rule 1 — Moving UP a hill is always good. It meaus! are finding an area of
higher density. For example, in Figure 11-9 movimogn a value of about 0.5 to
1.5is good. The ratio of the values from finistwsis 1.5/0.5=3=R. Therefore
the min(1,R)=min(1,3)=1. Since u will always berlless a value of R which
causes uphill climbing will always be accepted.

Rule 2 — Going SLIGHTLY downhill is OK, as illusted in Figure 11-10. The
R value here is roughly 1.4/1.7=0.82. Therefore(ihR)=0.82. Compared to a
uniform draw there is a good chance that a valueden 0 and 1 will be less
than 0.82, so usually a slight downhill move wik laccepted although not
always.

4

Figure 11-9
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Figure 11-10

Rule 3 — Dropping off a cliff is generally not goolsh Figure 11-11 Here R
would be roughly 0.3/1.7=0.176. A uniform valuestanly a 17.6% chance of
being this small. Therefore in the majority of eashe proposed value will be
rejected, but not always.

Figure 11-11
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Therefore, overall the proportion of accepted meatkies will create a density
of interest by accepting values most often whery thee values of the most
dense areas and by rejecting values mostly whenatteein area of low density.

The distributions we are interested in are more pler and ratios more
complex as well, but the general idea conveyed thighhill climber story is the

basis for how both the Metropolis and Metropolisstitags algorithms work.

We discuss these in more depth below. It is afsmterest to note that many
related algorithms exist as well and developing ergpecific versions of these
algorithms is an active area of statistical redearc

Metropolis Algorithm

The Metropolis algorithm is the simplified versiaf the full Metropolis-
Hastings algorithm that works when the proposatritigtion is symmetric
around the old valug. , as in Figure 11-12. Note that the proposalitistion

is actually a conditional distribution for the nealue given the old value of the
parameter. In a symmetric distribution the ratming up or down the hill
doesn’t matter which side of the hill you are orheneas in a non-symmetric
distribution the R values will be different for flifent sides of the hill. The
uniform and normal distributions are common symiuetistributions (good for
sampling distributions).

Figure 11-12
Because of the proposal distribution symmetry, wihta Metropolis algorithm,
the acceptance ratio R depends only on the valughefratio of target
distribution values. Note that in the hill-climigirxample, this is what we did.

To make the general algorithm given earlier specifir the Metropolis
algorithm

1. Generate a new value from the proposal distributali it thetaStard*)
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2. Calculate the ratio of the posterior density attdBéar (new value) as
compared to as theta (previous value). That is:

r=P@)
p(q)

3. Draw a uniform [0,1] value, u

4. Accept the new value if u < min (1, R). That iscept the proposed value
if the uniform value is less than the minimum dirid R.

The constant updating of the values of the postatistribution is a Markov
chain that results in a stationary posterior disition.

Let’'s run a short example in R using the Metropaligorithm for which we
know the result but pretend that we do not Let'mdate the posterior
distribution of theta where theta is the parametehe probability of success in
a binomial distribution. We assume that we have aet@ outcome y=3 from a
binomial with n=>5 trials. We further assume that fgrior distribution of theta is
uniform(0,1). We have seen earlier that the pastelistribution in this case is
a beta distribution with parameters alpha=1+y=4 lbeta =1 + n-y = 3, and a
posterior mean of 4/7 =.5714. Without knowingstposterior distribution, for
the Metropolis algorithm, we use the simple repnésteon:

f@lY=3)u Priy=3pg ) gFq (& g}

First, initialize values. We will initialize thetto 0.04 for the first run of the
Metropolis algorithm, an arbitrary starting value.

> nchain<-1000

>y<-3

>n<-5

> theta<-vector(length=nchain)
> theta[1]<-0.04

Next run a loop sampling thetaStar from the unifatistribution, a symmetric
proposal distribution, and calculating the value dhe ratio of
p(g*|Y=6)/p(q]Y=6). Draw a uniform value for the acceptanceecid, and if
u<r accept the new value of theta (thetaStar),rafise reject thetaStar and use
the same value of theta. Iterate through the lth@p predetermined nchain
length.

> for(i in 2:nchain){

+ thetastar<-runif(1)

+ r<-thetastar'y*(1-thetastary\(n-y)/(theta[i-1}"y* (1-thetali-1]Y\(n-y))
+ u<-runif(1)

+ if(u<rf

+ thetali]<-thetastar}

+ else thetali]<-theta[i-1]

+}

Next, do some plots of the output, as depictedguie 11-9.
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> par(mfrow=c(3,1))

> plot(1:100,theta[1:100],main="First 100 Runs")

> lines(1:100,theta[1:100])

> plot(1:1000,theta[1:1000],main="All Runs")

> lines(1:1000,theta[1:1000])

> plot(901:1000,theta[901:1000],main="Last 100 Runs ")
> lines(901:1000,theta[901:1000])

Figure 11-13

These plots are a time series of the 1000 runse fifét 100 runs are depicted
separately and you can see that from runs 0 tch@QGhain is more erratic in

behavior and takes about 20 cycles reach a mobéesitate. The initial period

is called the burn-in period. Typically we discaata from the burn in period —
often it is the first few hundred runs. Becausis tis a simple univariate

example, the number of runs before the chain reaatstable stationary state is
very few. In more complex scenarios it is hundrefdgins that compromise the
burn-in period. It is important to do time serjgsts of all runs and look at

them.

Time series plots also are good visual diagnostfcsow well a chain mixes.
The chain in this example is well mixing. There a0 hang-ups where the

chain spends unusually long periods of time in sitbat are substantially above
or below the mean value of the posterior distritmuti As a check we can plot a
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histogram of the generated values and overlayliberétical beta(4,3) density
function:

> hist(theta[101:1000],nclass=25,prob=T)
> xx <- (1:100)/100
> lines(xx,dbeta(xx,4,3))

Histogram of theta[101:1000]

2.0
\

Density
1.0

0.0

I T T T 1
0.2 0.4 0.6 0.8 1.0

theta[101:1000]

Figure 11-14

However be aware that the theta values that wemergeed by the Metropolis
algorithm do not represent a random sample frompbgterior distribution,
rather they represent a Markov chain whose subsequelues are not
statistically independent.

Metropolis-Hastings Algorithm

The Metropolis-Hastings algorithm extends the usthe Metropolis algorithm
to situations where the proposal distribution i$ symmetric. The algorithm is
the same as with the Metropolis algorithm except the proposal distribution
results are added to the acceptance ratio termngUke Metropolis Hastings
algorithm the acceptance ratio is:

R = P@) a@19)
p(@) alg*lg)

The added term is the ratio of the proposal distidm g of theta (old value)
conditioned on the new value thetaStar over theuevadf q of thetaStar
conditioned on theta. This term accounts for thgranetry of the distribution
so that the proper acceptance ratio is used.

We will not do a full example using the MetropdHastings algorithm here, but

examples are provided in many of the referencésdlis the appendix and other
examples abound in the research literature.
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Putting it All Together: Markov Chain
Monte Carlo

In Chapter 10, we learned that Markov chains wisich ergodic (aperiodic and
irreducible) converge to a stationary equilibriuistdbution. In this chapter we
learned some algorithms for simulating posteriatriiutions of interest both
without using Markov chains (inverse CDF, and riégec sampler) and using
Markov chains (Gibbs, Metropolis-Hastings).

The two Markov chain methods discussed in this tdragre often the only way
we have of implementing many Bayesian methods terdene a posterior

distribution of interest. Although only simple ewples were presented in this
chapter, the concepts and algorithms discussed dympey to more complex

high-dimensional distributions.

Gibbs versus Metropolis-Hastings

As mentioned previously, the Gibbs sampler is dlstua special case of the
Metropolis-Hastings algorithm, a statement that make no sense if no one
tells you that with the Gibbs sampler the propadiatribution is the target
distribution. Therefore the acceptance ratio \tlig Gibb’s sampler is:

r=P@) Aqlq) _p@) Plg) _,
p@) a@*lg) p@) p@*19)

The acceptance ratio is always 1, therefore theevisl always accepted.

The Gibbs sampler has many advantages over theopdis-Hastings sampler
in that it is computationally much simpler. The tk&polis-Hastings performs
evaluations on full distributions that can becomenputationally intense, and
even computationally impossible (even on the mtaesof the art machines).
This is because the Gibb’s only computes from thediional distributions,

which is less computationally intense.

Of course, there are times when sampling from dahditionals is impossible
(for various mathematical reasons) and the Metiegdhstings algorithms must
be used. The next chapter introduces WinBugs, wisi@ program you can use
in conjunction with R that utilizes the Gibbs saerpl There is no comparable
easy to use program that utlizes the Metropolistiigs algorithm and
implementing this algorithm probably requires amggli statistical programming.
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Issues in Chain Efficacy

In conclusion to this chapter, it is fitting to &fliy highly some of the areas of
concern when using Markov chain algorithms to sateib posterior distribution
with regard to how well a chain runs. These issaggly to both Gibbs and
Metropolis-Hastings algorithm. In the next chaptee will look at some
specific examples and how these issues are addredsé of these issues are
areas of active statistical research.

Mixing

We have already brought up the issue of mixing dava occasions. Mixing
refers to how well the chain moves, or speed atkwhhain forgets its past.
Mixing can be analyzed by looking at a time sepkd (such as those in Figure
11-9) of the values simulated for each parameteinigfrest. It is generally
impossible to tell in advance how well a chain willx. However if you are
comparing more than proposal distribution you catednine which is the better
at mixing and use that one. Rapid mixing can iaichat the chain requires a
shorter number of runs to reach a posterior distiGn.

How Many Chains to Run?

The issue of whether to run one chain or multigiaics is of debate. Some
suggest many short runs (Gelfand and Smith, 1988greas others suggest
several long runs (Gelman and Rubin 1992), andretheggest one very long
run (Geyer 1992). The idea behind running man rigrthat it is possible that
the chain reaches an incomplete posterior distdhubecause the chain gets
hung up on one area of high density of a posteténsity that has multiple

distinct areas of high density where there isélitdistribution of density

elsewhere. No official comment is made here alwhith method is correct,

but running more than one chain is generally a gded.

Burn in and run length

As discussed earlier the burn in consists of tlitelriterations before the chain
reaches a stationary state. How long the buris waries tremendously. It can
be very short as in our example in Figure 11-13savy long. Therefore the run
length (number of times you run the chain) shodddmg enough to ensure than
chain has indeed reached a stationary state. ldog this is depends on the
particular situation. If in doubt, do more runs.

Convergence

After burn-in we say chain has converged to a atary state (posterior
distribution). Many models will work, but some m#ég slow to converge.
Sometimes a slow converging model may be improwesing a different
proposal distribution and other ways), yet sometirites easier to do longer
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runs. It is important to check convergence withwaygent diagnostics, however
there is no universal convergence diagnostic. Tdaa be done using the
package CODA.
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12

MCMC using BRugs

This chapter applies the theories of MCMC and Gisdasipling by introducing
the use of the package BRugs and associated pa€l@b&\. These software
tools make running MCMC analysis simple and actésdor those interested
in simple applied models without having to do amynplicated programming
tasks.

About BRugs

Package BRugs incoroporates what used to be aategaogram (WinBUGS,

still available from the website http://www.mrc-bsu.cam.ac.uk/bugs/

WinBUGS is a small, freeware program designed $igatly to run Bayesian

analysis for MCMC applications. BUGS is an acronfon Bayesian analysis
Utilizing Gibbs Sampling. The original versiondalled classic BUGS and runs
in a DOS-based environment. This version is atd8bawvailable to interested

users.

In biological science, BUGS is used widely in puobliealth and genetics
applications. Genetics aplications include inclgdiimkage analysis, recreating
evolutionary trees, pedigree analysis, haplotypmdyars, and other applications.
This chapter will present a simple genetic exanhpb&ing at the distribution of

ABO blood types. Other applications of WinBUGS lipinformatics are

fathomlessly possible, and those skilled in Bayesiaodeling can take
advantage of WinBUGS to assist with MCMC analysis.

Package BRugs incoprorates the functionality of BUGS but does nto do

much model diagnositics. Instead, convergence dstigs are performed using
the CODApackage, a package designed for use in S-Plus or R
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ABO Blood Types Example

The Model

Different markers determine blood types in huma@se of the marker systems
often used is the ABO system. Humans are typedrdity to one of the four

possible types: A, B, AB, and O. Different genes ancoded by variations
called alleles. For the ABO blood type, there three possible alleles, which
we will refer to as A, B, and O. There are six ddmations of alleles a human
can have on their two chromosomes: AA, AB, BB, /D, and OO.

In this system there is a pattern of co-dominangeere A and B are co-

dominant. Allele O is always recessive. This nsetmat if a person has the AB
allele combination, he/she will be AB blood typecg both markers show up
(co-dominance). However if a person is type AOyomlarker A shows up.

Likewise if a person is type BO only marker B shaws The only case where a
person can be type O is if he/she has both altglgge O.

We call the allele combination a person has a ggeotwith possible genotypes
for blood types being AA, AB, BB, AO, BO, and OO.eWall the way the
genotype displays itself a phenotype and the plesghenotypes here are AB,
A, B, and O.
If we consider the three possible alleles in theegpool as proportions and
assume these are the only alleles in the gene gmkum of proportions is 1.
We can write the equation below using p for thepprtion of allele A, q for the
proportion of allele b, and r for the proportionatiele O.

p+qgq+r=1

Mathematically we can relate the allele frequercptienotype frequency using
the Hardy-Weinberg equilibrium for a three-alledeus:

(p+ g+ 1)1
Doing the algebra:
p2+2pr+2pq+(24+2qr+r2:1

Table 12-1 summarizes the relationship betweeneall€p, g, r), genotype
frequencies, genotypes and phenotypes for the hijgoms.
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Table 12-1

Genotype Genotype Phenotype (Blood
Frequencies Type)

p’ AA A

2pr AO

q° BB B

2qr BO

2pq AB AB

2 00 0

The easiest data to collect on blood types for pufaion under study is the
phenotype data. It is simple to phenotype bloadl @allect data on numbers of
individuals with each blood type. However, it is tndechnically or
mathematically easy to determine frequencies of theéividual alleles.
Although for this example, it is algebraically piis, if there were more alleles
involved it would soon become impossible algebibida solve the equations
necessary. Therefore a Bayesian MCMC method woekier to solve this type
of problem.

Recall the Bayesian paradigm:
P(Modelldataj P(Model) P(data|Model)
Posterionu Prior * Likelihood

Our model of interest here is the posterior distidn of alleles (p, g, r) given
the data of counts of blood type phenotypes. Rdbak the discussion in
Chapter 8 of using the multinomial distribution twodel the distribution of
phenotype data, based on phenotype counts. Foexhimple the multinomial is
the likelihood, or data, model, and can be can tittern as follows:

n nA nB nAB no
nA!nB!nAB!no!(pA) (Pe) ™ (Pas) (Po)

P (A, B, AB, O) =
Where the n’s are the numbers of each phenotyp¢hang's are the proportions
of each phenotype. Using Hardy-Weinberg equililoriwe can convert the
proportions of phenotypes to allele proportionseinms of p,q, and r. Since the
constant term is left out in Bayesian calculatisrescan re-write the likelihood
model as:
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P (A, B, AB, O)a (p?+2pr)™ (g% +2qr)" (2pg) "B (r?)™

Our prior distribution of interest is the distribn of individual alleles A, B, O
that are modeled respectively with p, q, and r.cdRe(Chapter 8) that the
Dirichlet model is used to model multivariable poojion data. For this
example we have no specific knowledge of the prijpos so we will use a
noninformative Dirichlet prior assuming all progorts are equal (the
equivalent of a beta (1,1) distribution for allgms). We can write our Dirichlet
prior with parameter alpha=1 and ignoring the canisterm as:

P(p,a, 1 a (*'@** (n**=1

Gibbs Sampling to Determine Posterior

The posterior for our model is: the product of pi®r and the likelihood:

P(paridatap (p)* (@)™ (N
F(p? +2p0)™ (@ +2ar)"™ (209 ™° (r*)"

However, it is not easy to solve this analyticdtly the posterior parameters p,
g, r which are the proportions of alleles in theylation given the phenotype
count data. We note that the posterior is of thenfof a high-order polynomial
in p,q,r which is actually a complicated mixture akveral Dirichlet
distributions.

Our method of solving this problem is to use thbl@ sampler and an MCMC
simulation iterating through the full conditionas follows:

pi=p (p | data, g1, ri-1)

gi=p(q|data, p, ri-1)

ri=p (r|data, p ,qi)
Each step of the iteration has the Markov propeftheing dependent only on
the prior step. The chain iterates like this updpeach individual parameter for
that step by sampling from the full conditionaltdtsution. The number of i's is
the number of cycles the chain runs. If the climi@rgodic the chain will reach
a steady state distribution that is our posterigtribution of interest, the
posterior distribution of the alleles given the pbg/pe count data.
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Running the Model in BRugs

Create the Model

Open a new notepad document and enter the follomiodel:
model BloodTypes {

##Prior for allele frequencies

#Gamma trick to generate uniform Dirichlet dist
a~dgamma(1,1)
b~dgamma(1,1)
o~dgamma(1,1)

#Scaled frequency of alleles prior for each allel e
#requence allele A

p<-a/(a+b+o)

#frequency allele B

g<-b/(atb+0)

#frequency allele O

r<-o/(a+b+o)

##Multinomial likelihood models data

#A phenotype frequency
X[1]<-p*p+27p*r

#B phenotype frequency
X[2<-grq+2*qr

#AB phenotype frequency
X[3]<-2*p*q

#0O phenotype frequency
X[4]<-r*r

n[1:4]~dmulti(x[ ],total)

Save this document as “bt.txt” in the R workingediory.

Create the Data Set

Likewise, create a small file “btData.txt” in thevi®rking directory.

#data
list(n=c(750,250,75,925) total=2000)

#inits
list(a=1,b=1,0=1)
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Check the Model

After you enter the model, the first thing you wamitdo is check the model and
make sure it is syntactically correct. To do tlhiad the BRugs package and
type the following:

> modelCheck("bt.txt")

model is syntactically correct

Load the Data

Once the model is syntactically correct, you wanload the data. Note that the
data are given as a list. In this example, the dat are just made up and do
not reflect empirical results.

> modelData("btData.txt")
data loaded

Compile the Model

The next step once the data are loaded is to cenipgl model.
> modelCompile(numChains=2)
model compiled

Initialize Values

With a successfully compiled model, you are nowdyeto initialize values of
parameters in preparation for running the sampldo initialize parameter
values make a small file in the R working directéioyinits.txt” containing the
following:
‘#inits
list(a=1,b=1,0=1)

Do the initializing in R with function modellnits

> modellnits("btinits.txt")
Run the Sampler

Now that we have a model, which has data loadedoiigectly compiled, and
has prior parameters initialized, we are ready un some samplers. The
function samplesSet tells which parameters showdd nionitored and the
modelUpdate function runs the sampler the specifigdber of times:

> samplesSet(c('p","q","r")

monitor set for variable 'p'

monitor set for variable ‘g’

monitor set for variable 'r'

>

>
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> modelUpdate(1000)
1000 updates took 0 s

Analyzing Results

Once you produce sampled data, you have many apfion analyzing the
results. Remember that our result of interesthis Dirichlet posterior joint

distribution of p, q, and r — the allele proporsdor the blood type alleles given
the data.

One of the simplest things to do is look at tineetiseries plots for the chain for
each of the parameters. To produce such a plotplginuse function
samplesHistory() with the parameters of interdsir the code illustrated above,
a time series plot of parameter r is illustrateéigure 12-1.

Figure 12-1: Time Series of Parameter r

A time series trace gives quick visuals check¥ar things — how well the chain
mixes and whether the chain has converged. Inr€igR-1 the chains are well
mixing (even up and down moves without a patterhesfig hung up in one area
or having correlated moves) and appear to havekiyuitonverged. Note that a
time series trace is NOT a formal statistical asialybut a visual check, and
although quite good at diagnosing good and bad amasconvergence, should
not be used as the sole diagnostic criteria.

Another way to look at the parameters is to viedeasity plot of the marginal
distribution of the parameter of interest.

| samplesDensity("r", mfrow=c(1,1))
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Figure 12-2: Marginal Density of Parameter r

Another way to analyze the results is to look &t shmmary statistics for each
parameter. These results can also be used irststati inference testing
comparing parameters from different models, eto. later chapters when we
cover inferential statistics and introduce somefed#int testing methods.
Function samplesStats will give this information &l parameters of interest:

> samplesStats("™*")
mean sd MC_error val2.5pc median val97 .5pc start sample
p 0.23410 0.007205 0.0002394 0.221000.23420 0.2 4860 502 998
g 0.08527 0.004643 0.0001428 0.07661 0.08516 0.0 9471 502 998
r0.68070 0.007752 0.0002584 0.66640 0.68050 0.6 9570 502 998
CODA

The most important diagnostic to do with MCMC outpmowever is to make
sure the chains have really converged. All of tbsults discussed so far are
invalid if the sampler has not produced a chain ti@s converged to a stable
posterior stateCODA the R package that is used in collaboration \BRugs
will utilize various convergence diagnostics tecjugs. Interested users should
install and explore the functionality of this pagka
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13

Foundations of Statistical
Inference

Statistical inference is about analyzing data amdwihg conclusions, or
inferences, about the data at hand. Often theonefs doing this is to fit a
mathematical model to the data, which can be edhmobability model or some
type of predictive model, like a regression modal,discussed in Chapter 15.
Obtaining such a model can be very useful for dngwurther conclusions and
testing (the subject of Chapter 14). The valuevéerifrom fitting a useful model
is often the payoff of laborious experimentationl aata collection.

This chapter discusses the process of analyzinglsagiata and the techniques
to discover what we want to learn about a dataserder to fit parameters for
models and how R can help with these tasks. Iulshbe noted here that
classical and not Bayesian techniques are preseantdtis and subsequent
chapters, but that there are parallel Bayesian adsthlt is also noted that much
of the material in this chapter is covered extegigiin any introductory level
statistics textbook. Therefore the emphasis hereni a review of topics and
how they work in R. The interested reader showldsalt one of the books in
the appendix for details of the concepts presented.

Sampling Theory

Usually when we collect data we are “sampling franpopulation”. In the
idealistic world we could collect every possiblegalaoint of interest from the
entire population under study. In practice, exéeptnusual circumstances, this
is impossible. Therefore, taking a sample frompbpulation is the best we can
do.
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A sample is a subset of the underlying populatibnstatistics, a good sample is
characterized by being random and therefore reptathee of the population at
hand. Underlying the principle of randomness & hoperty of independence.
This means that whatever tedutcome of the sampling process is, the néxt (i
+ 1) outcome will have no dependence on the itlcamue. In other words all
outcomes from a random sampling process are muytumitlependent.
Outcomes are viewed as realizations of a randoriablar and therefore the
outcomes for any experiment share the same undgrjpyiobability distribution.
These two principles of a random sample are sorestiraferred to as “i.i.d.”
which stands for independent and identically distiéd.

A key issue with sampling is the size of the sanbich is almost always
designated by the letter n). It should be inteititiat the larger the sample, the
better the sample in terms of using the data taadherize the underlying
population. Figure 13-1 illustrates the effect afrple size when the underling
population is a standard normal.

Figure 13-1: Effect of Sample Size on Approximatirey
Underlying Distribution

After a sample is collected, it is mathematicalljaacterized by certain
functions of the sample data. A statistic, by d&bn, is a function of the data.
Some statistics you are likely already familiartwiétnd that were discussed in
Chapter 5 include mean, median, variance, etc.sf ltencepts are introduced
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in great depth in most elementary statistics caussal books. But let's review
some of them here.

A sample mean is simply the average of the data.gdt the sample mean add
all the values of data up and divide by the sanspde (n). R will calculate a
sample mean usingean(x) where x is the data vector. The sample mean is the
most common measure of central tendency or localigou take repeated data
samples from the same underlying population andutatle sample means, the
distribution of the sample means will follow the nt@l limit theorem,
commonly known as the law of averages. That ig dstribution will
approximate a normal distribution in the limitingse (n goes to infinity).

The law of averages holds for any underlying pojote distribution, even
though the data themselves may be far from nornaidiyibuted. Let’'s use R to
draw samples from an exponential distribution vattale parameter 4, or rate
parameter ¥4 = 0.25 (rate=lambda in R) (see Chaptand calculate means of
each sample. To illustrate this effect we willyw#re sample sizes.

> #First a graph of the distribution from which to sample from
> e<-seq(.1,30,by=.1)
> plot(e,dexp(e))

Figure 13-2: Exponential with lambda=4.

Next we will take 50 random samples of sample siz&, n=20, n=50 and
n=200 from the exponential model, calculate themmafaeach of these and do a
histogram of the 50 calculated means for each sasipe. Note that because
generated data are all i.i.d. (independent andtichdly distributed), we can
simply draw a total of n*50 samples, and arrangerttin a matrix with 50 rows,
all in one command.
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sample size.

>#Create matrices with 50 rows and n=samples size ¢
> n5<-matrix(rexp(50*5,rate=0.25),nrow=50)

> n20<-matrix(rexp(50*20,rate=0.25),nrow=50)

> n50<-matrix(rexp(50*50,rate=0.25),nrow=50)

> n200<-matrix(rexp(50*200,rate=0.25),nrow=50)

> #Compute row means

> n5means<-rowMeans(n5)

> n20means<-rowMeans(n20)

> n50means<-rowMeans(n50)

> n200means<-rowMeans(n200)

># Plot results

> par(mfrow=c(2,2))

> hist(hSmeans,xlab="",prob=T xlim=range(0:12),ylim
+range(0,0.2,0.4,0.6,0.8), main="n=5",nclass=10)

> hist(h20means,xlab="",prob=T xlim=range(0:12),yli

+ range(0,0.2,0.4,0.6,0.8), main="n=20",nclass=10)

> hist(n50means,xlab="",prob=T xlim=range(0:12),yli

+ range(0,0.2,0.4,0.6,0.8), main="n=50",nclass=10)

> hist(n200means,xlab="",prob=T xlim=range(0:12),yl
+range(0,0.2,0.4,0.6,0.8), main="n=200",nclass=10)

Figure 13-3 lllustrating the Law of Averages
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Figure 13-3 plots the results of the distributidnttee sample means based on
. With this smallest sample sizectileulated sample means do
not show a normal distribution tendency. Whengample size is increased to
20 a normal pattern begins to appear.
distribution pattern for the distribution of sampfeans is clear.

With sarsj@e of n=200 a normal
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Figure 13-3 also illustrates another important painout the distribution of a
sample mean. Notice that the spread of the dateedses as the sample size n
increases. This is because the measure of varjati® standard deviation,
which when applied to repeat samples of sample msagalled “standard error
of the mean”, is inversely proportional to the sgueoot of the sample size.
Standard error can be written using the followiggiagion, where sigma is the
standard deviation of the data and n is the sasipée

S

N

In other words if you want to increase precisiolyafir sample mean, increasing
the sample size always works. This actually hasse implication in statistical
testing, where to meet a criterion to reject a ligpsis, sample size will
undoubtedly play a role. We will discuss this issagain when we discuss
hypothesis testing in the next chapter.

Stand. Erro()?) =

The variability, or spread of a sample is usuallgasured by the standard
deviation (s). Mathematically (s) is the squaretrobthe average of squared
deviations from the mean. For technical reasansjiminate something called
bias, dividing by n-1 instead of n usually perfortine calculation.

In addition to measuring the mean and variabilityhe data, we often like to

compute parameters of the underlying distributianprocess referred to as
parameter estimation. This issue was touched upazarlier chapters when
parameters of standard probability distributiongenmgiscussed, but estimating
and working with parameter estimates is a majousaxf this chapter. Statistics
include both parameters and other metrics of tha.d&Ve have already seen
that for a normal distribution the major charactécs of the distribution, the

mean and standard deviation are also the paranwdténs distribution, but for

other distributions such as gamma distributions thean and standard
distribution can be computed using the parametetiseodistribution (alpha and

beta for the gamma) but are not equal to the pamme

In coming sections of this chapter we discuss twgsito estimate parameters —

point estimates and interval estimates. Now, ldtek at probability
distributions that model sampled data.
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Sampling Distributions

Sampling distributions are a special class of podlga distributions where the
shape of the curve changes based on the sampjensidéne criteria “degrees of
freedom” which is based in part on sample sizpais of the defining parameter
for plotting a sampling distribution. Sampling ilsutions are distributions of
statistics rather than distributions of individutdta values. Every statistic has
it's own sampling distribution — mean, mode, mediete. Here we consider the
sampling distribution for the mean (the t-distribn) and the sampling
distributions of statistics that are based on vaga(the Chi Square, and the F
distributions). These common distributions sen& the basis for many
statistical inference tasks.

Student’st Distribution

This distribution describes the sampling distribatiof the sample mean when
the true population variance is unknown, as is lhstlae case with sampling.

This distribution is the basis for t-testing, compg means drawn from

different samples, and we use it in hypothesisrtgst Meanwhile let's look at

the mathematical properties of this distributior dmow to use this distribution
in R.

Recall from Chapter 7 the discussion of the noruhatribution and that a

random variable (X) following the normal distriboi may be transformed to a
Z-score with the following relationship where thistdbution of Z becomes the

standard normal distribution with mean of O anchdéad deviation of 1.

We have already illustrated above that when we sampling the standard
deviation (trues) is not known but an estimated standard deviatiom the
data is used. This estimated standard deviatian rsndom variable based on
sample size. A t-distribution is a modification ¢fie standard normal
distribution to account for the variability of thetandard deviation. A
standardized t-score takes the following form:

_X-n

S

t

If the data values x1,...,xn follow a normal distiibm, then we call the
distribution of the corresponding t scores a triistion with n-1 degrees of
freedom. It is modeled using a t density curvee THistribution also applies to
the sampling distribution of sample means as fadtow
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X

gl

where Xis the sample mean based on a sample of size n, and
S( )_() = 3/\/_nis the estimated standard error of the sample mblate thatm

is both the mean of the data as well as the meaimeo$ampling distribution of
the sample mean. If the data of the sample areenuworless normally
distributed, then the sampling distribution of th&core is again a t distribution

with n-1 degrees of freedom, where n is the siziéa@fsample from whichX is
calculated.

t=

The t-distribution is symmetric like the normal amals mean 0 but its standard
deviation is > 1. Let's take the 50 mean valuesioled earlier for the n=200
sample size of means from an exponential distidloutiith scale (= mean) = 4.
Remember, that by the law of averages, these vappsoximately follow a
normal distribution. We obtain the t scores of ¢h86 values.

| > t<-(n200means- 4)/sd(n200means)
Next, let's plot these t-scores and overlay a cdorea standard t-distribution

with n-1 degrees of freedom (where n=sample size)R the density curve of
the t distribution is called with the function

dt(x, df)

Where x is the data vector and df is the degreésetfilom.

> hist(t,prob=T,main="Standardized data wtih overla y of t-distribution")
> curve(dt(x,49),add=T)

Figure 13-4 shows the resulting plot.
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Standardized data with overlay of t-distribution
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Figure 13-4

Let's look at the relationship between degreesreédom and the shape of the
curve. As an aside, the term “degrees of freedena’ description of the number
of observations that are free to vary after the anstatistics have been
calculated. When we compute the sample standavéhtim, the mean (a
statistic) is used in the formula to compute thendard deviation. So the
degrees of freedom left over is n-1, used in thaupater for the t-distribution.
You will see degrees of freedom again with the Shitare and F-distribution.
It is a confusing concept, and pay attention to itde/calculated for a particular
distribution.

For a t-distribution as the degrees of freedom f(dansize) increases, the
distribution in the limiting case (n approachindinity) becomes normal. In
statistics this is referred to as an asymptoticrexmation. When the t-
distribution has a smaller number of degrees ofdoen (smaller sample size)
the distribution is more variable and less center&tiis is correlated with the
earlier discussions of when the sample size islemiélis more variable and the
mean is less precise (review Figure 13-3).

Let's plot some t-distributions with different degss of freedom:

> X <-seq(-8,8,by=.1)

> par(mfrow=c(2,2))

> plot(x,dnorm(x),type=1,ylab=""main="df=2")
> lines(x,dt(x,df=2),lty=2)

> plot(x,dnorm(x),type=1,ylab="",main="df=5")
> lines(x,dt(x,df=5),lty=2)

> plot(x,dnorm(x),type=1,ylab="",main="df=10")
> lines(x,dt(x,df=10),lty=2)

> plot(x,dnorm(x),type=1,ylab="",main="df=20")
> lines(x,dt(x,df=20),lty=2)
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The resulting plots are shown in Figure 13-5. dehecase the solid line is the
normal distribution and the dashed line is thestrdbution. Notice how when
the degrees of freedom are increased the t-disivibbecomes closer and closer
to the normal. Indeed when sample size is rougBlpr so (a specific number
is subject to debate) we often use the normal idigton instead of the t-
distribution because of this close approximatiaith relatively small degrees
of freedom the t-distribution has what are refetieds “heavy tails” or “thicker
tails”. It is important to review as well that agprobability distribution the area
under the curve for any t-distribution is always 1.

Figure 13-5

The Chi-Square Distribution

The Chi-Square distribution was briefly introdudedChapter 7 as part of the
gamma family of probability distributions. The Coguare distribution
indirectly models the sample variance. The rafithe sample variance to the
true population variance is modeled as a Chi-Sqaegerding to the following:

2
(n- 25 ~02(n-1)
S
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The Chi-Square is a sampling distribution becatidepends on the sample size
through n-1 degrees of freedom. Varying the degfefreedom changes the
shape of the distribution. In R the density cuofehe Chi-Square distribution
is called by the following function:

dchisq(x, df)

Figure 13-6 plots the Chi Square distribution watht and 9 degrees of freedom.
As the degrees of freedom increase the shape athh&quare becomes more
normally distributed and the distribution moveghe right.

Figure 13-6: Chi-Square Distribution with 2, 4, aBdegrees
of Freedom

The Chi-Square, like any other probability disttibn, has an area under the
curve of 1. Because it is a member of the gamnmailya it is somewhat
mathematically complicated. Computing specific ealwf the Chi-Square is
difficult to do directly, so to compute such valuables or computers are used.
In R thegchisq()  function produces Chi-Square test statistic values

The F Distribution

The Chi-Square distribution is not so interestim@gund of itself, although testing
using the Chi-Square has wide applications. Howewbat is very interesting
is the distribution of the ratio of two random \aries, each having a Chi-

Copyright May 2007, K Seefeld 226

Permission granted to reproduce for nonprofit, atiooal use.



Square distribution. Mathematically such a rasiaéscribed and modeled with
the F distribution. Let U and V be independentd@n variables, where U has a
Chi-Square distribution with m degrees of freedond & has Chi-Square
distribution with n degrees of freedom. Define thgo W as follows:

W_U/m_nU

_V/n mYV

This ratio creates a random variable W whose bigtion is an F distribution
with numerator degrees of freedom m and denomirdegrees of freedom n.

At first glance, the F distribution may make no seror seem useless. Au
contraire! The F distribution is an incredibly udedistribution and the basis for
many statistical inference tests. What the F ratéates is a testable “signal to
noise” ratio. Suppose the variability of backgrdunoise is modeled with
random variable U and variability due to the expemtal effects is modeled
with random variable V. Computing the ratio of iehility and modeling it with
an F distribution provides a criterion to determihthe experimental procedure
achieves a significant effect over the backgroundsen level. This type of
testing has a wide range of applications. In Barimatics, F ratios are used
extensively in microarray data analysis. Indeedhtios serve as the basis for
ANOVA (analysis of variance), a procedure discudgdtie next chapter, which
in turn is the basis for the branch of statistiesolving the design of
experiments.

Meanwhile, let's work with the F distribution usifi®y The F distribution is a
sampling distribution that depends on two sampmessi The formula for calling
the density curve of the F distribution in R is:

df(x, df1, df2)

Wheredfl is the numerator degrees of freedom afid is the denominator
degrees of freedom. We will work more with theafies of the F distribution
in the next chapters, but meanwhile let’s just labkow changing thefl and
df2 affects the shape of the F distribution curve.

The following code produces the F distribution plot Figure 13-7:

> x <- seq(.1,5,by=.005)

>m <-¢(1,5,10,30)

>n<-¢(1,5,10,30)

> par(mfrow=c(4,4))

> for (iin 1:4)1

for (jin 1:4) {
plot(x,df(x,mi],n[]),type=""ylab="f(x)",cex =.6)
titte(paste(paste("dof =",m(i]),n[jl,sep=","))

+

+
+
>
>
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Figure 13-7: F distributions with varying df1, df2

Like for the Chi-Square, specific percentiles af thdistribution are difficult to
determine analytically. However thef() function in R produces the
appropriate test statistics. We will use this fionc extensively when we
discuss ANOVA. Let’s now shift gears and investiggenethods of estimating
parameters.

Parameter Estimation

Given our sample data we want to fit a model todhi. Often we would like to
fit a standard probability model (see Chapters 8)& In order to do this, we
need to determine the best fitting parametershfemparticular model we have in
mind. Therefore we need a method of estimatingpw@meters. Parameter
estimates take two forms, point estimates andvaterstimates. Point estimates
have their merit in being very useful in definifgetmodel. Interval estimates
have merit in quantifying how precise a paramegtinate is. Often you will
want both a point estimate and an interval estiniatea particular parameter.
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This section reviews some basics of both types sifmates. Parameter
estimation is a key topic in mathematical statsstend selected appendix
references are listed which cover this topic in heatatical detail for the
interested reader.

Point Estimates

A point estimate is a single value estimate of pytation parameter calculated
from sample data. Earlier in this chapter we daled means of samples from
the exponential. Each individual mean is a posgtineate and as we resampled
we had a distribution of point estimates (meansictv by the law of averages
follow a normal distribution pattern when n is largWe can also measure based
on the samples of data the standard error of trenrmaed model its distribution
as well (proportional to a Chi Square). In anyegivsample the point estimate
differs from the true underlying population paraemet If in many repeated
(conceptual) samples this difference averagesmaeto, we say that the point
estimate is unbiased.

There are different methods of calculating poirtinestes, including method of
moments estimates, maximum likelihood methods,tlsgsiares estimation,
Bayesian methods, and others. We will only workdatail with maximum
likelihood estimates specifically here, but a goodthematical statistics book
will cover the other methods in great depth.

For some cases, point estimates are quite simpigate. Table 13-1 lists some

common point estimates of parameters that can beulated with simple
algebra or using basic functions in R.

Table 13-1: Point Estimates that are Simple to Gt

Point Underlying Algebraic Calculation | R Function
Estimate | Parameter
X Mean ) of a normal X; mean()
population
n
53 Variance §?) of a (X; - Y)Z var()
normal population
n-1
S Standard deviations( [ 2 sd()
of a normal population| VS
p Parameter (p) for X/n where X=number Calculate
binomial model of successes manually
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However what if we want to estimate more complidafsarameters? For
example, calculate point estimates for the alphihlsata parameters of a gamma
distribution? Reviewing the formula in Chapterof the gamma distribution
indicates that there exist no simple calculatiofispoint estimates of these
population parameters. Therefore in many caseseeel a more sophisticated
method to make point estimates. Often the maxiniketihood method (MLE)
works best.

Maximum Likelihood Estimation (MLE)

Recall from Chapter 9 that a likelihood function tise function of the
parameters given the data. The principle of marintikelihood estimation is
that somewhere on the range of parameter valuedikitihood function hits a
maximum value. The parameter values for which likelihood function
obtains its maximum are called the maximum liketitioestimates for the
parameters

Analytically, maximum likelihood estimates can lmved using basic calculus.
Recall from calculus that a maximum value occurgmvthe first derivative of a
function is set to zero. Often the analytical Solu utilizes the practice of
taking logarithms to make the analytical soluti@sier (the resulting estimate is
equivalent). Figure 13-8 illustrates the analytigk E solution for a binomial
parameter. Although the binomial parameter is gasitimated algebraically it
is illustrated here because is perhaps the edsiesticulate using the analytical
MLE method.

lik(p)=p*@- p)"* pe(E py x.xpg" (- pf™
=p ‘@ p" "’
I(p) =loglik ()= x log(p)+(n-  x)log(x p)
_di(p) . % -
dp p 1-p
(1-p) %=p(n- x) ® ¥ pn
>§: # successes

n # trials
Figure 13-8: Analytical MLE for Binomial Parameter

I'(p)

= 0 for critical poin

® p=

However, even the “simple” analytical solution inigkre 13-8 looks
complicated, and instead of using analytical meshexad a pencil, it is handy to
use R to help calculate MLE estimates.

A common use of maximum likelihood estimation inngics is to estimate
parameters for the Hardy Weinberg equilibrium mofibel the distribution of
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genotypes in a population at equilibrium. In aegiypopulation gene pool, for a
two allele gene locus, alleles A and a are at feagies p and g, respectively.
According to Hardy Weinberg equilibrium the gendtequencies of genotypes
are modeled by the simple equatiof+2pg+d=1. The likelihood for this
follows a multinomial probability distribution thatve can model, where
parameter thetgsp (and therefore #j=q, theta between 0 and 1) as:

L(@)a(a) " (2q1- g))"A8(1- g)2had

Letting n1=nAA and n2=nAa and n3=naa and logaritlidwes not matter which
base):

Log L(g)=2mlog(q) + nlog (29(1-0)) + 2relog(1-q)

Eliminating the multiplicative term:

Log L(g)= 2nlog(q) + nlog (2) + nlog q + nlog (1) + 2rslog(1-q)

To analytically solve for the maximum likelihoodkgathe first derivative of this
(which we designate with a lowercase letter “I'npei):

I'(g)=2n/q + ny/q - np /(1-q) - 2r5 /(1-0)

To find the value of theta that maximizes the abave could solve it
analytically (which is not hard in this case, buithwother models is often
analytically impossible) by setting ¢ff =0 and solving for theta, or we can solve
it using R and finding the maximum value of theelikood function over a grid
of theta values, which is very simple and illustchbelow.

Suppose we collect data from a population sample5@® (assume the
population obeys Hardy Weinberg equilibrium) andagibthe data in Table 13-
2. Note that simply calculating theta from the pdjpn of AA does not work,
since this does not account for the informationuttibeta contained in the rest
of the data.

Table 13-2
Genotype Data Variable
AA 134 n
Aa 266 n
aa 100 B

Let's program R to solve for the maximum likelihoedtimate of theta given

this data.
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> #Create a grid of theta values
> theta<-1:1000/1000

> #Create a data vector to store (log)likelihood va
> lik<-vector(length=1000)

> #Enter data
>nl<-134
> N2<-266
>n3<-100

> #Given data, evaluate log likelihood

> for(i in 1:1000¥

+ lik[i]<-2*n1*og(thetali])+n2*og(2)+n2*log(theta
+ n2*log(1-theta])+2*n3*log(1-thetali])}

># Use which function to determine max value of lik
> which(lik==max(lik))

[1] 534

> lik[534]

[1] -506.4562

> #MLE value for theta (corresponding vector index
> theta[534]

[1]0.534

>#Plot of results

> plot(theta, lik xlab="theta",ylab="log likelihood"

+ main="MLE estimation for theta")

> abline(v=theta[534] lty=2)

> legend(x=0.54,y=-2000,legend="MLE theta=0.534")

Figure 13-9 illustrates the resulting plot.
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Figure 13-9: MLE for theta

To solve other MLE parameter estimates, apply #maes principle illustrated

above: find the likelihood function, take the firderivative, and find the

maximum value for the parameter under study. Tlaeeea lot of R packages
with specific applications that utilize maximumeikhood estimation. All build

on the principle described above. Maximum likelilanethods are covered in
most mathematical statistics texts.

Interval Estimates

When we obtain a point estimate for a parameteomg have a single value.
That value in and of itself says nothing about hagcurate or precise the
estimate is. Interval estimates provide an altereamethod for estimating a
parameter by providing a probable range of vallesgarameter is likely to
take. Often it is good to use both a point estinatd an interval estimate for a
parameter under study. The most common type ofvatestimate is called a
confidence interval, which is what we will discussre. Other types of interval
estimates exist, such as predictive intervals aledance intervals. These have a
similar theme but different purposes from a confizieinterval.

The classic and most common method of constructingpnfidence interval
requires a point estimate of the parameter andvialithe general formula:

point estimate +/- standard error of point estinfatest statistic
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This yields an interval that is symmetric with madipt equals the point estimate
and with a lower bound of “point estimate — se 4ttetatistic’ and an upper
bound of “point estimate + se *test statistic”. elidth of the interval depends
on the standard error and the confidence levelhef test statistic chosen.
Smaller standard errors result in narrower intexyvildicating more precision in
the point estimate. This is because the standaodis a measure of variation in
the date on which the point estimate is made.

The test statistic comes from the appropriate sagptistribution of the
parameter estimate. We define the level of a cenfié interval to be 1-alpha,
which produces a (&*400% confidence interval, where alpha is the daoel.
Therefore we compute the test statistic for theeloend to be that of alpha/2
and for the upper end to be that of 1-alpha/2ritiging the error equally
between the upper and lower bounds of the confilémierval. An example
below will demonstrate this. Using alpha=0.05 is ttorm for most confidence
intervals. Using more extreme values of the testistic (say a 95% confidence
level) produces wider confidence intervals thars lestreme values of the test
statistic (say a 80% confidence interval), whichulddbe narrower.

Although R doesn’t have a generic function to cotapeonfidence intervals,
knowing the basic formula above and the specificsvioat you're making a
confidence interval of, it's vary easy to constraohfidence intervals in R.

For example, let's create a confidence intervalefeample mean derived from a
random sample of size 20 from a standard normasitien To do this we can
use R to first generate a random sample:

>#Random sample of 20 from standard normal
> x<-morm(20,0,1)

> #Computer mean and standard error

> xBar<-mean(x)

> s <-sd(x)

> se<- s/(197.5)

> xBar

[1]-0.1041

>se

[1] 0.2821

Recall from the discussion of sampling distribusicearlier in this chapter that
the distribution of the mean from a small sample & modeled using a
student’s t-distribution. To do a 95% confidenceival, the alpha level is 0.05
(or 5%). We distribute this evenly between the arpand lower confidence
limits, so for a symmetric distribution like thelistribution, we can use as a test
statistic the 0.975 percentile of the t-distribatiovith n-1=19 degrees of
freedom.

> test<-gt(0.975,19)

> test

[1] 2.093024
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Now that we have all the necessary information e point estimate, the
standard error, and the test statistic values —came easily make a 95%
confidence interval using R:

> clLower<-xBar-se*test
> clLower

[1]-0.6947

> clUpper<-xBar+se*test
> clUpper

[1] 0.4864

So a 95% confidence interval for our parametenregt for the mean of our
random sample is (-0.695, 0.486). But what doés thean? The way a
confidence interval is interpreted is as followlswe repeated this experiment
(drawing random samples of size 20 from a standzodnal) and made
confidence intervals for each sample mean poittase, then 95% of the time
the confidence interval derived would contain thelet mean. Note the
probability statement is made about the confidéntarval itself, not about the
probability of an interval containing the true paeter. Making confidence
intervals for other point estimates follows the saaigorithm discussed here.
The specific values will differ, but the generatrfula will hold.

Bootstrapping

To motivate the technique of bootstrapping, consithe following scenario.
You collect gene expression data for a particudaregfrom 200 samples of cells
(note this data is available in the rbioinfo packas bootstrapGE). Because
you are wise and look at the distribution of datfobe performing further
analysis, you do a histogram and get the distoudiepicted in Figure 13-10.

Figure 13-10
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Clearly this is not a nice distribution patterntearms of being able to fit a
standard probability model. Computing a mean esgiom level alone given
this distribution may not have meaning and doesdestribe the situation well.
Hence, a more important objective of study is prilmato understand the
variability of the expression level for this paciar gene. Also the law of
averages does not work well for this kind of disttion, unless you have a very
large data set, say n=1000 or more. This is a w@igee the bootstrap can be a
useful technique.

The bootstrap is a technique developed by BradrEfeostatistics professor at
Stanford) to find standard errors (measures ofatdify in the data) or
confidence intervals in complicated situations vehanalytical computation is
impossible. It is a simple, yet powerful, compigtaal technique that in recent
years has shown explosive growth in applicatiofrs.bioinformatics literature
bootstrapping is used extensively in phylogeny ysialand in microarray data
analysis. More applications of the bootstrap are o come, but here we focus
on the basics of the bootstrap and how to do dmsitstrapping in R.

Bootstrap techniques are generally categorized iherenonparametric or

parametric. Parametric bootstrap techniques asshiat¢he data are generated
from a standard parametric probability model (sasthe normal, Poisson, and
other models discussed in earlier chapters). WEenet discuss parametric

bootstrap techniques here although the principhelstachniques are very similar
to nonparametric techniques. Nonparametric bogstexhniques are more
versatile and suit our example situation betterecdise of their versatility,

nonparametric bootstrap techniques are the moreal@opgype of bootstrap

applications.

Nonparametric Bootstrapping

The beauty of the nonparametric bootstrap is tlsice there are no
assumptions of the underlying model, you can apiply any dataset. Let's
return to the bootstrapGE dataset discussion. @dait is to determine how
variable the expression of the gene is given tha.dalowever, we have no
formulas for the standard error formulation to uSn how should we go about
determining the standard error?

The bootstrap estimates the standard error of aiaonguch as a parameter
estimate, mean, median, etc) by repeatedly drabmmistrap samples from the
original data. The samples are drawn with repla@nand the sample size of
each sample is the same as the original sampleRireeach bootstrap sample,
the metric is measured. Typically about 1000 boaps samples are taken.
Then, the standard error of the metric under stiglyneasured using the
observed variation of the bootstrap samples. Hisdigrthe process is a process
of pseudo sampling from the original dataset teedeine the variability of the

dataset. Although it may sound too easy and sstiplithis is a very robust and
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statistically sound technique for measuring stashdarrors. Figure 13-11
presents a schematic of the bootstrap process.

Figure 13-11

The essence of what the nonparametric bootstrdpiigy is sampling from the

empirical cumulative density function (cdf) of thata, which was introduced in
Chapter 6. The empirical probability distributiassigns an equal probability to
each of the data points, 1/n. Therefore when wample every data point has
an equal chance of being sampled. Using the oahat allows us to not rely on

a particular probability model.

Recall that to plot the empirical cdf for any datam R, you can use package
stepfun  (which is usually included with the base instatiati or can be
obtained from the CRAN site). From this package yan simply plot the
empirical cdf with theplot.stepfun functionality. Let's do this for our
dataset, with the resulting plot in Figure 13-Tthe line in the middle is the line
of the median of the distribution, with 50% of tdata above and below the
median.

> #use package step fun to plot CDF
> plot.stepfun(bootstrapGE)

> #add a median line
> abline(h=0.5,lty=2)
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Figure 13-12

Let's go ahead and take 1000 bootstrap samplesdrgroriginal dataset:

> #create a matrix to hold boostrap samples

> #note number of rows=number of bootstrap samples

> #note number of columns=sample size (equal to ori gninal n=200)
> bootsamples<-matrix(nrow=1000,ncol=200)

> #perform sampling using sample function, note rep lace=T
> for(i in 1:1000)
+ bootsamples|i,]<-sample(bootstrapGE,200,replace=T )

Next, let's use the median as our metric to study standard error of. The
median provides a good central measure for a ligian of unknown form,
which is the case here. We calculate medians foh @i our 1000 bootstrap
samples and store them in a new vector:

> #create vector to store medians
> bootmedstar<-vector(length=1000)

> #calculate and store median values
> for(i in 1:1000){bootmedstar(i]<-median(bootsampl es[i,))}

For interest, let's look at the distribution of th®otstrap sample medians,
depicted in Figure 13-13.

> hist(bootmedstar,nclass=40 xlab="median",main=
+ "Dist. of bootstrap sample medians")
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Figure 13-13

Next, the easiest thing to do to get a sense @hitity of the data is to simply
take the standard deviation of the bootstrap sampldians:

> sd(bootmedstar)
[1] 0.1298797

This is the bootstrap standard error of the sammdelian and can serve as a
measure of variability of the central location @ng expression for the original
data. Such a measure could serve as a testistadisompare with variability
of expression of other genes, or of the same gederuifferent conditions.

The above is just one example of bootstrappingemtesl to illustrate the basics
of the process. There are many other uses ofdbtstrap, but most involve the
theme of hunting for a measure of standard erraadability for a dataset with
an unknown distribution.

R Packages for Bootstrapping
R has two specific packages devoted to the boptsitatstrap  andboot .
Both packages are worth looking at and include ousriapplications of the

bootstrap and further examples. In addition, maiier packages, such as the
genetics  package, contain application specific bootstragfionality.
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14

Hypothesis Testing

The previous chapter reviewed the basics of dtisinference, including

sampling theory and parameter estimation methddss chapter continues on
the topic of statistical inference, discussing hiesis testing and how to
perform hypothesis tests using R. Hypothesisritgss a very involved topic

with broad applications, and we generally coveryothe essentials here,
focusing on tests likely to be of application inoibformatics. Many

introductory statistics texts cover hypothesisitgsin great depth and almost
any text should serve as a good reference to theested reader.

The philosophical paradigm of hypothesis testingthat an experimental
hypothesis is constructed, then the experiment éfopned and data are
collected, statistical tests based on the dategpesformed and the results are
compared with the initial hypothesis. Hypothesiting is the foundation of the
scientific method and therefore crucial to empiridata analysis. Hypothesis
testing is a very broad topic and there are hurdoéghossible tests. Luckily the
different tests follow the same basic theory. Efme we will cover the basics
of the theory here, and then introduce some speeiamples of commonly
used tests.

Basic Theory

Hypothesis testing begins with the formulation aofidl hypothesis () and an
alternative hypothesis (Hi testing the value of a statistic calculated fram
sample of data collected in an experiment. Usuakyalternative hypothesis is
the logical negation of the null hypothesis. Oftka null hypothesis is a clearly
specified situation, which can easily be translatee probability distribution
that models a set of data. For example, a comnutinhgpothesis is that the
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mean of a population is 0. The testing goal oftentd disprove the null
hypothesis, if possible. . In this case, this widug to show the mean is not zero
and differs significantly enough from zero basedaostatistical test. The test
uses information from the sample data. In thi®e@s would base our evidence
on the sample mean (remember this follows a noapgaroximation for large
samples according to the central limit theoremuwlised in the last chapter)

When we use an alternative hypothesis that “thennigedifferent from zero” we
need to be a bit more specific. To be more spgaife can classify alternative
hypothesis as being one-sided (also referred twnagailed or simple) or two-
sided (also referred to as two-tailed or composife)one-sided alternative
hypothesis in this case may say the mean is grdwarzero, or the mean is less
than zero, but not either case. A two-sided adittve would state the mean is
not equal to zero, and accounts for the mean Hessgthan or greater than zero,
either way. Two-sided tests are generally morernom When performing a
hypothesis test it is important to be clear aboatwexactly you are testing and
whether the alternative is a one or two-sided test.

After (1) clearly defining the null and alternativeypotheses, (2) you collect
data. Using the data, you then (3) calculate {hgrapriate test statistic, (4)
perform the appropriate test, (5) and then dravereclusion based on the test
result. Let's illustrate this with a simple exampl

In-Depth Example to lllustrate Theory

One interesting application of statistics to biomhatics concerns the ability to
predict the secondary structure of protein molexul€&our proteins of known
crystal structure (empirically verified secondatyustures) were used to test
various methods available on the Internet thawadhb the user to enter primary
structures of proteins and then used algorithmpréalict secondary structure
motifs, returning results to the user with a recafd which amino acids
corresponded to which predicted secondary structufbe proteins used are
listed in Table 14-1 and the prediction algoritheml Internet sites used are
listed in Table 14-2. The information in these é&sblis presented for
informational purposes to illustrate where the deaane from (and a way of
doing an experiment using technology widely avddab Crystal structure data
was obtained using the PDB, or protein databadet@t/www.rcsb.org/pdh/
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Table 14-1

Protein Primary sequence (length) Alpha helical | Beta sheet
Name regions regions
(amino acids
in alpha
helical form)
VLSPADKTNVKAAWGKVGAHAGEYGAEALERMFLSFPTT
Deoxy KTYFPHFDLSHGSAQVKGHGKKVADALTNAVAHVDDMPN| 4-17, 21-35, 53- none
Human ALSALSDLHAHKLRVDPVNFKLLSHCLLVTLAAHLPAEF 71 76-79. 81-89
. TPAVHASLDKFLASVSTVLTSKYR (141) ' ’ '
Hemoglobin 96-112, 119-136
(Chain (68.07%)
1A3N:A)
ICQFKLVLLGESAVGKSSLVLRFVKGQFHEYQESTIGAA
Rab5C FLTQTVCLDDTTVKFEIWDTAGQERYHSLAPMYYRGAQA | 16-25, 69-73, 88-| 2-9, 38-47, 50-
(mouse) AIVVYDITNTDTFARAKNWVKELQRQASPNIVIALAGNK 104. 128-137 59 78-84 110-
ADLASKRAVEFQEAQAYADDNSLLFMETSAKTAMNVNEI ' ' ' '
FMAIAKKL (164) 153-162 116, 141-144
(31.71%) (28.66%)
MQIFVKTLTGKTITLEVEPSDTIENVKAKIQDKEGIPPD
Ubiquitin QQRLIFAGKQLEDGRTLSDYN 23-34(15.79%) 2-7,12-16, 41
IQKESTLHLVLRLRGG (76) 45, 48-49 66-
71(30.26%)
GPTGTGESKCPLMVKVLDAVRGSPAINVAVHVFRKAADD
Prealbunin | TWEPFASGKTSESGELHGLTTEEEFVEGIYKVEIDTKSY 75-81 (5.51%) 12-18, 23-24,
(Human WKALGISPFHEHAEVVFTANDSGPRRYTIAALLSPYSYS 29.35. 41-43
| TTAVVTNPKE (127) ' '
Transthyretin, 45-48, 54-55,
Chain 67-73, 91-
1BMZ:A) 97,104-112,
115-123
(44.88%)
Table 14-2
Method | URL Description
Chou- http://fasta.bioch.virginia.edu-/o_fasta/chofas.htinStatistical method which is based pn
Fasman individual amino acid “propensities]’
to form structure
GORIV http://npsa-pbil.ibcp.fr/cgi- Statistical method which takes info
bin/npsa_automat.pl?page=/NPSA/npsa_gor4.htrobnsideration local interactions
(“windows”) in addition to aal
propensities
PHD http://www.embl- Neural network based; combings
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heidelberg.de/predictprotein/submit_def.html local window comparison wit
sequence homology comparison

The experiment is to obtain results from the priglicsites and compare these
results with empirical crystal structure data fercke protein and score each
amino acid residue as predicted correct or incorr8tatistically we could come

up with several tests using data collected from &xperiment. To do a broad
and simple test of the efficacy of the predictioethods, let's test that the
average (mean) % Correct is 50% across the diffguesteins and different

methods.

Step 1: Clearly define the null and alternative hypthesis.

The null hypothesis (}) is that the mean percentage correct is 50% (=0I'5e
alternative hypothesis @His that the mean percentage is not equal to 50%.

Step 2: Collect the data

The total percentage of amino acids that followedrext secondary structural
motif by method is recorded in Table 14-3. Note e Cho Fassman test the
average of beta and alpha structure predictiosésiu

Table 14-3

Protein Method % Correct

Ubiquitin CF AVG 0.467
Ubiquitin GOR 0.645
Ubiquitin PHD 0.868
DeoxyHb CF AVG 0.472
DeoxyHb GOR 0.844
DeoxyHb PHD 0.879
Rab5c CF AVG 0.405
Rab5c GOR 0.604
Rab5c PHD 0.787
Prealbumin CF AVG 0.449
Prealbumin GOR 0.772
Prealbumin PHD 0.780

Step 3: Calculate the appropriate test statistic

What is the appropriate test statistic here? Rdéloaldiscussion in Chapter 13
about the t-distribution being the sampling disttibn of the mean for a small
size sample (which cannot be approximated as nowhan n<30 roughly).
Since our interest here is in testing the mearmefsample, it seems reasonable
to use a t-distribution as our sample distributiétecall that
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ZY-m
s/\/ﬁ

has a t distribution on-1 dfs, wheresis the estimate &.

t

So, under the null hypothesis with the theoreticedan, m equal to 0.5 the
guantity

X-05

s/\/ﬁ

is distributed as a t-distribution with n-1 degreé¢$reedom. When we use this
quantity and substitute in our sample data (catedlanean of the sample fof
ands/ \/ﬁ ) this evaluated quantity is our test statistic.

Let’s use R to calculate the test statistic:

> percentCorrect
[1] 0.467 0.645 0.868 0.472 0.844 0.879 0.405 0.60 40.7870.449 0.772 0.780

> sampleMean<-mean(percentCorrect)
> sampleMean
[1] 0.6643333

>mu<-0.5

> s<-sd(percentCorrect)
>s
[1] 0.1792481

> n<-length(percentCorrect)
>n
[1]12

> testStatistic<-(sampleMean-mu)/(s/n"0.5)
> testStatistic
[1] 3.175863

Step 4: Perform the appropriate test

Our test is to determine where our test statisii,evaluated, falls on the
appropriate sampling distribution and whether tloisation on the sampling
distribution indicates that the test statistic ealis too extreme to be
probabilistically considered as part of the digttibn of the null hypothesis.

What we want is whether this test statistic valaksfwithin the range of our
hypothesized value (0.5) of the mean (and thusissreasonable to assume our

test statistic comes from the hypothesized t-digtron) or whether our test
statistic falls in the extreme regions of the dlsttion and thus we should reject
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the null hypothesis. Notice that what we have gstluated in calculating the
test statistic is the distance between the tamnygtlze sample average in terms of
standard errors. The test statistic tells us that the sample average is about
3.175863 standard errors more than the target me@rb. Is this a significant
distance?

We need some sort of a cutoff criterion in ordedétermine this. The criterion
is called the alpha-level, or the type one erroele It is set by the researcher
and is the percentage of area under the samplisigibdition curve that we
consider too extreme to accept the null hypotheAis ordinary alpha level for a
two-tailed t-test (which is what we are doing hei®)0.05, indicating that a
value of the test statistic that falls in the ewmtee5% of the t-distribution (with
n-1 degrees of freedom) is too extreme to accephtil hypothesis. For a two-
tailed test this is split into 2.5% of the lowerdeaf the curve, and 2.5% of the
upper end of the curve. Other common alpha leveds0al0, 0.01, and 0.001.
The lower the alpha level the more stringent theisilen criteria, or in other
words, in order to be able to reject the null hjxesis the test statistics has to be
very extreme.

Let’'s use an alpha level of 0.05 to perform out te®d reach our conclusion
with the help of R. Let's plot where our test it falls on the sampling
distribution under the null hypothesis:

>x <-seq(-5,5,by=.1)

> plot(x,dt(x,df=n-1) xlab="t",ylab=""type=")
> abline(v=testStatistic,lty=2)
>legend(3,0.2,legend="3.175863")

Figure 14-1 shows the result:

Figure 14-1
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Based on the graph, it looks like our value is tyreixtreme and may be
probable cause to doubt that the sample mean ctioraghe distribution of the
null hypothesized mean, but let's be sure beforkimgaa decision.

We can use - pt  function in R to determine the probability of bgito the
right of the test statistic:

> 1-pt(testStatistic,df=n-1)

[1

[1]0.004413

This tells us that only 0.44%of the probability mdanction is to the right of
our test statistic. Given a cutoff alpha value586 (2.5% on each tail of the
distribution) our test statistic is more extremearth2.5% so we reach the
decision that we reject the null hypothesis andchate that the true mean of
our data differs significantly from 0.5 and followsdifferent distribution than
the distribution under the null hypothesis (in othwords, our sample test
statistic did not come from the null distribution).

Alternatively to determine if our value is too extte we could have computed
the values of the t-distribution for the criticabipts of both tails of the
distribution using the gt function:

> alpha<-0.05

> gt(alpha/2,df=n-1)

[1] -2.200985

> qt(1-alpha/2,df=n-1)

[1] 2.200985

This would have told us that any values below —-298% or above 2.200985 are
more extreme given the alpha level of 0.05 and séccreject any test statistic
more extreme than these values.

We call the probability of being as extreme or mex&reme than the observed
test statistic (2 times above for a two-tailederdative) the p-value or

“observed significance level”. If the p-value iss$ than the alpha-level the
experimenter set, then we reject the null hypothtesia given test. The smaller
the p-value, the more significant the test res@tr p-value of 2 times 0.004413
= 0.008826 is significant, but a value of 0.000888example would be more

extreme and even more significant. The next seaiscusses significance and
statistical decision making in more detail.

Making Statistical Decisions

When you perform a hypothesis test you are subjecsome gray areas.
Remember nothing in statistics is ever absolute iandny type of statistical
analysis there is always the randomness factompotiesis testing is a process
of making statistical decisions, and in hypothésiing there is always some
margin of error where it is possible that the tessult is not correct.
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Statisticians therefore have some formal decisidter@, the terminology of
which is introduced here.

Whenever you perform a hypothesis test, thereanegdossible outcomes, listed
in Table 14-3.

Table 14-3

Actual Validity of H

Decision H,is true H,is false
Made

AcceptHo | Trye negative False  Negative
(Type Il Error)

RejectHs | False  Positive True Positive
(Type | Error)

Two of these outcomes are “correct” decisions —ngject a hypothesis when it
should be rejected (true positive), or you accepyp@othesis when it should be
accepted (true negative). The other two outcomesat “correct” but a result
of the statistical uncertainty inherent in a hymsiks test. We call these
outcomes false results or “errors”.

To understand errors, imagine a production assenibly and the null
hypothesis (i) is that there is nothing wrong with productiomqguct failure
rate below a certain hypothesized criterion). pety error is the rejection ofgH
given that H is true (this is a conditional probability staterf)en The
consequence of this is wrongly stopping productiod monetary loss to the
company. The type | error rate is called the digance level of the test, and is
exactly the alpha level discussed earlier. Ifdlpha level for a test is 0.05, this
means that 5% of the time we reject the null hypsith and shut down the
production line even though there is nothing sigaiftly wrong. When we set
the alpha level we are setting what is an acceptalge | error rate for the
experiment.

A type Il error is the failure to reject the nullgothesis when in fact Hs false.
In this case production goes on even though trealyrdoes exist a higher than
acceptable product failure rate. This may be lmadbfisiness in the long run.
The type Il error rate is sometimes referred tthadeta () level.

Power of a Test

The rate at which a statistical test can detecti@a positive (rejecting the null
when it should be rejected and accepting the atsm) is referred to as the
"power" of the test. This is 1 minus the falseatag rate or 1-. We will not

get into a theoretical discussion of power here,itas covered in most
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introductory statistics books. But there are a fa@y things to be mentioned
with regard to power and using R to compute power.

First, an important thing to know about power istttas the sample size
increases, the power of a test increases. Thendettong to know is that

decreasing the alpha level (significance level)releses the power of a test,
given the same sample size. That is a test withlgima level of 0.01 has less
power than a test with an alpha level of 0.05. Bb#om line is that both the
alpha level and the sample size play a role in powerful a test is and how
well a test will correctly reject a null hypothesis Do not confuse power with
significance levels!

For some tests, R provides some relief in compugiagrer. Two functions,
power.t.test and power.prop.test , built into the ctest package automate
power computations that have flexible parametdiswang the user to enter the
criteria they wish in order to have R compute ottréeria.

For examplepower.t.test is specific for computing power related values
for the t-test (and has optional parameters fofledifit versions of the t-test,
one-sided versus two sided, etc). For examplgpase we want to know the
power of a test given a sample of size n=20 agj@ifstance level of alpha=0.05.
We can specify these parameters, and also a valualdlta, which is the
difference between populations that we would likebe able to detect. For
example, suppose we want to detect a differendg®units between our null
and our alternative hypothesis, for this we ustad@l.5. (It doesn't matter what
the measurement units are, but a default standevéhtibn of 1 is assumed
(which can be changed if necessary using the “gdibn). For the type of test
we need to specify “one.sample”. Later on we digicuss other types of t tests,
such as two sample and paired for which power tsmtze calculated with this
command.

> power.t.test(n=20,delta=0.5,sig.level=0.05, type= "one.sample”)
One-sample t test power calculation

n=20
delta=0.5
sd=1
sig.level = 0.05
power = 0.5645
alternative = two.sided

Note the power for the test above is only 0.5648jctv is not very high.
Perhaps if we look for a less subtle differencs; delta=1, we should get a
higher power test, let's see:

> power.t.test(n=20,delta=1,sig.level=0.05, type="0 ne.sample")
One-sample t test power calculation

n=20
delta=1

Copyright May 2007, K Seefeld 248

Permission granted to reproduce for nonprofit, atiooal use.




sd=1
sig.level = 0.05
power = 0.9886
alternative = two.sided

Indeed the power of this test is 0.9886 meaning®?. of the time the test will

reject the null hypothesis when it should. Thisigd bad and much better than
the 0.5645 result to detect a delta of 0.5.

Maybe we think it would be a good idea to use fesanples, perhaps to save
money. Let's see what effect reducing the samizle ® 10 has on the same

test:

> power.t.test(n=10,delta=1,sig.level=0.05, type="0 ne.sample")
One-sample t test power calculation

n=10
delta=1
sd=1
sig.level =0.05
power = 0.8031
alternative = two.sided

Reducing the sample size reduces the power ofdbietd 0.8031 all other
factors being equal. Maybe it pays to use n=2@ aample size? To illustrate
the effect of significance level perhaps we camgb the n=10 sample size but
instead use a higher alpha level.

> power.t.test(n=10,delta=1,sig.level=0.1, type="on e.sample”)
One-sample t test power calculation

n=10
delta=1
sd=1
sig.level =0.1
power = 0.8975
alternative = two.sided

Using a higher alpha level does increase the pdwér8975. It is up to the
researcher to determine what criteria for the #estacceptable and what is an
acceptable power. Using thewer.t.test function is a little tricky at first,
but if you become skilled at using it (and the hieipction provides more details
about the parameter options) it can be a valualgkto use when determining
sample sizes and significance levels to use fartiqoular test you want to work

with
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Hypothesis Testing Using R

Most standard hypothesis test in R have pre-wriit@ctionality so all you need

to know to effectively use R for hypothesis testiagvhich test to use, how to
call the test function with the appropriate pararet(usehelp(name of

test) to get a help window with parameter details) aadable to interpret the

test output (especially the p-value). Differentdediffer in what is tested, in test
statistics and how they're calculated and samplingjributions of the test

statistic (or other criteria for nonparametric $¢st The next two sections
introduce how to do some very common tests in Rgusome examples. The R
outputs for different tests show similar forms. Tiirst section covers basic
parametric tests, and the second section coverg smmparametric tests and
introduces the rationale for using nonparametstste

Package ctest

Packagectest  should be included with the basic installation ofiRRnot it is
available on the CRAN site). Depending on the ieeref R you are using you
may or may not specifically need to load packagst in order to use it
(version 1.6 has it preloaded).

Package ctest contains a standard set of hypottessifinctions that are typical
of those taught in a basic statistics course. Mdghe tests discussed in the
remainder of this chapter are in this package. addition, most of the test
functions are flexible and have variable parameptions, allowing for different
types of test possible within the same test fumctityse the help function with
the appropriate test name for further details abmst functionality and
parameters. Use functids(package:ctest) to produce the list of specific
functions available. For version 1.6, these araadeg in Figure 14-2.
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Figure 14-2: Contents of package ctest

Other Packages

Many other packages come with more sophisticatets ter tests that are
application specific. For example, many of the nmécray analysis packages
available for R come with specialized hypothesss tenctionality.

Select Parametric Tests

Parametric tests are based on the assumption the clame from a
parameterized probability density. For most paraiméests the distribution of
the test statistic is one of the sampling distiing discussed in Chapter 13 —
the t-distribution, the Chi-Square distributiontbe F-distribution.

The t-tests

The t-tests are a group of tests based on usingttluent’s t distribution as a
sampling distribution. Recall from the previouspter that using the student’s
t distribution is appropriate to model the mean miyeu are sampling from a
distribution that can be approximated as normalnie sample size becomes
large. Normality of the data should be checkedaisi Q-Q plot, as described in
Chapter 7, as normality is a critical assumption tftests results to be valid.
There are three common forms of the t-test disclibsee: the one sample t-test,
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the two-sample t-test, and the paired t-test. tiée tests are called using the
functionttest  but use different parameters to specify the tegtirements.

One Sample t-test

The one sample student’s t-test was illustratetieean our in depth analysis of

a hypothesis test, but let's include an example li@r comparison purposes to
the other two forms of the t-test and to show hoaumates functionality for

this test.

A one-sample t-test is used to compare a singleeval a mean of a test statistic
result to a hypothetical mean under the null hypsih  The test statistic for
the one-sample t-test, detailed earlier, is:

_X-m

_s/\/ﬁ

Let’s consider a small dataset of gene expressata @vailable as geHT data in
package rbioinfo). This dataset consists of geq@ession measurements for
ten genes under control and treatment conditioith, faur replicates each.

> geHTdata

names ¢l tl c2 t2 c3 t3 c4 t4
1 Gene 12650 3115 2619 2933 2331 2799 2750 3200
2 Gene 212001101 1200 1309 1888 1901 1315 980
3 Gene 31541 1358 1401 1499 1256 1238 1625 1421
4 Gene 4 1545 1910 1652 2028 1449 1901 1399 2002

t

5 Gene 5 1956 2999 2066 2880 1777 2898 1999 2798
6 Gene 61599 2710 1754 2765 1434 2689 1702 2402
7 Gene 7 2430 2589 2789 2899 2332 2300 2250 2741
8 Gene 81902 1910 2028 2100 1888 1901 2000 1899
9 Gene 91530 2329 1660 2332 1501 2298 1478 2287
10 Gene 10 2008 2485 2104 2871 1987 2650 2100 2520

Let's use a one-sample t-test to compare the hggihthat the mean of the
control expression values is 2000:

> #create data vector of all control data
> controls<-c(geHTdata$c1,geHTdata$c2,geHTdata$c3,g eHTdata$c4)

> #perform one-sample t test that true mean is 2000
> t.test(controls,mu=2000)

One Sample t-test
data: controls
t=-2.174, df = 39, p-value = 0.03583
alternative hypothesis: true mean is not equal to 2 000
95 percent confidence interval:
1715.028 1989.722
sample estimates:
mean of X
1852.375
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The test result with a p-value of 0.03583 rejehtsriull hypothesis at a critical
value (alpha level) of 0.05, but would accept thél hypothesis at a lower
critical value such as 0.01. Therefore for thig the interpretation is dependent
on the critical value set by the experimenter. Eonvenience.test  also
computes a 95% confidence interval for the mearresgion level (see the
description in Chapter 13). As is expected the Hypsized value of 2000 lies
outside the 95% confidence interval, since we tepbcthat value at a
significance level of 5%. There is an exact coroesfence between two-sided
hypothesis tests and &)100%confidence intervals.

Two sample t-test

The two-sample t-test is used to directly compaee mean of two groups (X
and Y). It is required that measurements in the gmoups are statistically
independent. The null hypothesis states that thenmef two groups are equal,
or equivalently, the difference of the means i®zer

Ho: m(X)=n(Y), or m(X)-n(Y)=0

The test statistic for the two-sample t-test usgddfault in R (for Welch's test)
is:

S| X
<

ﬁ
+
s |4,

where Sy is the sample variance of the X groé;z)Y is the sample variance of
the Y group@nd m and n are the sizes of groups X and Y.

A good two sample t-test for our gene expressiota ds that there is no
difference overall between the treatments and otmfor any of the genes (test
that the whole experiment didn't work or there aredifferentially expressed
genes). This is very simple in R by just enteriing two vectors whose means
are being compared as parameters to functies

> treatments<-c(geHTdata$tl, geHTdata$t2, geHTdata$ t3, geHTdata$t4)
> t.test(controls,treatments)

Welch Two Sample t-test

data: controls and treatments

t=-3.6163, df = 70.732, p-value = 0.0005564

alternative hypothesis: true difference in means is not equal to 0
95 percent confidence interval:

-653.6098 -188.9902

sample estimates:

mean of x mean of y

1852.375 2273.675
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The p-value for this test very strongly rejects thell hypothesis of no
difference between the mean of the treatment grand control group,
indicating there are some genes which exhibit §icamtly different gene
expression levels, although the test does not geospecifics as to which genes
these are.

Paired t-test

We have so far considered t-test testing one mgaimst a hypothesized mean
(one-sample t-test) and comparing two statisticallyependent group means
(two sample t-test). The final variant of the sttes called the paired t-test. This
test is used with paired data to determine if thfer@nce in the data pairs is
significantly different. The test statistic here is

-4
Sd/\/ﬁ

t

Where d is the average difference between the pairs,theésiumber of pairs,
and g is the sample variance of the paired differend&® notice that the paired
t-test is really the one-sample t-test appliedht® differences of measurements
within the pairs. The example of paired data wd udle here is the difference
between treatment and control on measures of thee ggene. For example
control 1minus treatment 1 for gene 4 for the saexperiment can be
considered a difference of paired data. Suppose geand gene 9 are really the
same gene, so we can pool the data for these tagsge

> g4g9ctrl

[1] 1545 1652 1449 1399 1530 1660 1501 1478
> g4g9trt

[1] 1910 2028 1901 2002 2329 2332 2298 2287

Each of the 8 data values in the two data vectdts worresponding vector
indices created above is a data pair. We carfdest significant difference in
treatment-control for this gene using a pairedst-teNote that in parameters we
indicate “paired=TRUE" to perform the test.

> t.test(g4g9ctrl,g4gotrt,paired=TRUE)
Paired t-test

data: g4g9ctrl and g4g9trt
t=-9.0459, df = 7, p-value = 4.127e-05
alternative hypothesis: true difference in means is not equal to 0
95 percent confidence interval:
-768.3529 -449.8971
sample estimates:
mean of the differences
-609.125
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The p-value for the test indicates there is a §iggmt difference for this
particular gene in treatment conditions versusrobrénd we can reject the null
hypothesis of no difference.

Binomial Test

Bernoulli trials and the binomial distribution wediscussed in Chapter 7.
Recall that a Bernoulli trial models an experim#rdt has one of two discrete
outcomes. The binomial test is, as describedénR help fominom.test
“an exact test of a simple null hypothesis aboat ghobability of success in a
Bernoulli experiment”.

For example, suppose we perform an experiment iogsowers of two
genotypes that produce progeny with white flowarcéssive) of assumed
proportion % and progeny with purple flowers (doamt) of assumed
proportion ¥. Suppose we want to test our assomgtull hypothesis) that
these proportions are correct given that we haveirgzal data from 900 plants,
625 of which have purple flowers, and the remair{d@@b) have white flowers.

To do this we can use the binom.test function vpi#nameters x=number of
successes (purple flowers), n=total in sample, @utoportion of successes to
be tested (3/4).

> hinom.test(x=625,n=900,p=3/4)
Exact binomial test

data: 625 and 900
number of successes = 625, number of trials = 900, p-value = 0.0001593
alternative hypothesis: true probability of success is not equal to 0.75
95 percent confidence interval:
0.663193 0.724417
sample estimates:
probability of success
0.6944444

The results here give the empirical proportionwfcesses (0.6944) as well as a
very small p-value, which significantly rejects tmaill hypothesis that the
proportion of successes can be modeled at 0.75ent8cally this can be
interpreted as the relationship between dominartt eetessive cannot be
explained by simple Mendelian ratios for this ggpet The rejection of the null
may seem surprising here, but since the samplessiaege and the test is exact
it is a convincing result. It is often useful tonspute a confidence interval after
a null hypothesis has been rejected. Again theoRngand shows the 95%
confidence interval for the proportion of succesbesg between 0.663 and
0.724, with the hypothesized value of 0.75 lyingsale the 95% confidence
interval.
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Comparing Variances

Sometimes we will be interested in testing whettveo groups have equal
variances, as this is often an assumption wheropaifig the t-test and other
statistical tests. If the different groups havgn#icantly different variation
(spread of the data) it can impact the validitytloé test result. Let's do a
simple test to determine if the variances for tlemeyexpression data for the
gene 4/gene 9 data (same gene) are the same ue@dément or control
conditions. To do so is very simple in R using thetest  and the desired
data vectors as parameters:

> var.test(g4g9ctrl,g4gotrt)
F test to compare two variances

data: g4g9ctrl and g4g9trt
F=0.2271, num df = 7, denom df = 7, p-value = 0.0 6907
alternative hypothesis: true ratio of variances is not equal to 1
95 percent confidence interval:
0.045468 1.134387
sample estimates:
ratio of variances
0.2271085

This test uses an F-test comparing the ratio of/#fni@nces of the two groups to
a critical value on the F-distribution (discusseddhapter 13 as the sampling
distribution for the ratio of variances). Thissudibution will be used
extensively in ANOVA discussed in the next chapt&he p-value result above
indicates it is OK to assume at an alpha=0.05 rhigh there is no significant
difference in variances between the two groups (hedce, t-tests can be
assumed reliable since they assume equal variarides this holds only if you
assume equal variances for the pooled variancéoverd his is not assumed in
the Welch version (see above)

Indeed if we look at the variances of the two dataups and calculate the ratio
of the variances, we get the same result as above:

> var(g4g9ctrl)

[1] 8455.929

> var(g4gotrt)

[1] 37232.98

> 8455.929/37232.98
[1] 0.2271086

Select Nonparametric Tests

Nonparametric tests make no or very minimal assiomptabout the probability

density from which the data are derived. Theyum®d when the sample size is
small, when the data are not normally distributaldvéys test data with a Q-Q
plot described in chapter 7, if the normal assuampis in question) and cannot
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be approximated as normal, and when using non ricahdrank, categorical)
data. Many nonparametric tests are built into Bhegias part of package ctest or
as part of an add-on package. There are dozemismgarametric tests in use.
A good resource for further study is Conover’s t&tactical Nonparametric
Statistics” (more information given in the appendiXest statistics for most
nonparametric tests are not from a standard didtob, but are instead
calculated from a test-specific test statistic aatles for which are obtained
from a standard table or built into R.

Wilcoxon Tests

Wilcoxon tests are the nonparametric analog oftitests. Instead of using a
mean value derived from a t-distribution they usenadian value as a test
criteria. The median is simply the central poifithee data, 50% of the data fall
above the median and 50% fall below. For smalhskts or data not normally
distributed the median provides a good central mmeasf the data and the
Wilcoxon tests are a good alternative to the tstesthese cases.

The one-sample Wilcoxon test is often called thedl@dkon Signed Rank” test.
This test determines whether the median of the ecapi data differs
significantly from a hypothesized median. Thig issvery simple to use in R,
simply enter the data vector and the hypotheticadian (“mu”) as parameters.
For example, let's use the Wilcoxon test to tesethbr the median of the
protein prediction percent correct differs sigrafitly from 0.5 (note this is the
parallel of the one-sample t-test performed egrlier

> wilcox test(percentCorrect,mu=0.5)
Wilcoxon signed rank test

data: percentCorrect
V =68, p-value = 0.02100
alternative hypothesis: true mu is not equal to 0.5

The results of this test concur with the resultstioé t-test that the central
measure (mean or median) of the data differs saamifly from 0.5.

The wilcox.test function, like thet.test  function, also provides for two-
sample and paired tests. Us#p(wilcox.test) for information on how to
perform these tests and what parameters to useseTtests work in a parallel
fashion to their t-test counterparts.

Chi-Square Goodness of Fit Test
The Chi Square goodness of fit test is a very stnmgohd versatile test that
guantitatively determines whether a random variabldly should be modeled

with a particular probability distribution. It étally tests the “goodness” of the
density fit. The way the test works is it partitiotihe observed data into bins and
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calculates the frequencies in each bin, similaa thistogram construction. It
then compares the observed frequencies with theoteg frequencies that
would result from a perfect fit to the proposeduritigition. It then calculates a
test statistic that follows a chi square distribnfi where pare the observed
frequencies and are the expected frequencies values for n bins:

N (A - a)2
C2: M,df:n-l
I

Note that this does use the Chi Square distribubioihis a nonparametric test
because the sample is not from the Chi Squarekditittn but we are testing the
fitness of the distribution that the sample doas&drom.

This test is best illustrated with an example. tiek that that the proportion of
nucleotides A, T, C, G should be equally presert given DNA sequence, with
proportion 0.25 for each. This is modeled by atmaimial distribution (see

Chapter 8). Let's see for a particular gene howdgadit this really is. That is
our null hypothesis is that the data fit a multinalhdistribution with equal

probability for each nucleotide.

To perform an example using the proportion tesRjnt is useful to note here
that packagepe (Analysis of Phylogenetics and Evolution) contaanfinction
calledread.Genbank that connects to Genbank (http://www.ncbi.nlm gdv/)
and downloads sequences into R for you. Make gatehave the package
installed and loaded and you are connected tontieeriet to use this.

Let's use this function to download a sequence iRtoand then test that
sequence with a chi square goodness of fit testew® if it conforms to a

multinomial distribution. For this example we wilke the sequence for human
myoglobin, a muscle protein which carries oxygeinstfwe need to obtain the
sequence.

> #Use nucleotide accession number for reference ca Il
> ref<-c("NM_005368")

> #Store sequence in variable myoglobin
> #Call genbank with read.Genbank function and refe rences
> myoglobin<-read.GenBank(ref)

> #Myoglobin sequence is now an R data object
> myoglobin
$'NM_005368"
[1]"a""c""c""c""c""a""g" "c""t""g" "t" "t""g""g""g""g""c"

[1059] "a" "a" "c" "a" "t' "c" "t" "c"

The goodness of fit test functionality is builtanR as a default for function
chisq.test when the input parameter is one vector of data ead be
performed as below.
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>#Data are already binned using table function
> table(myoglobin)
myoglobin
acgt
237278 309 242

> obs <- ¢(237, 278, 309, 242)
> chisq.test(obs,p=rep(1/4,4))

Chi-squared test for given probabilities

data: obs
X-squared = 12.79, df = 3, p-value = 0.005109

> # or even simpler using default p's
> chisg.test(obs)

Chi-squared test for given probabilities

data: obs
X-squared = 12.79, df = 3, p-value = 0.005109

>

> #Calculate where the alpha=0.5 level

> #of a df=n-1=3 Chi Square distribution is
> qchisq(0.95,df=3)

[1] 7.814728

Based on result of a test statistic 12.79 (moreeext on the Chi-Square curve
with 3 degrees of freedom than 7.81) we fail toept®ur null hypothesis at an
alpha=0.05 significance level and conclude thaffithéiffers significantly from

a multinomial with equal probabilities for each haatide.

Analyzing Contingency Tables

Contingency tables are a simple, yet powerful, wetbf analyzing count data
that fits into categories. The data in them isntadata as all we are doing is
counting how many we observe which fit into whicitegory, and not data
measured on a continuous scale. This is alsodcaliéegorical data analysis.
We organize the data for analysis in a table fornidte most typical case of a
contingency table is a 2by 2 table (2 rows, 2 cais)nalthough the table size
can be extended to r (rows) by ¢ (columns). Wé avily consider 2 x 2 tables
here, looking at the setup of these tables and to@sidering how to analyze
the data using some standard test methods avaitaBle

In a 2 x 2 contingency table there are four callstfie possible combinations of

two factors. Where 011 is the number of observatitiat fit into row 1, column
1, etc.
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When testing a contingency table we assume undenthl hypothesis that the
two factors are independent. Therefore under tilehypothesis the expected
probability of an observation falling into categasyy (i=roe, j=column) is just
the product of the marginal probabilities for thesv and column. For example,
the probability of being categorized into the firgtv and first column is:

R1.C
p11=—1 » 1

N N

Note that the values can also be expressed in teirmsrginal probabilities (see
Chapter 8 for a discussion of marginal probability) each row or column.
R1/N for example, is the marginal probability ofrizein row 1.

The alternative hypothesis in contingency analyisisto disprove the null
hypothesis by showing that there is a relationdigpneen the factors being
analyzed and that they are not independent of etier. To do this we will use
the Chi-Square test and Fisher's exact test, bétwhich are available as
predefined R functions available as part of paclagst.

Let’s define a contingency table dataset to uspp8se we are doing a genetic
study and studying the effect on which of two alfefor a gene a person has and
the presence of a disease. We perform a gensti¢cat@letermine which allele
the test subjects have and a disease test to de¢ewhether the person has a
disease. The data for a 2 x 2 contingency anabsigild be entered in the
format below, which works for both tests.

> contingencyTestData<-

+ matrix(c(45,67,122,38),

+nr=2,

+ dimnames=list("Gene"=c("Allele 1","Allele 2"),
+ "Disease"=c("Yes","N0")))

> contingencyTestData
Disease

Gene  Yes No

Allele 1 45122

Allele 2 67 38

The tests we want to perform with this contingetadyle are whether or not the
two factors, disease and gene allele, are indepénole whether there is a
significant relationship between the factors. Tédl hypothesis is that there is
no relation and the factors are independent.
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Chi-Square Test (for Independence)

The Chi-Square test for independence is similah&goodness of fit test, but
uses for the expected values the values calculdtech the marginal
probabilities of the data rather than expected emlbased on a distribution.
That is, the expected value is the total numbeini¢d the expected probability
based on the marginals, for example for the fiedit c

R1,C1
el1=N*pll=N * =
p HN N )

The Chi-Square test statistic is therefore the swwer all cells the squared
observed minus expected value divided by the oksewalue. The degrees of
freedom for this test are the number of rows mifumes the number of
columns minus 1, which is 1 in the case of a 2taiie.

c2=

2
T
@,df =(r-1)(c-1)

0|j

To perform the test in R use the functidiisq.test with the appropriately
formatted table as a parameter:

> chisg.test(contingency TestData)
Pearson's Chi-squared test with Yates' cont inuity correction

data: contingencyTestData
X-squared = 34.6624, df = 1, p-value = 3.921e-09

Based on this result (p-value of 3.921e-9) we wastidngly reject the null
hypothesis that the factors gene allele and disagsendependent and conclude
that there is a significant relation between theedse and which allele of the
gene a person has.

Fisher's Exact Test

Fisher's exact test calculates every possible coatioin of the N values in the
table (that is every possible permutation of N ealunto the 4 categories),
creating a distribution of possible values, andcaaltes how extreme the
observed data are on this exact distribution. Kwars the question “How
extreme is this table” out of all possible tablethvthe same sample size N. This
test is extremely precise but computationally iste@ (impossible to do without
a computer). This type of test is referred to ge@nutation test, and such tests
are becoming popular in bioinformatics applicatibesause of their precision.
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R is one of the few statistical software packagdsch easily computes such
test values. Use functiofisher.test and enter the data matrix as a
parameter.

> fisher.test(contingencyTestData)
Fisher's Exact Test for Count Data

data: contingencyTestData

p-value = 2.041e-09

alternative hypothesis: true odds ratio is not equa ltol
95 percent confidence interval:

0.1195958 0.3652159

sample estimates:

odds ratio

0.2105543

The p-value result here is slightly different frahe Chi-Square test value, but
indicates the same result.

Likelihood Ratio Tests

Likelihood ratio tests are commonly used in biomfatics and are category of
hypothesis test. Because the mathematical theehynd them is somewhat
complex, we will not cover them in depth here. Baly the likelihood ratio test
consists of taking the ratio of the likelihood ftina under the null hypothesis
over the likelihood function under the alternatikigpothesis to determine a
critical test region. This provides the “best tgatoviding the highest power
with the lowest error (for mathematical reasonsooelyour scope here). The
BLAST database uses a likelihood ratio test to@dtemologies between gene
sequences. Likelihood ratio tests are common ierogfenetics applications as
well. The R packagemplik contains specific functions for testing various
types of likelihood ratios, and several other geseatelated packages (discussed
in Chapter 18) contain some likelihood ratio testdtionality.
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15

ANOVA and Regression

A lot of this book has been concerned with probgbihodels, which are used
to model the probability of a range of data. Now talk about another type of
models, linear modeling. Linear models can be usgatedict variables and to
evaluate patterns between variables. The most @omtgpes of linear models
are linear regression and ANOVA models, which Wwélintroduced here. Using
R makes working with linear models very easy, afhd? extensive built-in

functionality to handle such models. Let's firebk at ANOVA, then linear

regression, and then the end of the chapter dissigeneral linear models.

ANOVA

The previous chapter discussed techniques for congpaneans of two groups
of data using the two-sample t-test (illustratechparing control and treatment
means for gene expression data). This test, hawesviémited because in many
cases we wish to compare more than two group meAN©VA, or analysis of
variance (somewhat misnamed, but we shall soonwdgg is the statistical
method used to determine differences in means winene are more than two
groups under study.

Let's return to the dataset illustrated in Table3l4nade into a data frame in R
(available as protStruct). Note that the non-nucaédata are factor data types.
Factors are non-numerical variables. Differentugal of the factor are called
levels. For example, Method has 3 levels: CF AVM@&)DR, and PHD,
representing the three different methods used t&luate protein secondary
structure (see discussion in Chapter 14). ANOVWagk uses some type of
factor variable. The functions.factor ~ can be used to convert data to data
type factor.
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> protStruct
Protein Method Correct
Ubiquitin CF AVG  0.467
Ubiquitn - GOR  0.645
Ubiquitin  PHD 0.868
DeoxyHb CFAVG 0.472
DeoxyHb GOR 0.844
DeoxyHb PHD 0.879
Rab5c CF AVG 0.405
Rab5¢c GOR 0.604
Rab5¢c PHD 0.787
10 Prealbumin CF AVG 0.449
11 Prealbumin  GOR 0.772
12 Prealbumin PHD 0.780

O©CoOoO~NOUTh,WNE

># NOTE — Protein and Method are FACTOR data types
> is.factor(Protein)
[1] TRUE

Suppose we want to test whether the percentagesctadiffer by method

(ignoring the protein factor for now). Essentialyhat we want to test is
whether the mean percent correct is different basednethod. Because we
have three groups, a two-sample t test is inadecfoathis analysis.

Let's extract this data from the data frame (notaessary step, just to simplify
things here)

> compareMethod
Method Correct
1 CFAVG 0467
2 GOR 0.645
3 PHD 0.868
4 CFAVG 0472
5 GOR 0.844
6 PHD 0.879
7 CFAVG 0.405
8 GOR 0.604
9 PHD 0.787
10CFAVG 0.449
11 GOR 0.772
12 PHD 0.780

The trick with ANOVA (and why it is called analysig variance) is to look at
the response of interest (percent correct in thger and analyze the variability
in that response. The way ANOVA does this is tearup the variability into
two categories — variability within groups, andighility between groups.

If we look at the data and regroup it as depicted@able 15-1 we notice that we
can computer an average (sum of the data dividetidopumber of data values)

for each of the groups as well as a “grand” averagdiech is the average of all
the data.
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Table 15-1

Method Correct Group Averages

CF AVG 0.467 0.448
CF AVG 0.472

CF AVG 0.405

CF AVG 0.449

GOR 0.645 0.716
GOR 0.844

GOR 0.604

GOR 0.772

Grand Average 0.664

In order to statistically determine if a significadifference exists between the
methods, we need to determine how much variabifitghe result is due to

random variation and how much variability is duetke different method.

Different factor levels are sometimes referred4dteeatments”. In this case the
treatment is the secondary structure determinatiethod.

ANOVA partitions the observed variability into twoomponents. One
component is random variation, also known as puwar ®r within factor level
variation. This “within” variation is calculatedylobserving the variability of
the replicates within each level of the experimkfatetor. For example, for the
CF AVG method, the within variation is calculated bsing the variation of
each individual measure minus the group averagbkang@ing the factor levels
causes the other component of variability. Thiscédled “between” factor
variation. This type of variability is measuredings group averages as
compared to the grand average. The total variasothe sum of the within
variation and the between variation, and is measusing each data value as
compared to the grand average.

Note, we have not yet discussed how to calculathinyi between and total

variation. Although it seems easiest to subtraetage values from data points
to perform these calculations, this alone doesvwok. The sum of distances of
data from any average of the data is always zehmeréfore, we use the sum of
the squared distances as the metric of variahiftglata values from average
values.

Figure 15-1 shows the details of these calculatfonghe protein structure data.

Of key interest are the three columns noted. Time of squares total is the sum
of the squared distances from each data pointegtand average. The sum of
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squares between is the sum of squared distancestifr® group average to the
grand average. The sum of squares within is thersg distance from each
data value to the group average.
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Figure 15-1
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Note that in Figure 15-1 the following relation tsi
Sum of Squares TOTAL
= Sum of Squares WITHIN + Sum of Squares BETWEEN
This can be simplified as:
SST = SSW + SSB

Thus the total variation is partitioned into tworgsa— the variation due to
treatment (SSB) and the variation due to randomatran (SSW). This
partitioning of the variance is the core essencbaf ANOVA works as this
relation always holds.

However, the values of the sum of squares in andhefnselves are not
interesting and do not provide us within enoughoiinfation to perform a
statistical inference test. To do such a test wstrwork some more with these
values and their interpretations.

Recall the brief discussion in Chapter 13 regardising the F distribution as
the distribution of the ratio of variances whicindze used to analyze signal to
noise ratios. ANOVA is a case of such a signaidese ratio, and significance
tests using ANOVA use the F distribution. The sighere is the between
variation which represents changes in the meanornsgp due to treatments
(prediction methods in this case). The noise éswithin variability (sometimes

called error) since this represents random vanatio repeated observations
under the same factor level (same protein predictiethod in this case).

Therefore, what we want a test of is whether weehaweal signal — a real
difference between the treatments, in relationaim®unt of noise we see in the
experimental data. However, in order to compare signal to our noise we
cannot directly compare our SSW and SSB valuesy Wkhis? If you look at
the data in Figure 15-1 you may notice that fordhm of squares between there
are only three unique values. And if you took 8B value and subtracted two
of the values, you automatically get the third ealurhe SSW has more than 3
unique values.

Each sum of squares value has associated withutrer called the degrees of
freedom, a concept we have encountered before. thersum of squares
between, the degrees of freedom is the number egitrtrents (which we’ll
designate with a lowercase letter a) minus 1. tRersum of squares total the
degrees of freedom is N (total number of data \&)luginus 1. Like the sum of
squares the degrees of freedom also have theorelati

Total df = Within df + Between df
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So the degrees of freedom for the sum of squard#snnis N-a, yielding the
relation:

Total df = Within df + Between df
(N-1) = (N-a) + (a-1)

Which algebraically makes sense. In our examplenawee 11 total degrees of
freedom, 9 degrees of freedom within, and 2 degoédseedom between. We
cannot directly compare SSW and SSB to get ourasignnoise value because
these values are based on different numbers. &oegd to standardize our
values to make the comparison level. Taking awsatpes this and we call
these averages “mean squares”.

Mean squares are calculated by taking the sumuwareg and dividing them by

their respective degrees of freedom. We are istedein the Mean Square

Between (MSB) and the Mean Square Within, usualied Mean Square Error

(MSE), which are calculated as follows, by takihg tespective sum of squares
and dividing by the respective degrees of freedom:

SSB
MSB = —

a-1

SSWwW
MSE =

N- a

For our example these calculations are:

0.305
MSB = T =0.1525

0.048
MSE = T=0.00533

Finally we have the values we need to conduct isBtal test of significant
differences between the protein structure predictiethods. The test utilizes
the F distribution and takes for a test statidtie tatio of the MSB/MSE, our
“signal to noise” ratio. The F test statistic \alhere is 0.1525/0.00533 or
approximately 28.6. Recall from the discussiorttef F distribution that this
distribution depends on numerator and denominaggreks of freedom, which
are the SSB degrees of freedom and the SSW degféeedom. In this case
these are 2 and 9 respectively. Therefore we sarRuto determine the critical
value of this F distribution given alpha=0.05:

>(f(0.95,2,9)

[1] 4.256495
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Thus, our test statistic value of ~28.6 is moreesre on the F distribution than
the critical value of 4.257 and we conclude thexeaisignificant difference
among the three protein secondary structure piediotethods.

The ANOVA Table

All of the computations done in the discussion abaxe easily summarized into
a convenient standardized format known as the AN@atAe, depicted in Table
15-2. R (and other statistical software packadesnats out for ANOVA
analysis in this type of format.

Table 15-2
Source Degrees of | Sum of Mean F Ratio
Freedom Squares Squares
Factor a-1 SS(between) MSB MSB
MSE
Error N-a SS(error) MSE
Total N-1 SS(total)

Performing ANOVA using R

Performing ANOVA analysis using R is fairly simpl&.o do so, first create a
linear model object using functiam. This function will be discussed later in
this chapter when it is used for regression. Aphl/ ANOVA function to the
linear model object created. To do this, you castrthe function calls, as
demonstrated below for our sample data:

> anova(Im(Correct~Method,data=protStruct))
Analysis of Variance Table

Response: Correct

Df Sum Sq Mean Sq F value Pr(>F)
Method 2 0.305352 0.152676 28.581 0.0001263 ** *
Residuals 9 0.048077 0.005342

Signif. codes: 0 ™ 0.001 **' 0.01 ™ 0.05 . 0171

R refers to the sum of squares between by the gnaoe (method row) and the
sum of squares within as part of the “residualst.ro

The above example is the simplest possible casAN®DVA. This simple

model can be built upon to create much more comfdit models but they all
follow the same paradigm of partitioning the vadarand are all run in R in a
similar fashion. We will do some two-factor ANOMAter in this chapter but

Copyright May 2007, K Seefeld 270

Permission granted to reproduce for nonprofit, atiooal use.




now let's consider another issue, determining whickans are significantly
different.

Determining Which Groups Differ

ANOVA analysis tells us whether there is a siguwifit difference between 3 or
more groups (treatments, factor levels). Howeitettpes not determine which
groups differ. For example based on the ANOVA gsialabove we know that
there is a significant difference somewhere betwaetein prediction methods
PHD, GOR and CF (Cho Fasman) AVG. However, we tdamdw the specifics
of whether PHD differs from GOR significantly, oilOR differs from CF AVG,
etc.

To determine which methods differ from one anothee can use the
pairewise.t.test function. This will produce a pairwise comparisafrthe
methods and produce a table of p-values for thaifgignt differences of
specific pairs. This command requires us to atthehdata frame, so that its
variables can be used as individual objects.

> attach(prot.Struct)
> pairwise t.test(Correct, Method)

Pairwise comparisons using t tests with poo led SD
data: Correct and Method
CFAVG GOR

GOR 0.00115 -
PHD 0.00013 0.05793

P value adjustment method: holm

Based on this output for this experiment, it cafelyabe concluded there is no
difference between the GOR and PHD methods butlib#t of these differ
significantly from the CF AVG method.

In much of microarray gene expression data anahgsiearchers are faced with
performing sometimes as many as hundreds to thdesaincomparisons tests.
In such situations the Bonferroni adjustment wongduire to select individual
alpha levels of 0.0001 or smaller, which makedriually impossible to detect
any significant differences at all, in other wottie power of such tests is near
zero. Even the Holm adjustment, which is lessigént, would still not work
for so many tests. Therefore researchers havelapme a less restricting
adjustment of the-level that can be applied to a larger number wiutianeous
tests. It is called the False Discovery Rate (FHRY was proposed by
Benjamini and Hochberg(1995). The False DiscoveayeRcontrols the false
discovery rate, the expected proportion of falseaieries amongst the rejected
hypotheses. So, a FDR rate of 0.05 says that wéobarate at most 5% of false
rejections among all our tests. Let's see how aFBIR rate compares with the
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5% Bonferroni adjusted and the 5% Holm adjustedal®es for our 3 pairwise
comparisons.

> pairwise.t.test(Correct, Method,p.adj="fdr")
Pairwise comparisons using t tests with poo led SD
data: Correct and Method
CF.AVG GOR

GOR 0.00086 -
PHD 0.00013 0.05793

P value adjustment method: fdr

The result is that with only 3 pairwise tests, #BR controlled P-values are
nearly identical to those using the Holm adjustrmfentfamily-wise error rate.
However the difference between the two methods evdaé dramatic if we
performed several hundred tests simultaneously.

Graphical Analysis of ANOVA Comparisons

Often it is helpful to view means comparison dataually. This can be done in
R using thestripchart function, which will plot the spread of data vauer
each group as depicted in Figure 15-2.

> stripchart(Correct~Method, vert=T)

> title("Comparing Secondary Structure Prediction M ethods")
> #Calculating group means, sd, and sem

> xbar<-tapply(Correct,Method,mean)

> s<-tapply(Correct,Method,sd)

> sem<-s/sqrt(12)

> arrows(1:3,xbar+2*sem, 1.3 xbar-2*sem,angle=90,cod e=3)
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Figure 15-2

The addition of arrows (with flat heads at 90 degamgles) depicts the spread
range of the mean within 2 standard errors, whishusually about the
approximate range of a confidence interval. Ushig range, if the arrow lines
overlap (or come close) it indicates there is igmificant difference between the
groups, whereas if the arrows do not overlap thdwes exist a significant
difference.  Figure 15-2 provides a visual confitima of our earlier
conclusions.

Two-Factor ANOVA

Let’s return to our initial dataset, which includedhich protein as well as the
method used to determine secondary structure pi®udlic Suppose we want to
analyze not only whether the percentage corredulijeis affected by the

method of prediction used, but also whether thegrgage correct is affected by
which protein is being tested. In this analysisthbprotein and method are
factors. We call such an analysis a two factor ANOV

Adding another factor to the model is vary simpieR, simply use a plus sign
and add the next factor to the function parameter. Nesting Im inside ANOVA
creates a new ANOVA table as a result, this timenwn additional line for the

additional factor.

| > anova(Im(Correct~Method+Protein))
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Analysis of Variance Table

Response: Correct
Df Sum Sq Mean Sq F value Pr(>F)
Method 2 0.305352 0.152676 42.6844 0.0002832 ** *
Protein  30.026615 0.008872 2.4803 0.1583825
Residuals 6 0.021461 0.003577

Signif. codes: 0 ™ 0.001 ™**' 0.01 ™ 0.05 . 0171

Based on this analysis the method factor is sicguifi but the protein factor is
not. In the case of two-factor ANOVA the sum of agps between is split into
two factors like this:

SS (between) = SS (Method) + SS (Protein)

The sum of squares is simply partitioned into phgums of square components
with one for each effect in the model. The relagiop for total sum of squares
still holds:

SST = SSW SSB
Only now we can split SSB into two components, so:
SST = SSW 4SS(method) +SS (protein)]

The F-values are the mean square for the sum afregtior that method divided
by the sum of squares error. An additional conosith ANOVA models
incorporating two or more factors is the possipitihat the factors interact and
the interaction of factors is a significant concefirhe analysis of interactions is
not presented here, but this is a point of intei@siote.

ANOVA Beyond Two Factors

The ANOVA analysis technique can be extended tdiallls of analyses and
models. Although the complexity of these modelbagond coverage here, all
of these rely on the basic analysis method discusd®mve. To study such
models, some good references are presented inpiendix. In particular,
books on the statistical discipline of experimenlesign have in-depth coverage
of various types of ANOVA models. In bioinformajccomplex ANOVA
models are often used in microarray data analysis.

Meanwhile let's proceed to studying the second mion of linear model, the
regression model.
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Regression Analysis

Regression analysis is the statistical techniqued u® model relationships
between a set of input (or predictor) variables anel or more output (response)
variables. The simplest form of regression analysialled simple liner

regression or straight-line regression involvesstatistical modeling between a
single input factor X (the “regerssor”) and a seglutput variable Y (the

“response”). We discuss simple linear regressiod how to perform this

analysis in some detail here.

First let's consider how to do a simple look at th&ationship of two variables
before producing a formal regression model.

Correlations

Correlation metrics are measures of associatiorisele® variables. It is

important to note that association is a concept ties no implication of

causation. Two variables can correlate quite pjcget have no cause/effect
relationship. For example, in warm weather bothd¢bnsumption of ice cream
and the population of mosquitoes go up. Variablesasaring each of these
guantities would have a high correlation. Thistiehship however, is nothing
but a coincidental relationship and is not of fertktatistical interest.

Nevertheless looking at correlations does provideseful preliminary analysis
for looking at relationships between variables.cdkrelation metric is called a
correlation coefficient, usually designated by kbiger r. There are three most
commonly used correlation metrics: Pearson’s cati@t coefficient,
Spearman’s rho, and Kendall's tau. Pearson’s [@ime coefficient is
determined by the mathematical formula:

1 xi-%0i-y)

p=n-1
SXSy

where n is the number of data points, Sx and Sytterestandard deviations of

the x and y data respectively, axd and y are the mean values of the data.

Spearman’s rho and Kendall's tau are nonparametrielation coefficients and
based on the ranks of the data.

All three correlation metrics have values betweeand -1 where 1 is a perfect
positive correlation, -1 is a perfect negative etation, and O implies there is no
correlation. All three correlations measure threrggth of a linear relationship
between the two variables. In the case of a pedecelation of 1, the (x,y)

data points are all exactly on a line with positslepe. This usually does not
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happen with real data. As an example, considestingl dataset geneCorrData
(this was available as part of thecinfo ~ package which contains expression
measurements for a time course of two genes untersame treatment
condition in a prior release of R but has beened}i We can use R to analyze
the correlation of gene expression for these tweegelinked in functionality, to
study how they express together

First, just looking at the data, does there appehe a relationship?

> geneCorrData
genel gene2
-1.06-1.08
-0.81-1.02
-0.48-0.39
-0.42-0.48
-0.30-0.58
-0.35-0.24
-0.31-0.05
-0.18-0.33
-0.20 051
10-0.11-0.53
11-0.09-0.47
12 0.16 0.10
13 045 0.39
14 053 0.11
15 0.67 0.52
16 0.80 0.34
17 0.87 1.08
18 0.92 1.21

©CoOoO~NOOOTA~,WNPE

It helps with correlations to do a simple plot bétdata, as depicted in Figure
15-3:

| > plot(genel,gene?)
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Figure 15-3

The plot demonstrates visually that there is ewigeof a relationship but does
not quantify it. Let's measure the strength of timear relationship between
gene 1 and gene 2 expression values using coomlatiefficients. To do this
we can use the R functiotor.test By default the test calculates Pearson’s
correlation coefficient, but other coefficients dam specified using the optional
method parameter.

> cor.test(genel,gene?)
Pearson's product-moment correlation

data: genel and gene2
t=7.5105, df = 16, p-value = 1.246e-06
alternative hypothesis: true correlation is not equ alto0
95 percent confidence interval:
0.7071560 0.9556856
sample estimates:
cor
0.8826268

> cor.test(genel,gene2, method="spearman")

Spearman's rank correlation rho
data: genel and gene2
S =192, p-value = 8.498e-05
alternative hypothesis: true rho is not equal to 0
sample estimates:
rho
0.8018576
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This correlation, 0.88 or 0.80 depending which metou use, is pretty strong.

It says the association between the expressioresdhr gene 1 (X values) and
gene 2 (Y values) is positive and the values agalhicorrelated (as one goes
up, so does the other). What it doesn’t do istereay type of statistical model

that relates how we would predict a new Y valuesgia new X data point. A

simple linear regression model is required to de. th

The Basic Simple Linear Regression Model

Surely at some point in your mathematical careehably in algebra class, you
encountered the equation of a straight line, y=mxHb this equation m is the
“slope” of the line (change in y over change inaxid b is the “intercept” of the
line where the y-axis is intersected by the lifthe plot of a line with slope 2
and intercept 1 is depicted in Figure 15-4.

Although the straight-line model is perfect for ethga class, in the real world
finding such a perfect linear relationship is neximpossible. Most real world
relationships are not perfectly linear models, imperfect models where the
relationship between x and y is more like Figure319n this case, the question
literally is “Where do you draw the line?”. Simplmear regression is the
statistical technique to correctly answer to thisstion.

Y=2X+1
25
20 4
15 -
>
10 -
5 4
0! ; ; ; ; ;
0 2 4 6 8 10 12
X
Figure 15-4
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Simple linear regression is the statistical modetiWeen X and Y in the real

world, where there is random variation associatdth wneasured variable

guantities. To study the relationship between X #nthe simplest relationship

is that of a straight line, as opposed to a momapdex relationship such as a
polynomial. Therefore in most cases we want totaryit the data to a linear

model. Plotting X versus Y, as done in Figure 153 good first step to

determine if a linear model is appropriate. Sometfirdata can be transformed
(often by taking logarithms or other mathematicatinods) to fit a linear pattern

if they do not do so in the original measuremeatesc Determining if a straight-

line relationship between X and Y is appropriatéhis first step. The second
step, once it is determined a linear model is aldgdea, is to determine the best
fitting line that represents the relationship.

Fitting the Regression Model

Obviously, given Figure 15-3, you could simply takeuler and draw in a line,
which, according to your subjective eye, best gtiesugh the data. This
method is subject to much error and is unlikely yoill produce the “best
fitting” line. Therefore a more sophisticated nwaths needed.

To fit a regression model, some assumptions areenfptesented here for
thoroughness), these include:

1. For any given value of X, the true mean value ofiepends on X, which
can be writtenmﬂx. In regression, the line represents mean valtiés o

not individual data values.
2. Each observation Yi is independent of all other\j

3. We assume linearity between X and the mean of Yie mean of Y is
determined by the straight line relationship whialim be written as:

My|x = b +b1X where the betas are the slope and intercept dfrtae
(note this closely resembles y=b+mx, the equatfamlme).
4. The variance of the Yi's is constant (homoscedagtiroperty).

5. The response Yi's are normally distributed with angtant variance (see
property 4).

Let’s build on the third assumption. The actualevisd values of Y differ from
the mean of Y UMX) by an error term (reflecting random variatioN)le can

write this as:

Yi==bg+byX + i
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The errors, i's, are the difference between the mean linetardactual Yi data
values. We call these errors residuals.

In order to fit a regression model, we have paramseib estimate. In this case,
we need good estimates fdt, the slope of the line, an®, the y-axis intercept.

We have a special method for estimating these ccathe method of least

squares. Sometimes simple linear regression exresf to as least squares
regression. The least square estimates minimizestim of squares of the
vertical distances between the points and the lmeich corresponds with

minimizing the squared residual values.

The model above with Greek letters for the betaeslis the theoretical model.
For the estimates of the theoretical parameters,seethe convention of lower

case b’s (an alternative notation uses hats onGiteek letters, such B to
denote that these are estimates based on theatateenretical values.

The formulas for the least square estimates afellass:

For b1l (slope of the line)

(Xj - X)(yi - Y) _Sxy

bl=
(xj- %)% SXX

Where the numerator is also known as the sum oéreguxy (Sxy) and the
denominator is know as the sum of squares x (SSxx).

For b0 (intercept)
bo=y - hiX

Of course, performing such calculations with lardatasets is tedious.
However, there is no need to do these calculatioasually, as R provides
simple functionality to perform them.

Once again, as with ANOVA, we will use the lineapdrl functionim. To
perform simple linear regression analysis in R,pdymmodel the y and x data
vectors of interest as Im(y~x) as follows for theng expression data described
earlier:

> geneLM<-Im(gene2~genel)
>genelLM

Call:

Im(formula = gene2 ~ genel)

Coefficients:

(Intercept) genel
-0.05541 0.97070
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In the above output R has calculated the b0 tefrD%541) that is the y-
intercept and the slope (listed as 0.9707). Thesmg are referred to as
coefficients. As a challenge, you can verify thessults using the formulas
given for the coefficients and the empirical ddtas a good idea to store the
linear model object created in a new variable st ittcan be analyzed further.

Plotting the regression line makes the analysisenmeresting. We can do this
with a simple plot function, then adding a linewihe fitted data values for y.

> plot(genel,gene?)
> lines(genel fitted(geneLM))

To make things even more interesting we can addneets connecting the
empirical data to the regression line. The lengththese segments is the
residual or error, representing the distance frbendmpirical data to the fitted
regression value (mean of y line).

> segments(genel fitted(geneLM),genel,gene2,lty=2)
> title("Fitted Model with Residual Line Segments")

Figure 15-5 shows the resulting plot. This modielvés us to predict new y data
(designated as y hat to indicate that it is annedg) values based on an
empirical x value with the formula.

§i =-0.05541+0.9707* X;

Figure 15-5

Note that regression is a tool to understand exjstiausal relationships not to
create them. There are many misuses of regresdiene researchers falsely
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conclude two variables are causally related justibse they can find a good
fitting regression model relating the variables.

If you want to look at the fitted values and theideals, R provides functions
fitted  andresid . Supply these functions with the saved varialolet&ining
the linear model object to obtain the output ofihess

> fitted(geneLM)
1 2 3 4 5 6
-1.08435135 -0.84167628 -0.52134519 -0.46310317 -0. 34661914 -0.39515415
7 8 9 10 11 12
-0.35632614 -0.23013511 -0.24954911 -0.16218609 -0. 14277208 0.09990299
13 14 15 16 17 18
0.38140607 0.45906209 0.59496013 0.72115116 O. 78910018 0.83763519
> resid(geneLM)
1 2 3 4 5
4.351347e-03 -1.783237e-01 1.313452e-01 -1.689683 e-02 -2.333809e-01
6 7 8 9 10
1.551542e-01 3.063261e-01 -9.986489e-02 7.595491 e-01-3.67813%-01
11 12 13 14 15
-3.272279-01 9.701311e-05 8.593934e-03 -3.490621 e-01-7.496013e-02
16 17 18
-3.811512e-01 2.908998e-01 3.723648e-01

In fact, if you add the fitted values and the rasidvalues together you get the
empirical Y data values (gene 2).

> fit-fitted(geneLM)

> res<-resid(geneLM)

> sumFnR<-fit+res

> compare<-data.frame(sumFnR,gene?2)

> compare
SumFnR gene2
-1.08-1.08
-1.02-1.02
-0.39-0.39
-0.48-0.48
-0.58-0.58
-0.24-0.24
-0.05-0.05
-0.33-0.33
051 051
10 -0.53-0.53
11 -0.47-047
12 0.10 0.10
13 0.39 0.39
14 011 011
15 052 052
16 0.34 0.34
17 1.08 1.08
18 121 121

OCoOo~NOUh,WNE
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Testing the Regression Model

Once we have a regression model we often want &ode inferential tests and
analysis to see if the model is indeed a goodrfif we should adjust the model
accordingly. In R the Im function is more thantjaa ordinary function. Itis a

special type of function that creates a model dbjd@tose familiar with object-

oriented programming know about the principle ofcapsulation, where

information is “hidden” inside an object. The larenodel object when created
contains hidden information that can be extractéth wther functions. The

summary function can be used to extract detaiks lofear model object. These
details include information of use to diagnosertigression fit.

Applying the summary function to our linear modéjext yields the following
output:

> summary(geneLM)

Call:
Im(formula = gene2 ~ genel)

Residuals:
Min  1Q Median 3Q Max
-0.3812 -0.2196 -0.0084 0.1492 0.7595

Coefficients:
Estimate Std. Error t value Pr(>|t])
(Intercept) -0.05541 0.07330 -0.756 0.461

genel 097070 0.12925 7.511 1.25e-06** *

Signif. codes: 0 ™* 0.001 ™**' 0.01 ™ 0.05 . 0171
Residual standard error: 0.311 on 16 degrees of fre edom
Multiple R-Squared: 0.779,  Adjusted R-squared: 0.7652
F-statistic: 56.41 on 1 and 16 DF, p-value: 1.246e -06

The first section of output simply states the moddlhe next section is a
summary of the residuals. Often in regressionaw lat the distribution of the
residuals the check the assumption of normalityhe Tistribution should be
centered around zero, so the median value shoulte@e zero, and it is so for
our data.

Another good way to check normality by looking la distribution of residuals
is to do a Q-Q plot of the residuals to look fdmear pattern:

| > ggnorm(resid(geneLM))
Figure 15-6 displays the result, which seems resdgnlinear indicating the
normality assumption of the model is not violat&this is one indication of a
good model fit. A nonlinear pattern on a Q-Q plasts doubt on the assumption
of normality. This may or may not indicate a pexhl with the model fit, but
deserves further exploration.
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Figure 15-6

The other section of summary output that is ofremé for testing simple linear
regression models is the coefficients section. s Heiction repeats least square
estimate values for the slope and intercept caeffis but also gives output of
statistical tests of these values, with a t-tesfigtics value and a p-value for the
test statistic.
Coefficients:
Estimate Std. Error t value Pr(>|t])

(Intercept) -0.05541 0.07330 -0.756 0.461
genel 097070 0.12925 7.511 1.25e-06 ** *

The interesting test here is the test on the slafch ids a test to see if the
slope is significantly different from zero. Inidtcase, with a p-value of 1.25e-
06 our slope is highly significantly different fromero. However, if this test
provides an insignificant p-value (0.05 or high#rs cast doubt on whether
there is a strong linear relationship between x wrehd perhaps there is no
relationship or maybe another type of model wowddatbetter fit. The intercept
test is of little interest in practice.

Generalizing the Linear Model

Underneath the details, ANOVA and regression aaflyré¢he same thing. Both
are linear models that relate a response (Y) tatin(X) through a linear
relationship. In the cases above we looked atcHse of one input variable,
although this can easily be extended to includetipialinput variables. Both
ANOVA and regression take the form:
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Observed data = fit + residual
Yij = fit + i
In the case of one-way ANOVA we have the following:
j

Where the fit is the grand mean, plus the treatment effect for that group,
designated with the Greek letter tau. If we expmisito two-way ANOVA the
model is:

Now instead of one treatment effect we have twphaland beta, representing
the effect of the two groups (in our example earlgrotein and prediction
structure method).

For the regression model we have
Yi= =bg+b1X + i

Where the slope and intercept determine the fiethaen the input data. In
regression the input data is continuous data, vesereith ANOVA we are
working with factor (discrete) variables.

The general paradigm for a linear model is:
Y =f(X) +

Where the output is a linear function of input ahtes plus an error term. There
are dozens of variations of the linear model, whigha topic of advanced
statistics courses. In all cases of the linear mtde“fit” function f(X) is also
linear in the parameters.. It is of note though tha input variables themselves
need not be linear and can have exponents othar thaModels where f(X)
does not follow a linear relation in the coeffiderare known as nonlinear
models.

In bioinformatics, the use of linear models occtmegquently in quantitative
genetics applications such as QTL mapping. ANOVaAdeis can be used in
designing experiments and analyzing microarray ,ddtacussed further in
chapter 19. R has extensive functionality for oheplvith all types of linear and
nonlinear regression models and many packages avetatl to specific
advanced regression modeling applications. Seleckgges are featured in
Table 15-3.
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Table 15-3 Selected R Functionality for Linear Msde

Package Select functions Description
Base installation Im() Linear regression model
Base installation glm() Generalised linear
models
survival coxph() Cox model
survreg() Survival models
clogit() Conditional logistic
regression
nlme Ime() Linear mixed effects
models
nime() Non linear mixed effect
models
gee gee() Generalised estimating
equations
rmeta Various Models for meta
analysis (fixed effects,
random effects)
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16

Working with Multivariate Data

Many of the probability models introduced in earlEhapters are univariate
models. However there is a large body of work tatistics devoted to the
simultaneous analysis of several response variabldss area of statistics is
called multivariate statistics. We have alreadyroduced multivariate
probability models; in particular the multinomiaisttibution is a multivariate
model for discrete data. We have also discussexd hivariate normal
distribution (Chapter 8), which is a continuous tivalriate model.

Multivariate statistics can be challenging. Inthijmensions there is the “curse
of dimensionality”: data spaces are vast, andqtires huge amounts of data to
even moderately fill the space. Another seriousblem is the edge effect

issue. As the number of variables grows, a lapgecentage of the data tends to
be near the edge of the data space, yet manytisttiapproaches attempt to
draw conclusions about the mean (center) of the. dat

Another challenge is data and pattern descriptioth @sualization. We can
only display low-dimensional projections of the alasuch as histograms,
scatterplots or perspective plots and rotating tpolauds (three-dimensional
projections). It is likely that important features multivariate data get lost in
these projections. In this chapter we discuss huoultivariate data is

summarized, and we introduce the general multit@rizormal distribution.

Furthermore we will introduce some techniques odlyre multivariate data
which are becoming commonplace in biomedical litea
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The Multivariate Normal Distribution

We first generalize the bivariate normal distribati discussed in Chapter 8, to
the case of several variables. So far we onlyidensd the bivariate standard
normal distribution with zero correlation. The pability density function for
higher dimensional normal probability models iglfacomplex and requires the
notation of linear algebra. Starting first wittethase of two variables, say; Y

and Yo we simply state the parameters that define thtilaligion, avoiding
complicated algebra. They arey andnp, the mean of ¥ and mean of ¥,

respectively;s 1 ands,, the standard deviation of{Yand of Y,, respectively,
and the correlation coefficiemt; > between Y and Y,. Figure 16.1 displays

random samples of size 500 from several differemtmal distributions whose
parameters are given below in Table 16.1.

Table 16.1 Bivariate Normal Parameters of Figurel16

m m S1 S2 (D) S12
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Figure 16.1: Simulated Bivariate Normal Data
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The effects of changes in the parameters are obvidhe bivariate means
determine the location of the center of the distiitm. The standard deviations
reflect the scale in the directions of the variabld=or example in plot (b), the
standard deviation of ¥is 1.732 times larger than that o Which is reflected

in the larger range of ¥ Finally the correlation describes the strengtfao

linear association between the two variables. €ations vary between -1 and
+1, where these limits denote perfect negativepositive correlations. Plot (d)
depicts a strong positive correlation of 0.9. Netithe last column for the
parametess 1o in the table. This is the covariance of ¥nd Y,, which is the

expected product of the deviations from the means:

S12 = Covariance = Cov(Y,Y9) = Expected Value (Y—m)( Yo —np)

The correlation coefficient 5 is simply a scale-free version of the covariance,
namely:

r 12 = Correlation(¥,Y ) = Expected Value Yl; m g YZ; 4
1 2

=sq12/(s1s9), or, equivalenthp1o=r19s15S>o

It is customary in multivariate statistics to prdeithe variances and the pairwise
covariances arranged in a matrix as follows:

var(y,)  cov(y.%) _ s? s,
cov(y,%,) var(y) s, s

This is called the variance-covariance or the d&pa matrix and is equivalent
to providing the individual standard deviations ahd correlations. Note that
this matrix is symmetric: the off-diagonal elemerabove the diagonal
correspond to those below the diagonal.

The R package mvtnorm provides commands for thetivadlate normal
distribution, rmvnorm for random number generatioimyvnorm for density
calculations, and pmvnorm for cumulative probaiedit These commands
require as inputs a vector of the means of theabtas, and the variance-
covariance matrix. For example, plot(d) in Figlifel was generated using the
following commands:

> library(mvtnorm)
>meand4 <- ¢(2,1)

> Sigma4 <- matrix(c(3,.9%(3".5),.9%(3".5),1),ncol= 2)

> mat4 <- rmvnorm(500,mean4,Sigma4)

> plot(mat4,xlim=c(-8,8),ylim=c(-4,6),xlab="y1" yla b="y2")
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The multivariate normal distribution serves as aetiae for most multivariate
statistical analyses. Although clearly not all édonbus data have a multivariate
normal distribution, it is very difficult to work ih other multivariate
continuous distributions, one exception being theacblet distribution that is
used for modeling continuous fractions (see Chagder The multivariate
normal distribution is also preserved under linedata transformation.
Geometrically speaking such transformations includmslations, rotations,
stretching and contracting. Virtually all of théasgsical dimension reduction
techniques and classification methods are baseléthear transformations, and
therefore the multivariate normal distribution agsas a natural candidate for
probabilistic modeling.

Another nice feature of the multivariate normattidlisition is that any marginal
distributions are again normal. To illustrate thiint we randomly generate 4
variables ¥Y,Y2,Y3,Y 4 that jointly have a multivariate normal distrilarii with

respective means (2,4,6,8) and with variance camad matrix

1 1 -4-09
1 4 16 -1.2
-4 16 4 18
-09-12 18 9

S=

We first check that the one-dimensional (univajiaterginal distributions are
normal by plotting individual histograms which alisplayed in Figure 16.2.

> Sigma <- matrix(c(1,1,-4,-9,1,4,1.6,-1.2,-4,1. 6,4,
+ 1.8,-9,-1.2,1.8,9),ncol=4)
>'Y <- rmvnorm(500,c(2,4,6,8),Sigma)
> par(mfrow=c(1,4))
> for (i in 1:4) hist(Y[,i], main="", nclass=15,
+ xlab = paste("Y",i, sep=""))

50
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Frequency
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0 20 40 60 80 100

L | | — rrrrror1 |
-1 12345 0 5 10 -2 2 6 10 0 5 10 15
Y1 Y2 Y3 Y4

Figure 16.2. One-dimensional marginal distributson
Histograms

Note and check that the pairwise correlation cogffits arerqo = 0.5,
ri3=-0.2, r14=-0.3,r53=0.4,ro4=-0.2,r 34 = 0.3. We examine the two-
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dimensional marginal distributions by producing tem@lots of pairs of
variables. For example, scatterplots of the pdif8)( (1,4), and (2,4) are shown
in Figure 16.3.

Y[, 2]
4
Il

-1 0 1 2 3 4 5 -1 0 1 2 3 4 5 2 0 2 4 6 8 10

Y[, 1 Y[ 1] Y2

Figure 16.3. Two-dimensional marginal distributson
Scatterplots.

These are typical shapes for bivariate normal ibigions as we have seen in
Figure 16.1.

We now illustrate the property that normal disttibns are preserved under
linear transformation. A general linear transfotiora of the above four
variables is defined by any arbitrary coefficientsby, by by by which then

define a new random variable U:
U=c+DbYy+bYo+b3Yz+bsYy
We consider the following two transformations:
Up=3+2Y]-2Yo +4Y3-4Yy
Uy =-6-Y] — Yo + 6Y3 + 2Y,

By examining the histograms and the scatterplotgufeé 16.4) we verify that
the U; and U, each have marginally a normal distribution, andhbjaintly

follow a bivariate normal distribution.

> # Generate linear combinations

> U1 <- 3+ 2*Y[1] -2*Y[,2] + 4*Y[,3] - 4*Y[4]
>U2<--6-Y[,1] - Y[,2] + 6*Y[,3] + 2*Y[,4]

> # Create graphs

> par(mfrow=c(1,3))

> hist(U1,nclass=12);hist(U2,nclass=12)

> plot(U1,U2)
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Histogram of U1 Histogram of U2
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Figure 16.4: Distributions of Linear Combination§Normal
Variates

So far we have only examined simulated data, wbighdesign are very well
behaved. When being faced with actual continuoustivariate data in
scientific applications, we will need to examingpkere and summarize the data
before proceeding to use more sophisticated stafigechniques. Whenever
possible we will judge as to whether the data fella multivariate normal
distribution. Note that most of the techniqueghis text are not very sensitive
to mild departures of the data from normality. Hwer they can be influenced
by individual extreme data values, so-called ordliespecially if the dataset is
small to moderately large. If the distributions ssime or all variables are
consistently skewed a nonlinear transformatiorhefdata such as the logarithm,
or the square root transformation, often does wmmnde creating transformed
data that fairly closely follow a multivariate noahdistribution.

Multivariate Sample Statistics

A routine first step in multivariate data analysisolves calculating sample
statistics for the purpose of summarizing the datae R-command “summary”
gives the mean, median and sample quantiles ofvéinables. It is best to
arrange the data into a data frame, instead ofanta@trix. In a data frame each
column can be named with the “names” command, artceated as a separate
variable.

>Y <- as.data.frame(Y)
> # Provide summaries for each variable
> summary(Y)

Y1l Y2 Y3 Y4
Min. :-0.8827 Min. :-2.173 Min. :-2.062 Min. :-1.266
1stQu.: 1.2324 1stQu.: 2.653 1stQu.:4.534 1stQu.: 5.918
Median : 1.9557 Median:4.008 Median : 5.989 Median : 8.052
Mean :1.9506 Mean :3.947 Mean :5.943 Mean :8.020
3rd Qu.: 2.5636 3rd Qu.:5.315 3rd Qu.: 7.311 3rd Qu.:10.316
Max. :4.9096 Max. :11.023 Max. :10.927 Max. :17.822

We note how close the medians and the means aa&ctoother, indicating that
the data are symmetric. In the following we obtdie standard deviations, the
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sample variances and covariances arranged in anearicovariance matrix, and
the sample (Pearson) correlation coefficients gedrin a correlation matrix.

> # In the following only print 4 digits
> options(digits=4)

> # Get standard deviations

>sd(Y)

YL Y2 Y3 Y4
0.9997 2.0017 2.0116 3.0502

> # Print the sample variance - covariance matrix
>var(Y)
YL Y2 Y3 Y4
Y1 0.9993 0.9756 -0.4111 -0.8692
Y2 0.9756 4.0069 1.6587 -1.0377
Y3-0.4111 1.6587 4.0466 1.7394
Y4 -0.8692 -1.0377 1.7394 9.3039

> # Print the correlation matrix

> cor(Y)

YL Y2 Y3 Y4
Y1 1.0000 0.4875-0.2044 -0.2851
Y2 0.4875 1.0000 0.4119-0.1700
Y3-0.2044 0.4119 1.0000 0.2835
Y4 -0.2851-0.1700 0.2835 1.0000
>

Note how close the sample variance — covarianceiatto the corresponding
matrix S of the theoretical model from which the data wiamsutated. We use
the symbolS (bold faced S) to denote the sample variance camves matrix,
which is customary in multivariate statistics. Ramnier again that the diagonal
elements ofS are the sample variances of the individual vaeapénd the off-
diagonal elements are the covariances betweenqfding variables.

Displaying Multivariate Data

The best way to familiarize oneself with what is andata set is through
examining graphs. This is particularly importaot imultivariate data sets.
While high dimensionality (many variables) preveunssfrom clearly seeing all
features in lower dimensional plots, graphing idl st powerful method
particularly for identifying outliers, relationstipbetween variables, and for
suggesting transformations to achieve distributitias are closer to a normal.

Let's use as an example the famous (Fisher's orefsuh’s) iris data set that
gives the measurements in centimeters of the Vadagepal length and width
and petal length and width, respectively, for 50wirs from each of the 3
species of irisiris setosa, Iris versicolor, and _lIrisvirginica. (see Anderson
(1935). The iris data is included in the R basekpge as a dataframe. We will
analyze the species “versicolor”.
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> data(iris)
> # first print the data
> print(iris)
Sepal.Length Sepal.Width Petal.Length Petal. Wid th Species
1 51 35 14 0 .2 setosa
2 49 30 14 0 .2 setosa
3 4.7 32 13 0 .2 setosa
49 53 37 15 0 2 setosa
50 5.0 33 14 0 .2 setosa
51 7.0 32 47 1 4 versicolor
52 6.4 32 45 1 .5 versicolor
100 57 28 41 1 3 versicolor
101 6.3 33 6.0 2 .5 virginica
102 58 2.7 51 1 .9 virginica
149 6.2 34 54 2 .3 virginica
150 59 30 51 1 .8 virginica
> # Create subset of Species versicolor
> iris.versicolor <- iris[iris$Species=="versicolor ",1:4]
> # Plot 4 histograms
> par(mfrow=c(2,2))
> for (i in 1:4) { hist(iris.versicolorf,i], xlab=NU LL,
+ main=names(iris.versicolor)[i]) }
Sepal.Length Sepal.Width
4
P bl
© —r T 1T 1 1 © rrr o111 1
45 55 6.5 20 26 32
Petal.Length Petal.Width
R y
REN: IR S T
° T C
3.0 4.0 5.0 1.0 1.4 1.8

Figure 16.5: Histograms of Iris Versicolor Variad

With the exception of petal width, the variableslyaclosely follow a normal
distribution as we can see in Figure 16.5. Let&xtnexamine pairwise
correlations and scatterplots. R provides a coewércommand, “pairs” that
produces all scatterplots of all pairs of variablesa data set arranged as a
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matrix (see Figure 16.6). We also create labalplioiting that indicate the iris
species. There is of course redundancy in thigdig For example the first row
second column entry is the scatterplot of Sepalthich the x-axis versus Sepal
Length on the y-axis, while the second row firstuocmn entry is the scatterplot
of the same pair with the axes interchanged.

> n <- Nrow(iris)

> # Create labels

> ir.labels <- rep("v",n)

> ir labels[iris$Species=="versicolor']<- "c"

> ir.labels[iris$Species=="setosa']<- "s"

> pairs(iris[,1:4],pch=ir.labels)
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Figure 16.6: Scatterplot Matrix of Iris Versicol@ata
> # Pairwise Correlations
> cor(iris.versicolor)

Sepal.Length Sepal.Width Petal.Length Petal.Width
Sepal.Length  1.0000000 0.5259107 0.7540490 0.5464611
Sepal.Width 0.5259107 1.0000000 0.5605221 0.6639987
Petal.Length 0.7540490 0.5605221 1.0000000 0.7866681
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| Petal.Width 05464611 0.6639987 0.7866681 1.0000000

We note that the pairs Sepal.Length and Petal. therand Petal.Length and
Petal Width are most strongly correlated with resipe correlations of 0.7540
and 0.7867.

Within the last 10 years many statistical and giegdrsoftware packages have
provided 3-dimensional data plots as point cloutten points are colored or
shaded in a clever way to make the 3-dimensioratlifes more visible to the
human eye. Software may also include interactiv@plgics that allow the

rotation of the point cloud which further enhanttess subtle features in the data.
The R package “scatterplot3d” provides a single mamd of the same name
that creates a 3-d point cloud. For example pigtthe four 3-d point clouds of
the iris versicolor data results in the followirfgiure 16.7)
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Figure 16.7: 3-d Point Clouds of Iris Versicoloai

We notice a few subtle patterns in these pointatigtaphs. In particular, in
graph 1 (top left) there appear to be 4 points Wdthh Sepal values slightly
separated from the rest of the data. Also, inlyygtop right) there is a hint of
a hook-like pattern for large values of Sepal Widtid Petal Width. Again
these patterns are subtle and would only be corsidmild departures from
multivariate normality. In fact for multivariateormal data, the surfaces of
constant point density are ellipsoids in 3-d sphed are centered at the mean.
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Ellipsoids in 3-d space look like American footlsathat have been stretched or
compressed. In the special case of uncorrelatechalodata, the football
becomes aligned with the axes, and in the speai# of uncorrelated data and
equal variances among the variables, the footle@ibimes a sphere.

Outliers

Outliers are extreme observations that are eitieptoduct of a data reading or
measurement error, or they a caused by accidergaityling from a different
population than the rest of the data. For onetadvariable data it is easy to
identify outliers in a scatterplot. For 3-varialdata, rotating a 3-d point cloud
helps in identifying outliers. For multivariatetdawith more than 3 variables,
there is the chance that lower-dimensional prajestido not reveal all outliers.
The following gives an example of a two-variabléadgset with one outlier that
is masked when the data is projected onto one-diiloeal subspaces. The one-
dimensional projections are represented as rugalotgy the x and y axes.

/ Outlier in 2-d Space ‘

° o
o
0 0% o
. . %o
No outliers in o 0 0

1-d Projections ° C% ?
o o

o

o
LL LA 11
4

Figure 16.8: Masking of Outlier in Projections

One very simple classical method is to obtain fwhedata poink;, the unit-free
measure of how many standard deviations it liesyafn@m the center of the
data, the multivariate mean. Remember that inariate statistics this number,
when using sample data, is simply the t-score:

which for large data is approximates the z-score:
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Typically we are only interested in the absolutkuggpositive number) of the t-
score, in which case we can write

For normally distributed datai,zthas for large data approximately a chi-square
distribution with 1 degree of freedom.

In multivariate data we will need to consider imf@tion from all the variances
and covariances in order to obtain the measureighequivalent to the t-score.

It turns out that the measux:d;,2 , which is a generalized squared distance, is:

This is a vector-matrix expression, addl denotes the inverse matrix of the
sample variance-covariance mat8ixand (..) denotes the transpose of a vector
or matrix. Any p by p matrix, such &defines the coefficients of a system of p
linear equations which is a transformation from @Aeector to another. The
inverse matrix simply consists of the coefficienfshe inverse transformation,
and can be calculated by solving the linear systé&mr any p>2, such systems
invariably require computer software for quick cddédions. Notice the

correspondence cnfiz with the right hand side of the equation tpr The diz

are also called Mahalanobis distances, after tHminstatistician Mahalanobis.
A result from multivariate statistics that geneza$ the chi-square result above
states that Mahalanobis distances approximatelgvich chi square distribution
with p degrees of freedom where p is the numberaofables. R provides the
Mahalanobis distances with theahalanobis command for the rows of a data
matrix. It requires the specification of the meagctor and of the variance
covariance matrix: We plot the square roots of kh@halanobis distances
representing the distances in standard deviatidts tnom the center for the Iris
versicolor data in Figure 16.9.

> dist2 <- mahalanobis(iris.versicolor,
+ mean(iris.versicolor),var(iris.versicolor))
> plot(dist2".5)
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Figure 16.9 Multivariate distances of Iris VersiooData

We recognize 2 observations that are more thanit3 away from the center.

Note that the square root of the™percentile of the chi squared distribution
with 4 degrees of freedom equals 3.0802. We wasklthis number as a rough
cut-off to flag extreme observations that give adidation of departure from

normality. Notice however that none of the 2 fladgobservations have an
extremely large generalized distance, hence thesgeay moderate outliers, if

we want to call them outliers at all.

Principal Components

In order to effectively analyze multivariate dalt@ scientist is often forced to
resort to what is known as dimension reduction nepkes, the first we will
introduce is known as principal component analy$ise primary goal of the
method is to describe the variability in a multiaée data of p correlated
variables by a smaller set of derived variables d@na uncorrelated. The derived
variables, called principal components, are line@mbinations of the original
variables, and are usually listed in the orderheirt respective importance. In
other words, the first principal component (PC1plains the largest amount of
variation, the second principal component (PC2urnsorrelated to PC1, and
explains the second largest amount of variatiod,ssmon. The aim is to discard
subsequent principal components after a large ptage of the variation (90%
— 99 %) has been explained by the first k princquahponents, where k < p.

Most statistical software provides methods for gipal component analysis. In
R we use the commangincomp followed by thesummary command to

obtain standard PC analysis output given below. agply this to the iris

versicolor data. The procedure resides in the ggakva.

> # Perform a Prinicpal Component Analysis
> library(mva)

> pc.iris <- princomp(iris.versicolor)

> summary(pc.iris)

Importance of components:
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Comp.1 Comp.2 Comp 3 Comp4

Standard deviation 0.6914597 0.2663389 0.231690 66 0.09795181
Proportion of Variance 0.7808176 0.1158471 0.087666 350.01566898
Cumulative Proportion 0.7808176 0.8966647 0.984331 02 1.00000000

The Screeplot given in Figure 16.10 visualizesahmunt of the variance that is
explained by the four principal components. A disien reducing
transformation of the data into the first two P®@isuld capture 89.7% of the
variability, while using the first three PC’s wouldapture 98.4% of the
variability.

> # Create screeplot of a princomp object

> screeplot(pc.iris)

pc.iris

Variances

]

Comp.1 Comp.2 Comp.3 Comp.4

00 01 02 03 04

Figure 16.10: Screeplot of PC Analysis for IrisrSieolor

We note that all four original variables are sizeasurements (length and
width). The essence of what principal componenssduae is to capture most of
the variability of the data in one component vaea®C1) which can be used to
reduce the dimensionality of the data from foulgmal variables to one new
component variable. PC1 can be interpreted as w&edewariable of size.
Principal components arise naturally in severaleothtatistical procedures,
notably in classification, which is the subjectloé next section.

Classification and Discriminant Analysis

The goal of classification is to develop a predietmodel that is capable of
assigning membership to a class based on seveeduma characteristics. A
standard example arises in biology: Several sieasurements are obtained
from samples of several species and the specieaahf sample is determined as
well. It is assumed that taking size measureméstsnuch easier than
determining the exact species. In order to avbal difficult task of species
determination, a classification rule, capable dkdaining species from the size
measurements alone, is developed.
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Classification for Two Populations

The easiest classification methods are those tekatéwo populations, called
binary classification. As the name suggests tta gato predict membership in
any one of two classes. The two classes are ofided as 0 and 1, but could
also be thought of success and failure, or YesNd

Reaven and Miller (1979) examined the relationshiptween chemical
subclinical and overt nonketotic diabetes in 145-nbese adult subjects. The
three primary variables used in the analysis ateage intolerance, insulin
response to oral glucose and insulin resistancedttition, the relative weight
and fasting plasma glucose were measured for ead¥idual in the study. This
data is available from the StatLib website.
http://lib.stat.cmu.edu/datasets/AndrewBAble 36.1. The data and a summary
of related research is also described in the Dath, by Andrews and Herzberg
(1985).

We attempt to derive a classification into the wedegories normal (coded as 3
in the data) and subclinical diabetes (coded asi®g the two variables glucose
intolerance, and insulin response. We retrieve plud the data using the

following set of commands.

> glucose <- read.table(blood.glucose.data.txt)

># Only use the 6 relevant variables. Last variabl eis class variable
> glucose <- glucose[,5:10]

> names(glucose) <- c('gluc.intol',i.respons','i.r esist' rel.wt,
+plas.gluc’,'diagn’)

> # Only use normal (diagn=3) and subclinical diab (diagn=2)

> glucl <- glucose[glucose$diagn = 1,]

> attach(glucl)

> # Plot the data

> plot(gluc.intol,i.respons,type="’)

> text(gluc.intol,i.respons,labels=diagn,cex=0.8)

> # Plot means of each group using point-character 15: filled square
> mean?2 <- mean(glucl{diagn==2,1:2))

> mean3 <- mean(glucl[diagn==3,1:2])

> points(rbind(mean2,mean3),pch=15)

From the scatterplot of the data in Figure 16.14 see that the responses of the
two groups are quite interspersed. Diabetics divdrave higher insulin
response and glucose intolerance, as expected. niEams of each group are
indicated as filled squares.
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Figure 16.11: Glucose Intolerance and Insulin Resge of
Healthy (3) and Subclinically Diabetic (2) Indivials

Geometrically speaking a classification rule fasthxample is a partition of the
2-dimensional sample space where each side ofaftiign is assigned to one
of the two groups. In the ideal case the obsermatiare totally separated in
sample space, in which case we can easily dranea dir a curve of separation
that classifies the data perfectly. In the mayodt real-word scenarios there
will be overlap of the groups, as illustrated bystbxample. Because of the
overlap there is some risk of misclassifying a fetsample into group “2” when
it should be classified into group “3"” and vice s&r The probabilities of correct
classification and misclassification of an objecinto groups A and B can be
written as

P(X is correctly classified and X in A) = P(X in®p
P(X is misclassified as A and X in B) = P(X in Aji)
P(X is correctly classified and X in B) = P(X inB3pg
P(X is misclassified as B and X in A) = P(X in Bpy)

In the above, g and |3 represent the prior probability of group A andd

respectively.  Thus, the classification/misclassifion probability is the
conditional probability of the classification muyliied by the prior probability.
Now we are ready to derive an optimal classificgatiale by minimizing the
expected cost of misclassification (ECM).
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ECM = C(A|B)P(AIB)p g + C(BIA)P(B|A)p A

where C(A|B) is the cost of misclassifying X intg vhen in fact it is in B, and
similarly for C(B|A). Most often we consider a 10-cost function which
means that there is a cost of 1 when misclassicaiccurs. With a “0-1' cost
function it can easily be shown that the optimaksilfication rule is the one that
maximizes the posterior probability.

p(Al X inA) = p(X in Al A) p,
p(XinA|Ap+ A XinABp
p(B| X in A) = p(X in A| B) R

p(X inA[Ap+ (XinABp

Note that for binary classification, these two mabliities add to one. Deriving
a minimum ECM rule can be difficult in practicen particular expressions like
p(X in AJA) may involve complicated multivariate mi&ty functions.

Linear discriminant analysis (LDA), was developeg R.A. Fisher in 1936
when he analyzed the iris data in the context afetjes. Fisher's LDA is an
optimal classification rule if the data in eachgvdollow a multivariate normal
distribution that have different mean vectors buthwthe same variance-
covariance matrix. That is a lot of assumption lmtanalogous to the
assumptions made in ANOVA (see Chapter 15).

The package “MASS” contributed to the R projectamjunction with the text
“Modern Applied Statistics with S-Plus” (VenablesdaRipley, 1997) provides
commandda linear discriminant analysis. The commands rexas inputs a
multivariate data matrix or dataframe, and a factbat denotes class
membership. Let's first applya :

> # Perform Linear Discriminant Analysis
> library(MASS)

> gluc.lda <- Ida(glucl[,1:2],gluc1$diagn)
> gluc.lda

Prior probabilities of groups:
2 3
0.3214 0.6786

The prior probabilities are assumed according éofthaction of data that fall in
each class, unless otherwise specified.

Group means:

gluc.intol i.respons
2 10558 99.31
3 09372 9118

Coefficients of linear discriminants:
LD1
gluc.intol -5.57342
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| i.respons -0.07247

The coefficients ofida determine the linear transformation. One must be
careful in interpreting these, because in R, astler packages, they have been
conveniently rescaled. An easier interpretatiothésfollowing: The separation
line crosses the line connecting the group meattgedtalfpoint, and has a slope
that is minus the ratio of the Ida coefficientsa dur example the slope is —
5.573/0.072 = -76.9. (see Figure 16.11).

Let's examine how well this classification works. The command
predict(lda) provides a printable list with the following obfsc
> # Store the list of output

> gluc.pred <- predict(gluc.lda)
> # class membership prediction

> gluc.pred$class

[1]33333333333333333333333 33322
[29]133333333232333333333333 23333
[67]133322323232333333322333 33333
[85]32222222332223322323333 32323
Levels:23

> # posterior probabilities of membership
> gluc.pred$posterior
2 3
1 0.031470.9685
2 0.286520.7135
3 0.43596 0.5640

> # |da scores induced by the transformation
> gluc.pred$x

LD1
1 192131
2 -0.09097
3 -0.61500
A

Inspecting gluc.pred$class we notice that the first 3 observations are
classified as 3 because p(3|X) > 0.5 in all thré¥e could now count the
misclassifications by comparing the actual diagso#iediagn variable with
the predicted class. Theble command in R provides for a convenient
summary:

> table(gluc1$diagn,gluc.pred$class)
23
21719
31066

Thus the estimated misclassification errors arfelsys
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P(Xis “3"["2") = 19/36 = 0.528, and P(X is in"2‘3") =10/ 76 = 0.132. We
can obtain the classification probabilities by dixg the table by its row sums
as follows:

> tab <- table(gluc1$diagn,gluc.pred$class)
> tab/rowSums(tab)

2 3
20.47220.5278
30.1316 0.8684

These misclassification error probabilities are&bigh.

Classification for More Than Two Populations

The discussion of binary classification directlyngealizes to more than two
populations without much difficulty. More challeng is the case where there
are much more than two response variables. Weatt@mpt to classify the full
diabetes data using all five variables and allehdmgnoses (1: overt diabetic, 2:
chemical diabetic, 3: normal). We may first exaenithe scatterplot matrix.
Linear discriminant analysis attempts to transfoher data into one or two new
variables, so called canonical variates, so thatdéparation of diagnosis is
strongest in the first, and second strongest irsdwond. Note the similarity to
principal component analysis. The following gitks R calculations.

> # Perform LDA for three diagnoses; use all variab les
> library(MASS)

> gluc.lda <- Ida(glucose],1:5],glucose$diagn)

> gluc.lda

Prior probabilities of groups:
1 2 3
0.2276 0.2483 0.5241

Group means:

gluc.intol i.respons i.resist rel.wt plas.gluc

1 09839 217.67 1043.8 106.0 3189
2 10558 99.31 4939 288.0 209.0
3 09372 9118 3500 1726 114.0

Coefficients of linear discriminants:
LD1 LD2

gluc.intol -1.3624357 -3.784142

i.respons 0.0336488 0.036633

iresist -0.0125764 -0.007092

relwt  0.0001022 -0.006173

plas.gluc -0.0042432 0.001134

Proportion of trace:
LD1 LD2
0.88120.1188
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The optimal classification results in two canonieariates (LD1 and LDZ2)
given by the coefficients above. About 88% of feparation results from the
first LD transform. Let's examine class membersni misclassification error.

> # Store the list of output
> gluc.pred <- predict(gluc.lda)
> # class membership prediction

> gluc.pred$class
[1]33333333333333333333333 332333
[30]33333333333333333333333 333333
[59]33322322332323333323333 223222
[88]122222222322222222322223 231111
[117]111112112111111211322211 111111
Levels:123
> tab <- table(glucose$diagn,gluc.pred$class)
> tab/rowSums(tab)

1 2 3
10.8182 0.15152 0.03030
20.0000 0.86111 0.13889
30.0000 0.03947 0.96053

This classification has much lower misclassificateror than the previous one
where we only used two response variables. Inquéat three out of 76 healthy
individuals are misclassified as chemically diabetvith a misclassification
probability of 3/76 = 0.039. We see in Figure Doglot (b) that the separation
into the three groups shows clearly when the detarepresented in the two
canonical variates, whereas the groups appeasp@esed, particularly groups 2
and 3, when represented in the first two varialgksose intolerance, and
insulin response, as shown in plot (a).
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Figure 16.12: Comparison of Group Separation iht(e
first two variables and (b) the first two canonica@riates

Cross-Validation

A note of caution is in order. Any of the linearetmods for multivariate
statistics are optimal when the data more or lefiewWw a multivariate normal
distribution. More importantly, since the calcidais depend on the sample
variance-covariance matrix, they can be highly gieasto outliers. This outlier
sensitivity can have a major impact on the misdi@ssion error: Outliers can
have a pull-effect on the separation curve thatigeid reduce their probability
of being misclassified. It is a well-known factthif the data from which the
classification rule is derived (the “training” sé$)also used to evaluate the rule,
then the misclassification error are too low, @deid towards zero.

In order to adequately evaluate the classificaporcedure we need to have a
separate data set, the so-called test set, forhwivie evaluate how well the

classification rule works. This is called crosdidation. The test set can be a
separated part of the dataset originally used whiak not incorporated when

making the model or a different dataset. R prowideethods for cross

validation which the interested reader should esgplo

Classification Trees

Classification trees, or recursive binary partitB@hemes originated as tools for
decision making in the social sciences and wermduoiced to main-stream
statistics by Breiman et al. (1984). Classificativees essentially provide a
sequence of rectangular blocks of the data spabereamone of the groups is
assigned to each block. The method is recursivieichwmeans that the
partitioning at a given step depends on the paniitig of previous steps, hence
the method lends itself to a tree-like represemmati Classification trees are
similar to the widely used “keys” in botany for ptadentification.

Constructing a Tree

The R library “tree” provides convenient commankdattproduce and validate
classification trees. Let's use this methodologytlee cancer microarray gene
expression data, available Bttp://www-stat.stanford.edu/ElemStatl eajthe
website for the textbook by Hastie et al. (20010his data has been fully
preprocessed. A total of 64 tissue samples ofad ¢6t14 different cancers have
been obtained and their genetic responses wergzadalvith DNA microarray
technology.
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We have deleted the samples of the types of carficershich there were 2 or
fewer samples, resulting in a sample size of 57 dMected a set of 35 genes
that exhibited minimal expression of at least —fd¥5all cancers. To make the
results more understandable we only consider theo6t expressive genes,
which corresponds to a minimal expression levek dlie 64 cancer samples of
-0.42.

We thus work with 6 variables and attempt to pariitinto 8 different cancer
types. The cancer types are BREAST, CNS, COLON,UKEMIA,
MELANOMA, NSCLC, OVARIAN, RENAL. They are assigned this order
in the following output.

> # Classification Trees

># Only use the 6 most expressed genes
> rowmin <- apply(MAdat,1,min)

> sort(rowmin,decr=T)[1:20]

> MAdat.red <- MAdat{(rowmin > -.475),]
> # Delete cancers with few cases

> delet <- ¢(21,24,30,35,36,49,51)

> MAdat.red <- MAdat.red[,-delet]

> Genedat <- data.frame(t(MAdat.red))
># Names of Genes

> names(Genedat)

[1] "X2838" "X3234" "X3320" "X4831" "X5680" "X6596"

> cancers <- as.factor(hames(MAdat.red))
> Genedat <- chind.data.frame(Genedat,cancers)

The commandree , which requires a model formula, produces a treea
that can be plotted with the plot command and sunzed with the summary
command. We use an abbreviated model formulacers ~. , which means
that cancer is the response variable, and all ster the predictor variables.

> # Classification Tree via Recursive Partitioning
> library(tree)
> MA.Ir <- tree(cancers ~.,data=Genedat)

We can get an overall summary of the tree procedure
> summary(MA.1r)

Classification tree:

tree(formula = cancers ~ ., data = Genedat)
Variables actually used in tree construction:
[1] "X5680" "X4831" "X2838" "X3234"
Number of terminal nodes: 8

Residual mean deviance: 2.1 =103/49
Misclassification error rate: 0.439 = 25/ 57

And we can plot the tree, which uses these commaid& graph is given in
Figure 16.13.

> plot(MA.r)
># Add labels to the splits
> text(MA.r)
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X5680 < -iO 070039

X4831 ¥ -0.055 X32341< -0.08
X28 039
COLON X2838 < 002  X5680 <]0.12498
BREASTOVARIAN
X5680 < 4981

NSCLC BREASYELANOMA
RENAL RENAL

Figure 16.13 Classification Tree for Gene Expresdiata

Hastie et al. (2001) delves much further into dreatlasification trees. We can
assess the predictive power of a tree using crabdation as described
previously. The relevant command herecigree . Interested users should
familiarize themselves with this functionality.

Classification trees have their natural counterpanegression analysis where
the variable to be predicted is continuous. Hbeerhethod is called regression
trees. The commercially available computer sofen@ART (Classification and
Regression trees) is a full-fledged stand-alonékage for tree-based analyses.
The R packagerpart provides functionality for both, classification dan
regression trees.

Clustering Methods

Clustering of data is usually a first step in oligarg a multivariate dataset.

Clustering is common in everyday life. Let’s sayymrchased a new bookshelf
that holds 100 of your books. How do you arrangerybooks on the new

shelf? You obviously want to place the books #ratsimilar next to each other,
and those that are dissimilar far from each othkr.such a way you create
groups, or clusters of books, where books withicluster are similar. Now,

how do you define similar? You may form groupsdaben qualifiers (nominal

variables) like fiction, essays, or others, or ediomal books versus leisure
reading. Or you may use quantitative charactesissuch as book size,
thickness, etc. In the end you are likely to hased several characteristics for
determining the clusters, and you will have swittlseveral books back and
forth between different clusters (i.e. places anghelf). The final outcome will

depend on what “measures of similarity” or “disdarity” you have used.
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A basic reality of clustering is the fact that faren a small nhumber of items to
be grouped, there are thousands of possible waysluster — that's why
“cleaning house” can be so frustrating! In faa tiumber of possible clusters

of k items is % — 1, a number that grows exponentially with k.

Number of possible clusters of k items

# item: 2 4 6 8 10 12
#cluster 3 15 63 25¢ 102¢ 409t
# item: 14 16 18 20 22 24
#cluster 1638: 6553¢ 262147 | 104857! | 419430: | 1677721

Obviously we need computers to check through soymassible solutions. But
even with today’s high-speed computers, it is stitomputational challenge to
repeatedly check and sort billions of possible teliss Clustering techniques
have been developed as clever algorithms that ibgkessible for the computer
to arrive at an optimal set of clusters without ihgvto repeatedly check and
count through all possible clusters. There areltvaad categories of clustering
techniques. In the first, called hierarchical tduimg, the number of clusters is
determined hierarchically either going from smadllds largest clusters
(agglomerative) or from largest to smallest (diw&i In the second, which can
be called non-hierarchical clustering, the numbgof clusters is predetermined
and one simply finds the best possible partitiothefsamples into k clusters.

Measures of Dissimilarity

A clustering of a data is considered optimal if ptea within clusters are as
similar as possible, and samples between clusterasdissimilar as possible.
We first need to define what we use as measurémfasity, or dissimilarity
.Let's do a mini-microarray hypothetical experimentVe are looking at six
genes and the expression of these genes undenémtaand control conditions.
Scores below are standardized expression scores.

Gene Treatment Control
G1 0.5 0.5
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G2 0.2 0.8

G3 0.3 0.4
G4 0.9 0.2
G5 -0.5 0.5
G6 0.3 -0.5

The data are plotted in Figure 16.14.
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Figure 16.14 Toy Example of Gene Expression

The R packagenva provides basic functionality for obtaining disslanity
measures and for traditional clustering methods.or Eontinuous data
dissimilarity is measured using traditional dis@anuoetrics, the most obvious
one being the Euclidean (geometric) distance. géoesx andy this is:

Euclidean Distance:

d(xy)=y(x- W+ (6 w* .+ (O y)= 1/:1@ v

In our case, we only have two variables, so p=2| fam genes 4 and 6 the
distance is

d(G4,GG):\/(0.9- 0.3+(02-(089F V 086 049 0.9

The R commandist creates a lower triangular matrix of pairwise dises..
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> library(mva)
> genes <- chind(c(.5,.8,.4,.2,.5,-5),c(.5,.2,.3,. 9,-5,.3))
> # Euclidean Distances
> dist(genes)
1 2 3 4 5
20.4243
30.22360.4123
40.5000 0.9220 0.6325
51.0000 0.7616 0.8062 1.432
6 1.0198 1.3038 0.9000 0.922 1.281

Two other popular distance metrics used for clusteare the city block, or
Manhattan distance (or L1 norm) and the max compiodistance.

In R, simply indicate the distance type in a subewnd insidedist . Any
recognizable abbreviation is sufficient. The faliog shows the distances
between the six genes using these two alternatéteias.

> # Manhattan Distances

> dist(genes,'manh’)
12345

206

30305

4071308

510100917

61214091318

> # Max Component Distances

> dist(genes,'max)
12345

203

30204

4040706

510070814

6101309071

K-means Clustering

K-means clustering is probably the most widely used-hierarchical clustering
method in biological applications. The major adege of this type of
clustering comes from computational efficiency. cBase K-means clustering
does not require initial computation of a largetatise matrix stored during the
computer run, it is computationally efficient onaage dataset. As the name
suggests, the aim is to optimally assign n datatpdd k clusters (k < n) where
optimal means that each point belongs to the dlwgt®se mean it is closest to
with respect to a chosen dissimilarity metric. Thember of clusters (k) is a
fixed number and needs to be selected prior teltister calculation.

Mathematically, K-means clustering works in a theeps algorithm:
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First, decide on the number k of clusters to beutated, and then separate
the data arbitrarily into Kk initial clusters. Calated the centroid (=mean
value or center) coordinates for every clusterctete

Second, check through the data, assigning eachiggtato the cluster
whose centroid is nearest (based on a distancécinelf a data item needs
reassignment, create new clusters and recalcliatedntroid coordinates
for the clusters losing and gaining items.

Third, repeat the second step until no more reassgt takes place.

There exist slight variations to this algorithm.n $ome versions the new
centroid coordinates are calculated only aftedath points have been checked
and possibly reassigned. The R commiandans is part of the packageva.

> clus <- kmeans(genes, 2, 20)
> # Note: the second number (20) denotes the number of iterations
> clus

$cluster
[]212212

$centers
[ [2]

10.65-0.15

20.15 0.50

$withinss
[1]0.290.85

$size
[1]24

> plot(genes, pch = clus$cluster,xlab="control'yla b="treatment)
> # Plot Cluster Centers
> points(clus$centers,pch=8)
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Figure 16.15. K means clustering of 6 Genésilénotes
cluster means)

We can see by eye from that all 6 genes are clgsestuclidean distance) to
their respective cluster means.

K-Medoid Clustering

Euclidean distances that are used for clusteririg #% K-means procedure are
very sensitive to extreme observations and outlidfarthermore, the within -
cluster means that are used as centroids are pcpeaibitive to outliers. Many
so-called robust alternatives have been suggelstedhey tend to be heavy on
the computing requirement. The R packagester is a suite of robust
clustering methods for the most part based on the by Kaufman and
Rousseeuw (1990). Furthermore the graphics capediprovided bycluster

are quite impressive. This package is highly reoemded as an add-on to the
standardnva package.

In univariate statistics the sample median, or rtfiddle observation, is often
considered as a robust alternative to the samplanme The median is

insensitive, or robust, to outliers, no matter Fextreme an outlier. The sample
mean minimizes the sum of the squared distances gguared Euclidean
distance) to the data points, while the median mizés the sum of the absolute
differences (L1 metric) to the data points. Farstdring of p-dimensional data
we consider so-called medoids as centers for tianls. A medoid of a set of
data points in p-space is the one data point foiclwhithe sum of the

dissimilarities with all the other points is at animum. Medoids can be

defined for any distance metric, but usually thenkttan metric is chosen in
order to reduce the influence of potential outliers

The commandam in the packageluster , that is an acronym for “partition
using medoids”, performs k-medoid clustering. Tihygut for the command can
be either a data matrix or, instead, a distancerixnatAlso the command
provides the options(and = TRUE )of using standardized data. Standardizing
variables is highly recommended when the variabdgsesent measurements
that do not have a common natural scale. Datatarelardized by subtracting
each variable's mean value and by dividing by theable's mean absolute
deviation.

Hierarchical Clustering

In most large data in bioinformatics, such as inegyexpression microarrays,
there is no a-priori information as to what the @mof clusters should be. For
exploring structure in such data the biologist wikrform a sequence of
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clustering calculations from small to large numbgclusters. It is much easier
to interpret results if clusters of a finer paditiare restricted to be subclusters
of those of a coarser partition. Such a restmictiesults in what is called
hierarchical clustering. Because of the hierardsults can be displayed in a
tree-like fashion, called a dendrogram.

There are two ways to do hierarchical clusteridg: fiom small to large (so-
called agglomerative), and (2) from large to smgb-called divisive).
Agglomerative clusteringtartswith each data point being a one-point cluster.
Clusters are then successively combined until altély all data reside in a
single big cluster. Divisive clustering proceedstlie opposite way, starting
with a single big cluster, and then optimally divigl clusters into subclusters,
until ultimately each data point forms a separate-point cluster. The question
of course arises as to when to stop the procedline.y axis of the dendrogram
is the height, and usually measures the distantvecka the two clusters that are
formed by the split. Therefore it is best to stmfore branches in successive
splits become crowded over short distances.

Agglomerative hierarchical clustering

The first thing in agglomerative clustering is tooose a dissimilarity measure,
such as Euclidean or Manhattan. At any given gigpe algorithm, all pairs of
dissimilarities between clusters are examined, drel pair of clusters with
smallest dissimilarity will be joined to form a gie cluster. There are a variety
of dissimilarities between clusters that we can osigo from. These are
commonly called the methods of linkage. The moshrmmon linkages are (1)
average, (2) single, (3) complete, (4) Ward linakge the average linkage
methodthe distance between two clusters is the averagbeoflissimilarities
between the points in one cluster and the pointthénother cluster. In the
single linkage methqgdve use the smallest dissimilarity between a pivirthe
first cluster and a point in the second clustar.the complete linkage method,
we use the largest dissimilarity between a pointhanfirst cluster and a point in
the second cluster. The Ward linkage method uses ©f squared deviations
from the mean within clusters as a criterion. Tdiwing graph illustrates the
first three different linkage methods
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Linkage Cluster Distance
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Single d,s
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Figure 16.16: Linkage Methods for Hierarchical Cieisng

We examine the different linkage methods for theegldata. We use the R
commandagnes (“agglomerative nesting”) of theluster library. We note
thatagnes is virtually identical to the commaridiust of themva package but
iS more convenient to use when standardizatiorhefdata is necessary. The
choice of measurement units strongly affects theultimg clustering. The
variable with the largest variance will have thegést impact on the clustering.
If all variables are considered equally importatite data need to be
standardized first. The plot command provides grephs, (1) banner plot, (2)
dendrogram. We find the dendrogram more useftilis bbtained using the
which=2 option. Without thevhich option R plots both graphs in sequence with
a interactive stop in between. We display dendrogr of the clustering that
results from the three linkage methods averageptetey and single. Ordinarily
the rownames of the data are used as labels idetdrogram. In order to avoid
cluttering we create simple numberings for labels.

> # Agglomerative Hierarchical Clustering using num ber labels

>n <- nrow(sleepl)
> row.names(sleepl) <- 1:n

> cl1 <- agnes(sleepl],-1],method="aver',metric="eu cl',stand=T)
> cl2 <- agnes(sleepl],-1],method="comp',metric="eu cl',stand=T)
> cl3 <- agnes(sleepl],-1],method="sing',metric="eu cl',stand=T)

> plot(cl1,which=2,main="Average Linkage")
> plot(cl2,which=2,main="Complete Linkage")
> plot(cl3,which=2,main="Single Linkage")
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Figure 16.17. Agglomerative Clustering of SleegeDasing
Three Different Linkage Methods

Divisive Hierarchical Clustering

Divisive clustering basically works in the oppositgection of agglomerative

clustering. For a given dissimilarity metric thigaithm begins with a single

cluster for the entire data set. In subsequepisstiisters are divided into sub-
clusters. There are many different possibilities dividing clusters, and hence
many different algorithms exist. At any given &agvhich cluster should be
divided next? The R commanithna of the librarycluster  chooses at each
stage the cluster with the largest diameter, whichhe largest dissimilarity

between any two of its observations. For thistelug then isolates the point
that is farthest away from all the other pointshivitthe clusters. This point will

initiate the new cluster split. Then more pointd tve aggregated to this new
cluster, if they are closer in distance to this reduster than to the old cluster,
until no more such points are found. The commaiada works just as the

other commands in the cluster library, sucheases : It takes as input a data
matrix or data frame, or instead a dissimilaritytrixa and has options for

metric, and for standardization. The plot commanadvides banner plot and
dendrogram (see discussion above).

Copyright May 2007, K Seefeld 318

Permission granted to reproduce for nonprofit, atiooal use.



17

Going Further

When the first manuscript of this book was writienvas possible to write a
summary chapter with an overview of R’s specifiadtionality for biological
applications. In the past 5 years since the ingppbf this book (which
originated as a contract in the bioinfomatics seaea major publisher, which
had financial problems and cancelled the series)nimber of R applications
has exploded. It is not possible to do justic®® diverse capabilities in a few
pages and another book (which if time permits, lynaaite) is necessary to
illustrate these capacities. There are some boakshere already, mostly for
microarray applications.

In addition on the CRAN website there is now a isectalled “Task Views”
which includes a genetics section, listing and aixhg several packages of

interest to biological researchers. The readeulghiostall interesting packages
and run the examples in them to explore functioyali R of interest.
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Resources for Further Study

This is a list of some of the reference materialised in preparing this
manuscript.

R and S-Plus

Introductory Statistics with RP. Dalgaard. Springer. Covers material typical of
an introductory statistics course, using R for epkes. Assumes no advanced
mathematics beyond algebra.

Mixed Effects Models in S and S-RIdsC. Pinheiro, D. M. Bates. Springer. An
advanced title covering liner and nonlinear mix&édat models.

Modern Applied Statistics with S"4d. B.D. Ripley and V.N.Venables.
Springer. A more advanced book using S. Emphasisinear models and

multivariate data analysis. Includes some coverdde but more specific to S-
Plus.

S ProgrammingB.D. Ripley and V.N.Venables. Springer. For madvanced
users interested in programming.

General Probability and Statistics

Note that there are many suitable books on generdability and statistics,
these are just some examples.

The Cartoon Guide to Statistits Gonick, and W. Smith. Harper-Collins. A
beginner’s introduction to statistical concepts.

How to Think About Statistics, "6 Ed. J.L. Philips. W.H.Freeman.
Nonmathematical conceptual introduction to stafssti
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Mathematical Statistics and Data Analysi®® Ed. J.A. Rice. Duxbury.
Commonly used text on inferential statistics. Msatfatically advanced
(calculus based).

Probability and Statistics for Engineering and ®eiences, B5Ed. J. L. Devore.
Duxbury. Written at the level of (very) elementarglculus. Accompanying
dataset available formatted for R.

Probability and Statistical Inference, "6Ed. R.V.Hogg and E. Tanis.

Intermediate-level classic text (requires some wak background but not as
advanced as most calculus-based texts).

Probability Theory

A First Course in Probability, BEd. S. Ross. Prentice-Hall. Easy to understand
comprehensive elementary text on probability modals theory.

Introduction to Probability Theory and Its Appligan, 3% Ed. W. Feller. Wiley.
Classic text.

Schaum's Outline of Probabilitys. Lipschutz. McGraw-Hill Professional. An
inexpensive review of probability.

Bayesian Statistics

Bayesian Data Analysi2nd Ed. A. Gelman, D. B. Rubin, H. S. Stern. CRC
Press. A standard text for Bayesian statisticssasur Mathematically advanced.

Bayesian Methods: A Social and Behavioral Scieggsroach J. Gill. CRC
Press. Although written for social scientists,gergs understandable coverage
of Bayesian statistics.

Statistics: A Bayesian Perspectiv®.A. Berry. Duxbury. Algebra-based
introductory probability and statistics using Bagestheory.

Markov Chains

Markov Chain Monte Carlo: Stochastic Simulation fayesian InferenceD.
Gamerman. CRC Press. Short but complete coverfatie aheory of MCMC.
Mathematically advanced.
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Markov Chain Monte Carlo in PracticeW. R. Gilks, D. J. Spiegelhalter and S.
Richardson. CRC Press. Introductory text contgirexamples from various
fields.

Monte Carlo Statistical Method€. P. Robert, and G. Casella. Springer-Verlag.
Graduate-level text includes extensive coveragdarkov Chains.

Nonparametric Statistics

Nonparametric statistics provides many infererigsts that can be used with
discrete data.

Practical Nonparametric Statistic€® Ed. W.J. Conover. Wiley. Classic text

on nonparametric methods. Written at the level adjebra and very
understandable.

Experimental Design

Design of experiments is important for microarrayperimental setup and
design, as well as useful for anyone involved iry dgpe of scientific
experimentation.

Design and Analysis of Experiments. 5thiEd.C. Montgomery. Wiley. Wiley.
Comprehensive DOE text for science and engineering.

Design of Experiments: Statistical Principles ofearch Design and Analysis,
2" Ed.R. O. Kuehl. Duxbury. Comprehensive introductoi@Btext.

Regression and Linear Modeling

Applied Linear Statistical Model&utner et al. Advanced undergraduate level
text contains coverage of regression, ANOVA, experital design and liner
models.

Applied Regression Analysis and Other Multivariabléethods, % Ed.
Kleinbaum et al. Common college regression anatgsis

Generalized Linear Models"®Ed. J.A. Nelder and P. McCullagh. CRC Press.
Graduate level text on GLMs.
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Multivariate Statistics

Applied Multivariate Statistical Analysis,"5Ed. R.A. Johnson and D.W.
Wichern. Pearson Education. One of the classic witlly used texts for
introductory multivariate statistics. Written atesonable mathematical level.

The Elements of Statistical Learning: Data Minimgference, and Prediction
T. Hastie, R. Tibshirani, and J. Friedman. SpningeWidely used title
emphasizing supervised learning techniques. Qustaumerous examples
using gene expression data. Mathematically sdpatet yet accessible to non-
mathematicians.

Multivariate Statistical Analysis: A Conceptual rodluction S. K. Kachigan.
Radius. Conceptual (no math required) coverageultivariate techniques.

Using Multivariate Statistics,"4Ed..B. G. Tabachnick and L. S. Fidell. Perason
Education. Comprehensive multivariate text.

Bioinformatics

Bioinformatics: Sequence and Genome Analyigisunt. Cold Spring Harbor
Press. In-depth coverage of protein and DNA secpianalysis.

Bioinformatics for DummiesJ.M.Claverie and C.Notredame. For Dummies.
Non-technical introduction to bioinformatics.

Developing Bioinformatics Computer Skil3.Gibas and P. Jambeck. OReilly.

A Primer of Genome Scienc&.Gibson and S.V.Muse. Sinauer. Covers the
empirical side of bioinformatics, including genonpgojects, sequencing,
microarrays, and proteomics. Introductory level.

Statistical Methods in Bioinformatics: An Introdiset. W.J.Ewens and G.R.

Grant.  Springer. Mathematically sophisticated cage of statistics with
applied bioinformatics examples.

Quantitative Genetics

Likelihood, Bayesian, and MCMC Methods in Quaniiat Genetics D.
Sorensen and D. Gianola. Springer. Mathematicatlyanced coverage of
guantitative genetics.
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Molecular Dissection of Complex Traitf\.H. Paterson (Ed.). CRC Press.
Comprehensive coverage of QTL analysis.

Microarrays

Statistical Analysis of Gene Expression Microarfagita. T. P. Speed (Ed).
Chapman & Hall. Collection of essays by microamayhorities.

The Analysis of Gene Expression Da@. Parmigiani (Ed) et al. Springer.
Covers various statistical tools for microarraylgsia, including R.
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